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1 Introduction

The mathematical frame work to describe the phenomena of uncertainity in real life
situation has been suggested by L. A. Zadeh [13] in the year 1965. The subsequent
research activities in this area and related areas have found applications in many
branches of science and engineering. The following papers have motivated us to work
on this paper: C. L. Chang [3] introduced and studied fuzzy topological spaces in
1968 as a generalization of topological spaces. Many researchers like this concept
and many others have contributed to the development of fuzzy topological spaces.
Andrijevic [1] introduced semi-preclosed sets and Dontchev [4] introduced general-
ized semi-preclosed sets in general topology. After that the set was generalized to
fuzzy topological spaces by Saraf and Khanna [12]. Tapas Kumar Mondal and S. K.
Samantha [9] introduced the topology of interval valued fuzzy sets. Jeyabalan. R,
Arjunan. K, [6] introduced interval valued fuzzy generalaized semi-preclosed sets . In
this paper, we introduce that interval valued fuzzy almost generalized semi-preclosed
mappings and some properties are investigated.
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2 Preliminaries

Definition 2.1 [9] Let X be a non empty set. A mapping A : X — D[0,1] is called
an interval valued fuzzy set (briefly IVFS) on X, where D|0,1] denotes the family
of all closed subintervals of [0,1] and A(x) = [A~(x), A*(x)], for all z € X, where
A~ (x) and At (z) are fuzzy sets of X such that A~ (x) < AT (x), for allx € X. Thus

A(x) is an interval (a closed subset of [0,1]) and not a number fom the interval [0,1]
as in the case of fuzzy set.

Obviously any fuzzy set A on X is an IV F'S.

Notation 2.2 DX denotes the set of all interval valued fuzzy subsets of a non empty
set X.

Definition 2.3 [9] Let X be a non empty set. Let v € X and a € DI[0,1] be fized
such that o # [0,0]. Then the interval valued fuzzy subset pg is called an interval

valued fuzzy point defined by,
N « if v = xg
Dgy = .

[0,0] if x # .

Definition 2.4 [9] Let A and B be any two IVFS of X, that is
f;L: {{z,[A"(z),AT(2)]) : ® € X}, B = {(z,[B (x),BT(x)]) : x € X}. We define
the

following relations and operations:

(i) AC B if and only if A~ (x) < B~ (z) and A*(z) < B (x), for all z € X.

(1) A= B if and only if A~ () = B~ (z), and A*(z) = B*(x), for allx € X.

(iii) (A =1—A={(z,[l = AT (), 1 - A" (2)]) : = € X}.

(w) NB = {(z, [mln[A (), B~ ()], min[A*(z), BT (2)]]) : x € X }.

(v) AUB = {(z, [max[A (z), B~ (x)], max[A*(z), BT (2)]]) : v € X}.

We denote by Ox and 1x for the interval valued fuzzy sets {(z, [0,0]), for all z € X}
and {(x,[1,1]), for all x € X} respectively.

Definition 2.5 [9] Let X be a set and ¥ be a family of interval vlued fuzzy sets
(IVFSs) of X. The family S is called an interval valued fuzzy topology (IVET) on
X if and only if & satisfies the following axioms:
(Z) 6}(, i)_{ c %, ~
(i1) If {A;:i €I} CS, then |JA; €S
el
(ZZZ) [f/_ll,AQ,/_lg, c. ,An € g, then m 1217, e
i=1

The pair (X, ) is called an interval valued fuzzy topological space (IVETS). The

members of S are called interval valued fuzzy open sets (IVFOS) in X.
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An interval valued fuzzy set flﬁin X is said to be interval valued fuzzy closed set
(IVFCS) in X if and only if (A)¢is an [VFOS in X.

Definition 2.6 [9] Let (X, ) be an IVFTS and A = {{x,[A~(x), AT(2)]) : 2 € X}
be an IVFES in X. Then the interval valued fuzzy interior and interval valued fuzzy

closure of A denoted by ivfint(A) and ivfcl(A) are defined by

iv fint(A) :U{C_; G is an IVFOS in X and G C A},
wfd(A)=N{K: K isan IVFCS in X and AC K }.

