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N-fractional calculus and multivariable I-function and
generalized multivariable polynomials
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Abstract
By the application of a result given by Nishimoto ([13], (2006),p. 35-44), we Investigate the differintegrals of multivariable I-function and class of

multivariable polynomials containing general power functions in its argument H ((zj — A;)™ — f;)”’. The results derived are of most general character
j=1

includes, among others, the results for differintegrals of power functions given by Nishimoto [10,11,12,13], Saxena and Nishimoto [20], Romero et al.

[18,19], Gupta et al. [6] and Jaimini and Nishimoto [7] and others. At the end, we shall see several corollaries and particular cases.
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1.Introduction and preliminaries.

Recently, Saxena and Nishimoto [20] have studied the N-fractional calculus and multivariable H-function with general
arguments. In our paper, we evaluate the r-dimensional N-fractional calculus concerning a class of multivariable
polynomials defined by Srivastava [16] and the multivariable I-function defined by Prasad [25] with general arguments.

Following Nishimoto [11], we define the r-dimensional N-fractional diffeintegral of a function of r-variables in the
following form :

- {o.0).0- (0.0}

C; be a curve along the cut joining two points z; and —oo + wim(z;),

C; be a curve along the cut joining two points z; and co + wlm(z;),
+

D; be a domain surrounded by C';,

D; be a domain surrounded by Cj;.
+ +

Further, let f = f(z1,- - , 2,) be an analytic function of r-variables in a domain D = D; X Dy X --- X D, where each
D; is surrounded by C; then the fractional differintegral of an arbitrary order v; for z;(v; € R,z; € C,5 =1,--- ,r)of
the function f(z1,- -, zr), if|(f)uvy,.- 0,.| €xists, is defined by
fvl,---,»--,vr :fvla'”a'”avr(zl".. 7ZT) :Cl:"'acrfvlf"7"'7'Ur(zl7.'. ’Z'V')
L T(v; +1)
_ H] IR / / f(¢, 7CT‘U).+1 dcy -~ dc, (L.1)
27'1'(.&) C HJ 1 Cj — Z]) J

(f)—mh"',—mr = lim fvl, ;U'r'(mj € Z+7j = 17"' ,7‘)

Vi —m;

where
—T < arg(Cj — Z]') < for Cj = Cj (12)
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The generalized polynomials of multivariables defined by Srivastava [25], is given in the following manner :

[N1/P] [Ny /9]

My, M (=N1)am, Kk (=Nr)om, K, K .
SN N ] = KZO Z e AN K N Gyl (1)
where 91, , - -+ , 9N, are arbitrary positive integers and the coefficients A[Ny, Ky;--- ; N, K] are arbitrary constants,

real or complex

We shall note

Nk, (=N,
K;q! K,!

Ay =

[NlaKh NT»KT] (14)

The multivariable I-function defined by Prasad [15] generalizes the multivariable H-function studied by Srivastava and
Panda [26,27]. This function of r-variables is defined in term of multiple Mellin-Barnes type integral :

Z1 ! " . .
(a2j7a2j’a2j)1,p27"' )
0.m9:0-mate e 01D (D () ()
I(z1. 2.+ 2.} = J0m2:0msi 30, ) 7 :
(21, 22, 2r) P2,42,P3,435 ;Pr @r:pM) ,q(1 5o 5p(7) (")
. LRl Rl . .
Zy (ij:szaBQj)l,qzv”' ’

1 r 1 1 T r

(arji a0y, s (0l 0l a5 (@, af7) o
r 1 1 T r

( T]aﬁr] s 757(§j))1,qq~ : (bg )555 ))l,q(l);' o >(b_§ >76_§ ))l,q(T)

1 - si
= @), d(s1,- - 7ST‘)H Gi(si)2; ds1 -+~ ds, (1.5)

L Ly i=1

where

o I T — 8750 T, T - o +alVs))
dilsi) = b 4 B s) [T, Tal) — s
H, —ma1 ra- + 5; Sz)H, —n( 11 (a; 5)

.:17...’r (16)

and

o H;lil F( — azj + Zz 1 042] Si ) HnS F( — ag;j + Zz 1 043] sl
2 7 3
§;MN%—ZH@ﬁMLmHH%—zm¢ﬁ»~

T T = ar + Z;l affj)si)
- i 2 i
o1 Dlar =320 O‘( ) DI T = boy — 35 55;‘)51‘)

i R i 1.7

C DA = by + 0 B s) T, DA = by — Y0, BYs:) (1.7)