For any IVFS A in (X,3), we have ivfcl(A®) = (ivfint (A))° and
ivfint(A¢) = (ivfel(A))e.

Definition 2.7 An IVFS A = {{x,[A (), AT(2)]) : 2 € X} in an IVFTS (X,S)
s said to be an

(1) interval valued fuzzy regular closed set (IVFRCS) if A = ivfcl(ivfint(A));

(ii) interval valued fuzzy semi-closed set (IVFSCS) if ivfint (ivfcl(A)) C A;

(iii) interval valued fuzzy preclosed set (IVEPCS) if ivfcl(ivfint (A)) C A;

(iv) interval valued fuzzy o closed set (IVFaCS) ifivfel(iv fint (ivfel (A))) C A;

(v) interval valued fuzzy 3 closed set (IVEBCS) ifiv fint(iv fcl (iv fint(A))) C A.

Definition 2.8 An IVFS A = {{x,[A (), AT(2)]) : 2 € X} in an IVFTS (X,S)
is said to be an

(1) interval valued fuzzy generalized closed set (IVFGCS) if ivfel (A) C U,
whenever A C U and U in an IVFOS;

(17) interval walued fuzzy reqular generalized closed set (IVFRGCS)
if ivfel (A) C U, whenever A C U and U is an IVFROS.

Definition 2.9 An IVFS A = {{x,[A (), AT(2)]) : 2 € X} in an IVFTS (X,S)
15 said to be an

(i) interval valued fuzzy semi-preclosed set (IVFSPCS ) if there exist an IV FPCS
B, such that ivfintB C A C B;
(#4) interval valued fuzzy semi-preopen set (IVESPOS) if there exist an IV FPOS
B, such that B C A C ivfcl(B).
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Definition 2.10 Let A be an IVFS in an IVFTS (X,3). Then the interval
valued fuzzy semi-preinterior of A (ivfspint(A)) and the interval valued fuzzy
semi-preclosure of A(ivfspcl(A)) are defined by

wfspint(A) = J{G : G is an IVFSPOS in X and G
iwfspc(A)=N{K : K is an IVFSPCS in X and A

IN N
=i
Hf-’af—/

For any IVFS A in (X,S), we have ivfspcl(A°) = (ivfspint(A))° and
ivfspint (A°) = (ivfspcl(A))°.

Definition 2.11 [6] An IVFS A in IVFTS (X,S) is said to be an interval valued
fuzzy genemlzzed semi-preclosed set (IVFGSPCS) if ivfspcl (A) C U, whenever A
CUandU €S

Definition 2.12 [6] The complement A¢ of an IVFGSPCS A in an IVFTS (X, )
is called an interval valued fuzzy generalized semi-preopen set (IVEFGSPOS) in X.

Definition 2.13 An IVFTS (X,S) is called an interval valued fuzzy Tyo space
(IVFTy) space if every IVFGCS is an IVFCS in X.

Definition 2.14 An IVFTS (X,S) is called an interval valued fuzzy semi-pre Ty,
space (IVFSPT ) space if every IVFGSPCS is an IVFSPCS in X.

Definition 2.15 [9/ An IVFS A of a IVFTS of (X,S) is said to be an interval
valued fuzzy neighbo_urho_od(IVFN) of an IVFP pg  if there exists an IVFOS B in
X such that P, € B C A.

Definition 2.16 Let (X,S) and (Y,0) be IVFTSs. Then a map g : X — Y s
called an

(1) interval valued fuzzy continuous (IV'EF continuous mapping) if g~1(B) is [VFOS
in X for all B in o.
(17) interval valued fuzzy semi-continuous mapping (IV FS-continuous mapping) if
g Y(B) is IVFSOS in X for all B in o.
(4ii) interval valued fuzzy a-continuous mapping (IV Fa-continuous mapping) if g~ (B)
is IVFaOS in X for all B in o.
(iv) interval valued fuzzy pre-continuous mapping (IV FP-continuous mapping) if
g YB) is IVFPOS in X for all B in o.
(v) interval valued fuzzy B-continuous mapping (IV F 3-continuous mapping) if g~ (B)
is IVFBOS in X for all B in o.