The defined integral of the above function, the existence and convergence conditions, see Y.N. Prasad [15]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function. The

condition for absolute convergence of multiple Mellin-Barnes type contour (1.7) can be obtained by extension of the
corresponding conditions for multivariable H-function given by as :

1
|a7’gzi| < QQm, where
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n(® m® q® na p2
05 ¥ WS 5 A (e 3 )
k=1

k=n() 41 k=m () +1 k=1 k=ny+1
(0 g0 L N 50 o~ 500
3 K3 1 K3
(o2 35 o) (a3 ) as
k=ns+1 k=1 k=1 k=1
where ¢ = 1,--- ,r. The complex numbers z; are not zero.Throughout this document , we assume the existence and

absolute convergence conditions of the multivariable I-function.We may establish the the asymptotic expansion in the
following convenient form :

I(Zl,"' 7ZT) :0( |Z1|O£17

I(z1,- -, z) = 0O( |z1|ﬁ1,---,|zr

)—0

), max( |z, ,

o) min( |2z ) = 00

wherek = 1,--+ ,7:q), = min[Re(b§k)/ﬁ§k))],j =1,---,m®™ and
B = max[Re(( (k) _ )/ag.k))],j =1, 7n(k)

In this paper, we shall note

U="p2,62,pP3,q3; " iPr—1,0r—1 (1.9)
V =0,n9;0,n3;--- ;0,11 (1.10)
1 2 1 2 r—1 2 T
A= (a2k; a;k)a a(zk))l,pg; Tt (a(r—l)k; O(Er)—l)k’ O(Er)—l)lw T O‘ET 1; )1,pr,1 : (ark'; ik)a E“k)’ e aaik))l,pr (111)

2 1 2 r—1) 1
(b2ka62k ) ( ))I,CIz;"' ;(b(r—l)k;B((T),l)kaﬂ((r),l)ka’" 3/8((r 1)k)1 qr—1 :(brk;ﬂ»f«k)v Tk )T 75 )1,q,‘ (112)
2. Required results.

Lemma 1.

Let f(z1,++,2) = [ ((z = A7 = £;)”

be an analytic function having no branch points inside or on C}, then r-dimensional N-fractional differintegral is given
by

Fore o (21, 2) = LT (G = A7 = f7)7] =[G =™ = 1)1, (2.1)

i=t V1, ,Ur J=1
see Saxena and Nishimoto [20] about the proof.

Lemma 2.

By using the lemma 1 and Nishimoto's result [13], we obtain

TS o T zj — ATV S T(ly — o) (vj + 1Ty — 07 fi b
fm,»»-,vr(zla"' ,Zr):(i w ijl vj H ( J ) Z (] J) ( J J'J J J) <<Z f]A)Tj> (22)
J

et P(=0) = L(lj7j — 0575) -
Provided that
L(vj + 1Ty — 0,7j) . fi )
FJ(ZITI]jO-IT]J)J <OO7Z]'7£A,(ZJ'—A)];éfj’O'jEC,TjeR+7Uj€RaHd (zlfiJA)TJ <1f0r]:1,...,7“
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It is interesting to note that for 7y = -+ - = 7. = 1, (2.2) reduces to a result given by Garg et al. ([3],p. 191, eq. (2.1)).
Lemma 3.
B o} ( o0 p+o—u)7’—v
_ A T _ _ A T _ — wTU N 7w u
(== A7 = ) ((z= A —g)], = 222 u, g u_(,_p)
F(l+u—o—p)F(v+(u+l—a—p)T)( f >l 2.3)
T((+u—c—p7) (z— Ay ‘
TN+ (u+l—0—p)T) /
h T, + R —L <1

where T ta—o0—p)7) <00,2" # f,,0€C,T e R", v e€Rand G Ay <
Proof

(= A7 =N =gl = 3 T [ - a7 = ),,] =

u=0

— (—p)u ) Z(z— Aot (| fy—o — p)T(w+ T +u—0—p)7)) / !
UZ:% u! (9—1) lz: T(u—o—p) D(r(l+u—0—p)y) <(Z—A)T>
Lemma 4.

[e9]

(2 — A)pstos—us)mi—v;

= Tl —o5=p))

[((z = A7 = £)7 ((z = A7 = g:)™],,,

HE#
HMS

l
Ul +uj — 05 = p)T(v; + (u; +1; — 05 — pj)75) ( fi ) 2.4)
L((uj + 1 — 05 — pj)75) (zj — A)7
U(v) + (uj + 1 — 0 — pj)75) . fi
where J I I VI < oo,z £ A, (2 — AT £ f0.€Cor; e RY, v e Rand|—L—| < 1
L((uj +1j — 05 — pj)7)) 17 Az = A F fog ! ! (2 — A)7

forj=1,---,r

Proof
By using the lemma 1 and lemma 3, we obtain the lemma 4.

3. Main result.

We have the following result.

Theorem.
[TL I = A7 = £)71 (2 = A =g )S0e o (21 = A = A1 (o2 = A =]
U [(2r = A7 = £ (20 — A7 — g )" I [(21 — AT = AV (21— A =™ -

A [(zr = A) = fi] " (e — A) — gr]m)]

V1, Up

S S e Z H[ (2 — A)T:‘(aﬁpj—uj)—vj}

-ur=0j5=1
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(2 — A)n(m+m)

N, /9,]  [Ny/9t] , AN
Tilox V 0 n,a, .

Z Z ar Hyj o ]—WJ)I U:pr,qr;Y’ ’ . (3.1)

K1=0 K.=0  j=1 . . R

A (2 — A)r(petor) B:B

where

X' =mM 43 Mo 43 p0) (3.2)
Y’ :p(l) +3, q(l) +3;--- ;p(T) +3, q(’”) 13 (3.3)

A = (aV50")) o, (—p1 — KiBiim), (us — o1 — p1 — Ky(ar + 1) + ),

(ri(ly +ur — o1 — pr — Ki(ar + 81)); 7 (pa +m)); -+ (az(:)»ag))l,p“)a (—pr — K Brine),

(ur —or — pr = Ko + Br); e + 1), (7o (b + tr — 0 — pr — Ky (i + Br)); 70 (e + 11r)) (3.4)
B' = (b(l)aﬂk J1,q, (U1 — p1 — K1 Brism), (h +ur — o1 — p1 — Ki(an + B1); i +m),

(W1 + 71l 4w = o1 = pr = Ki(ar + B0 +m))ie 500 B ) 1q0s (e = pr = Koo,

(lr +up — 0 — pr — Ky (o + Br); por 4 17) (U + 7ol +1p — 07 — pp — K (ar + B1)); 7 (it +1r)) (3.5)

Provided that

Z;-J #g]afjvajvﬁjmujvnja’rj €R+7Zj #A;Uj ERforj: 17 , T

(J)
-1
TiRe(o; +nj + Kj(aj + B;)) + 75 (1, +nj)1<r;1<ax(j) Re ( ( 5 ) <wv;<0;j=1,-,r

1
larg\;((zj — A)7 — f)! (25 — A7 — g;)"| < §Qj7l', where €; is defined by (1.8) and the multiple series in the

left-hand side of (3.1) is absolutely and uniformely convergent.

Proof

To establish (3.1), we first express the class of multivariable polynomials S Nio- 133? *[.] in series forms with the help of
(1.3), we employ the definition of the N-fractional calculus given by lehlmoto (1.1) on the left-hand side of equation
(3.1), we express the multivariable I-function in terms of its equivalent multiple Mellin-Barnes integrals contour with
the help of (1.5), we interchange the order of (Kj,--- , K, )-finite multiple summations and (s1,--- , s, )-integrals
(which is permissible under the stated conditions), we obtain (say I),

[Ny/90t,] [N, /9] T

T S RS U o0
K1=0 i=1
2= AV — f, oitai Kit+pis; 2~ AV — g pitPBi Kitnisi dsy ---ds
((zi ) fi) i 9i 1 T
V1, Uy

Now, we use the lemma 4, we get

[Nl/ml] [Nr/mr]

- : ; 8ip—wm; S (=pj = BiKj —nj$j)u, ) Ny
- I(IZZO KTZ:O GTW/M ”./Lr(b(Sh'“ 73r)j_1:[1¢j(3j))\j € Z ’ ]uj]! = (95 — i)

’U.j:O
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00 lj
4 <pj+ajuj)f,-vj( fi ) D(lj +uj — (o + Bj) K — (15 +m5)s; — 05 — pj)
;—:O(ZJ ! (zj — A)7 L(uj — (o + B;) K — (15 +n5)s; — 05 — pj)
T'(v; + (u; +l'—0j (o +5j) i = +m)s; = pi)7i) 4
P((uj +1; — o — (o + Bj) K — (j +nj)s; — pi)75)