Definition 2.17 Let (X,S) and (Y,0) be IVFTSs. Then a map g : X — Y is called

interval valued fuzzy generalized continuous (IVFG continuous) mapping if g~*(B)

is IVFGCS in X for all B in o°.
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Definition 2.18 A mapping g : (X,S) — (Y,0) is called an interval valued fuzzy
generalized semi-precontinuous (IVFGSP continuous) mapping if g~ (V) is an
IVFGSPCS in X for every IVFCS V inY.

Example 2.19 Let X = {a,b}, Y = {u,v} and

K1 = {(a,[0.1,0.2]) , (,[0.3,0.4])},
I = {{u,[0.3,0.4]) , (v, [0.4,0.6])}.

Then S = {GX,Kl,iX} and o = {Gy,El,iy} are IVFT on X andY respectively.
Define a mapping g : (X,S) — (Y,0) by g(a) = uw and g(b) = v. Then g is an
IVFGSP continuous mapping.

3 Main Results

Theorem 3.1 FEvery [V F continuous mapping is an [V EGSP continuous mapping.

Proof. Let g : (X,S) — (Y,0) be an IVF continuous mapping. Let Vbean IVFCS
in Y. Then g="(V) is an IVFCS in X. Since every IVFCS is an IVFGSPCS,
g ' (V)isan IVFGSPCS in X. Hence g is an IV FGSP continuous mapping. [J

Remark 3.2 The converse of the above Theorem 3.1 need not be true from the
following example: Let X = {a,b}, Y = {u,v} and

Ky = {(a,[0.1,0.2]), (b,[0.3,0.4]) },
Ly = {(u,[0.8,0.9]), (v, [0.6,0.7])}.

Then S = {Ox, K1,1x} and o = {Oy, L1,1y } are IVFTs on X and Y respectively.
Define a mapping g : (X,S) — (Y,0) by g(a) = w and g(b) = v. Then g is an
IVFGSP continuous mapping but not an IV F continuous mapping.

Theorem 3.3 Every IVFG continuous mapping is an IVFGSP continuous
mapping.

Proof. Let g : (X,S) — (Y,0) be an IVFG continuous mapping. Let V be an
IVFCS in Y. Then g }(V) is an IVFGCS in X. Since every IVFGCS is an
IVFGSPCS, g~Y(V) is an IVFGSPCS in X. Hence g is an [V FGSP continuous
mapping. O

Remark 3.4 The converse of the above Theorem 3.3 need not be true from the
following example: Let X = {a,b}, Y = {u,v} and

Ky = {(a,[0.4,0.5]), (b,{0.6,0.7)) },
Ly = {{u,[0.6,0.7]), (v,[0.7,0.8))}.
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Then & = {0x,Ki,1x} and o = {0Oy,Li,1y} are IVFTs on X and Y
respectively. Define a mapping g : (X,3) — (Y,0) by g(a) = u and g(b) = v. Then g
1s an IVFGSP continuous mapping but mnot an IVFG  continuous
mapping.  Since LS = {{(u,[0.3,0.4]),(v,[0.2,0.3])} ds an IVFCS in Y and
9N (L§) = {(a,[0.3,0.4]),(,10.2,0.3))} € Ki. But wfel(g™' (L") = K{ ¢ K,
Therefore g=* (L) is not an [VFGCS in X.

Theorem 3.5 Every IV FP continuous mapping is an IVFGSP continuous
mapping.

Proof. Let g : (X,S) — (Y,0) be an IVFEFP continuous mapping. Let V be an
IVFCS in Y. Then g~4(V) is an IVFPCS in X. Since every I[VFPCS is an
IVFGSPCS, g~Y(V) is an IVFGSPCS in X. Hence g is an IV FGSP continuous
mapping. [l

Remark 3.6 The converse of the above theorem 3.5 meed not be true from the
following example: Let X = {a,b}, Y = {u,v} and

Ky = {(a,[0.3,0.4]), (b,[0.4,0.7)) },
Ly = {{u,[0.1,0.2]) , (v, [0.3,0.4]) }.