Sl"'dsT

we interchange the order of (u;,!;)1< <, multiple series and (s1,--- , s, )-integrals (which is permissible under the
stated conditions), we get

[]\/1/9.]? ] [Nr/m ] r [e’e] X s — o0 L;
p— ( R A) (pjt+oj—u;)Tji—v; u; f J 1
Z Z CL,H 1;0 & Uj! (gj - f]) IZO((ZJ_ jA)Tj) (QWW)T/Ll T /lfr
H L'(ly +uJ_ O‘J +ﬁ]) (MJ +77]>SJ_U‘_/)J')F(UJ'+(“J'+Z’ — (o +6.7) — (pj +m)sj — p;)7j)
= = (a; + 57) = (w5 +m5)8; — p)l((w; +1; — (a7 + Bj)K. (u; +n5)85 = Pi)T))

L(uj — pj — BiKj —n;85)

U(=pj = B Kj —njs;) Osi, ) [1 63 (s5) A7 dsi - -ds

j=1

T

—wT v S Ti(0j+p;—u;)—v; s : f 4 1
= 21 Z H |: Z]' —A) j(0+p;—uj) J:| l AZI:iO [((zj _JA)‘rj> m‘|

/o) N, 4k pis)
J J°7
Z Z H (b] /BJ 77j3j)
Ul +uj — (o + Bj) K — (g +mj)sj — 05— pj)V(vj + (uj +1; — 0 — (o +ﬁg) — (1 +m)s; *Pj)Tj)dslmdS
D(uj — o5 — (aj + Bj) K — (1j +n5)s; — i)V ((ws +1; — (047 + B K; (u.y +15)8; = p)TH) '

Finally interpreting the multiple Mellin-Barnes integrals contour in multivariable I-function, we obtain the desired
result (3.1) after algebric manipulations.

Remarks :

We note that the technique employed here may be used in extending the result (3.1) to a product of any finite number of
power functions in the arguments of the multivariable I-function and multivariable polynomials instead of two. The
formula (3.1) can be extended to product of any finite number of multivariable polynomials and multivariable I-
functions.

4. Special cases.
If we set A = (0 in the formula (3.1), we obtain the following result.

Corollary 1.

r

TG = )7 (27 = gy Sa i (27 — f)™ (G = g0)™ o e (207 = £)° (27— g0)™)

Jj=1

I(Al (21—1 B fl)ul (ZP - gl)m [ 7()‘7“ (Z;—T - fT)HT (Z::T - gf‘)nr)]v

150, Ur

l;
—wmw v S - | f " Ti\OG TP~ U )= Vj ' 1
=e 21 Y5 Z H |:(gJ uj!J) sz (oj+p ) :| Z H < T7> m

U, ,uUr=0j=1 1, ,l-=07=1
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(1 +
)\12? p14m1) A A
[Ny /914] [N /9] ( 5)
K KT o+ V;i0,n,; X’
> Y [ e ,
K1=0 K,=0 j=1 B: B

ATZTTT (r+myr)

X',Y', A’ and B’ are defined respectively by (3.2), (3.3), (3.4) and (3.5).

Provided that

2 # 95, 150y By oy 7 ERT, 25 # A vy €Rforj =1, 7

(@
a”’ —1
TiRe(oj +n; + K;(a; + B5)) + 7j(; +n;) max Re( L ) ><Uj<0forj_1,---7r

1<I<n) o

4.1)

1
larg), ( — fi)H ( —g)"| < §Qj7r, where €; is defined by (1.8) and the multiple series in the left-hand side of

4.1)is absolutely and uniformely convergent.

On the other hand if we take A = 0 and 7, = --- = 7,. = 1, the using the binomial formula

(l—z)*"‘:z(k)'k Flal <1,
k=0

it yields the following corrected form of the result given by Garg et al. [3]

Corollary 2.

T

TT (G = )70 [z = gi)P 1SR R (s (21 = £)™ (21— 90)™ o e (2 = £)™ (20 = 90)7)

j=1

I()\l (Zl - fl)ul (Zl - gl)m s ;>\r (Zr - fr)#T (ZT - gr)nr)] V1,0,V

HUr

[Ni/9%,] [Ny /9]

r i
SR ERD | CEYSCD DI (G = R i DI o
j=1 g, up=0 j=1 Uy K1=0 K,.=0

(2 — fl)(m+n1> A A

H y] JT](OCJ-F(”J)IVI(?);)(; )1(;’/’/ .