Then & = {(_)X,Kljx} and o = {ﬁy,El,iy} are IVFTs on X and Y
respectively. Define a mapping g : (X,) — (Y,0) by g(a) = u and g(b) = v. Then g
is an IVFGSP continuous mapping but not an IVFP  continuous
mapping.  Since LS = {(u,[0.8,0.9]), (v,[0.6,0.7])} is an IVFCS in Y and
g HLS) = {{a,[0.8,0.9]),(b,[0.6,0.7))} is mnot an IVFPCS in X,
because ivfel(ivfint(g (L") = ivfc(K)) = 1x ¢ g ' (LS).

Theorem 3.7 Every IV F3 continuous mapping is an IVFGSP continuous
mapping.

Proof. Let f : (X,S) — (Y,0) be an IV Ff continuous mapping. Let V be an
IVFCS in Y. Then g~Y(V) is an IVFBCS in X. Since every IVFBCS is an
IVFGSPCS, g7Y(V) is an IVFGSPCS in X. Hence g is an IV FGSP continuous
mapping. 0

Remark 3.8 The converse of the above Theorem 3.7 need not be true from the
following example: Let X = {a,b}, Y = {u,v} and

Ky = {(a,[0.5,0.7]), (b,[0.3,0.4]) },
Ly = {(u,[0.3,0.4]), (v,[0.4,0.6])}.

Then & = {GX,Kl,ix} and o = {()y,El,iy} are IVFTs on X and Y
respectively. Define a mapping g : (X,3) — (Y,0) by g(a) = u and g(b) = v.
Then g is an IVFGSP continuous mapping but not an IVFp
continuous mapping. Since L = {(u,[0.6,0.7]), (v,[0.4,0.6])} is an IVFCS in
Y and g7 *(LS) = {{a,[0.6,0.7]),(b,[0.4,0.6])} is not an IVEBCS in X, because
iv fint(ivfel(ivfint(g~ (L:9)))) = ivfint(ivfcl(K,)) = ivfint(1x) = 1x ¢ g~ (LS).
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Theorem 3.9 FEvery IV Fa continuous mapping is an IVFGSP continuous
mapping.

Proof. Let g : (X,3) — (Y,0) be an IV Fa continuous mapping. Let V be an
IVFCS inY. Then g='(V) is an IVFaCS in X. Since every IVFaCS is an
IVFGSPCS, g7'(V) is an [VFGSPCS in X. Hence g is an IVFGSP continuous

mapping. 0

Remark 3.10 The converse of the above theorem 3.9 need not be true from the
following example: Let X = {a,b}, Y = {u,v} and

Ky = {{a,[0.3,0.4]), (b,[0.4,0.6])},
Ly = {(u,[0.1,0.2)), (v,[0.3,0.4])}.

Then S = {0x,Ki,1x} and o = {Oy,Li,1y} are IVFT on X and Y
respectively. Define a mapping g : (X,3) — (Y,0) by g(a) = u and g(b) = v.
Then g is an IVFGSP continuous mapping but not an IVF«
continuous mapping. Since L = {(u,[0.8,0.9]), (v,[0.6,0.7])} is an IVFCS in
Y and g (L) = {(a,[0.8,0.9]),(b,[0.6,0.7])} is not an IVFaCS in X, because

ivfel(ivfint(ivfel(g  (Li9)))) = ivfel(ivfint(1x)) = ivfel(lx) = 1x ¢ g~ (L5).

Theorem 3.11 Let g : (X,S) = (Y,0) be a mapping where g~ (V) is an IVFRCS
in X, for every IVFCS V inY. Then g is an IVFGSP continuous mapping .

Proof. Assume that g : (X,3) — (Y,0) is a mapping. Let A be an IVFCS in
Y. Then g~ (V) is an IVFRCS in X, by hypothesis. Since every IVFRCS is an
IVFGSPCS, g~Y(V) is an IVFGSPCS in X. Hence g is an IV FGSP continuous
mapping. 0

Remark 3.12 The converse of the above Theorem 3.11 need not be true from the
following example: Let X = {a,b}, Y = {u,v} and

Ky = {(a,[0.3,0.4]), (b,[0.4,0.7)) },
Ly = {(u,[0.1,0.2)), (v,[0.3,0.4])}.