’ B: B

)\r(zr - fr)(“ernr)

where

X" =m® 42,00 .o, 42 pM)
Yy :p(l) + 2, q(l) + 27 R 7p(7") + 2, q(T) +2

A" = (a";0), pors (—p1 — KiBism), (ur — o1 — p1 — Ki(oa + Bu)ipn +m)i- 5

(ag)v agcT))l,p(T)v (7pr - Krﬂr? 777”)7 (ur — 0y — Pr — Kr<ar + 67‘); Hor + 77r>

B" = (bg)§ﬁ;(€1>)1,q<l>7 (w1 —pr — K1fism), (vi +ur —o1 —pr — Ki(on + Br)spn +m);-- 5
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(bg); B;(:))l,q(r)y (ur — Pr— Krﬁr? 777“)7 (UT‘ +Ur — Op — P — Kr(ar + /Br)§ M+ 777‘) 4.7)
Provided that

zj # gis fis g, By g,y 7y ERT 25 # AL vy e Rforj =1, 7

(9)
a;”’ —1
forj =1,--- ,rRe(o; +n; + Kj(oj + ;) + (15 +1;) max Re( L ) ><vj<0

1<ig<n(@ o
1
larg\;(z; — f)" (25 — g;)™| < §Qj7r, where €2; is defined by (1.8).
9i = Ji

zj — [

can use the lemma 2.

<1forj=1,--+,7r and the multiple series in the left-hand side of (4.1) is absolutely and convergent. We

We consider the above corollary, if the multivariable I-function and class of multivariable polynomials reduce
respectively to Fox's H-function [2,9] and class of polynomials of one variable [24], we obtain

Corollary 3.

S, (1)
M M (a5 0 )1 p)

(2= N (=N ( vz =D (z—9)" ) Hio 0 | 2= )" (2= g)” -
(b; 5;(61))1,(1(1)

v

w o N/M
K K(a+8)
BSOS
) X

gy (42

u=0

D 19D (s o)1 s (—p = Kaim), (u— o = p— Ko+ B); pr+ 1)
Hio amya| 2 (z-f)ntn o o . (4.8)
(b3 5By D1 (u—p—KBin),(v+u—0—p—K(a+pB);n+n)
Provided that

Z#gmf;TeR—’_?g?éf)UleR;

(1)

-1

Re(c+n)+ (p+n) max Re M) <v<o
1<I<n(® 1)

(0%
) : e O m® ™
largZ(z = P!z = 9| < Gum, where 2 =3 e = 30 o+ 35V 30 4
k=1 k=nM 41 k=1 k=m®+1

g—Ff
z—f

< 1 and the multiple series in the left-hand side of (4.1) is absolutely and uniformely.

Consider the above corollary , by applying our result given in (4.4) to the case the Laguerre polynomials ([31], page
101, eq.(15.1.6)) and ([28], page 159) and by setting

Sk (@) = LY (z)

N+d
In which case M =1, An x = ———— we have the following interesting consequencies of the main
N (o + 1)k
result.
Corollary 4.

=P (=9 L5 ( v - D" -9 )
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CORYEH)
HEG G | 2G=N(z=9)"

v

(a;(:%a;gl))l,p(l)v (—p—Kao;n),(u—c—p—K(a+8);u+n)

) (4.9
(0 g (w = p = KBm), (v u =0 = p = Ko B); 1)

(1) (1)
m Y 4+2n 1+n
pM 42,142 Z (zf)

under the same conditions that (4.8).

Remark :

By the similar methods, we obtain the analog relations with the Aleph-function of several variables [1], Aleph-function
of two variables [22] and one variable [29,30], the I-function of two variables ([8],[23]), the multivariable I-function
[17], the I-function of one variable [21], the multivariable A-function [5], the A-function [4] and the modified
multivariable H-function [16].

5. Conclusion.

Finally, it is interesting to observe that due to fairly general character of the multivariable I-function and class of
multivariable polynomials, numerous interesting special cases of the main result (3.1) associated with potentially useful
a variety special functions of one and several variables, orthogonal polynomials, multivariable H-function, H-function,
G-function and Generalized Lauricella functions etc.
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