Then & = {()X,Kl,ix} and o = {()y,ljhiy} are IVFT on X and Y
respectively. Define a mapping g : (X,3) = (Y,0) by g(a) = u and g(b) =v. Then g
18 an IVFGSP continuous mapping but not a mapping
as defined in theorem 3.11, since L = {(u,[0.8,0.9]), (v, [0.6,0.7])} is an IVFCS
in'Y and g71(LS) = {{a,[0.8,0.9]),(b,[0.6,0.7])} is not an IVFRCS in X, because

ivfel(ivfint(g~ (L)) = ivfel(Ky)) = T # g~ (LS).

Theorem 3.13 Every IV FS continuous mapping is an [VFGSP continuous
mapping.
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Proof. Let g : (X,3) — (Y,0) be an IVFG continuous mapping. Let V be an
IVFCS inY. Then g~'(V) is an IVFSCS in X. Since every IVFSCS is an

IVFGSPCS, g'(V) is an [VFGSPCS in X. Hence g is an IVFGSP continuous
mapping. 0

Theorem 3.14 FEvery IVFSP continuous mapping is an [VFGSP continuous
mapping.

Proof. Let g : (X,S) — (Y,0) be an IVFSP continuous mapping. Let V' be an
IVFCS in Y. Then g~(V) is an IVFSPCS in X. Since every [VFSPCS is an
IVFGSPCS, g~Y(V) is an IVFGSPCS in X. Hence g is an IV FGSP continuous
mapping. 0

Theorem 3.15 Let g : (X,S) — (Y,0) be an IVFGSP continuous mapping, then
for each IVFP pg of X and each A € o such that g(ps,) € A, there exist an
IVFGSPOS B of X such that p}, € B and g(B) C A.

Proof. Let p3 be an IVFP of X and A € o such that g(p3) € A Put
B = g~'(A). Then by hypothesis, B is an [VFGSPOS in X such that p$ € B and

9(B) = g(¢g7'(A)) € A. 0
Theorem 3.16 Let g: (X,J) — (Y,0) be an IVFGSP continuous mapping. Then
g is an IVFSP continuous mapping if X is an IVEFSPT,, space.

Proof. Let V be an IVFCS in Y. Then g_l(‘:/) is an IVFGSPCS in X, by
hypothesis. Since X is an IV EFSPT, 5 space, g~ '(V) is an IVFSPCS in X. Hence
g is an IV FSP continuous mapping. OJ

Theorem 3.17 Let g : (X,S) — (Y,0) be an IVFGSP continuous mapping and
let h : (Y,o) = (Z,n) be an IVFG continuous mapping where Y is an IV FT
space. Then hog: (X,) = (Z,n) is an IVFGSP continuous mapping.

Proof. Let V be an IVFCS in Z. Then h='(V)isan IVFGCSin Y, by hypothesis.
Since Y is an IV FT 3 space, k' (V) isan IVFCS in Y. Therefore g~*(h~(V)) is an
IVFGSPCS in X, by hypothesis. Hence hog is an IV F'GSP continuous mapping.[]

Theorem 3.18 For any IVFS A in (X,S) where X is an IVFSPTy)y space,
A€ IVFGSPO(X) if and only if for every IVEP p3 € A, there exists an IVFGSPOS
B in X such that p;, € B C A.

Proof. Necessity : If A € IVFGSPO(X), then we can take B = A
so that Pz, € B C A for every IVFP Pe, € A.

Sufficiency : Let A be an IVFS in (X,$) and assume that there exist an
[_VFGSPOS B in X such that Pgy € B C A. Since X is an {VFSle/g space,
Bis an IVFSPOS in X. Then A = UngGA {p2.} C UngeA B C A. Therefore

A= Upg ci B, which is an I[VFSPOS in X. Since IVFSPOS is an I[VFGSPOS.
Aisan IVFGSPOS in (X,9).
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Theorem 3.19 Let g : (X,3) — (Y,0) be a mapping from IVFT X into IVFT Y.
Then the following statements are equivalent if X and Y are IV ESPT 5 space:

(i) g is an IV FGSP continuous mapping,

(i) g~ Y(B) is an IVFGSPOS in X for each [VFOS BinY,

(i4i) for every IVFP p2 in X and for every I[VFOS B in Y such that g(p%) € B,
there exists an IVFGSPOS A in X such that p§ € A and g(A) C B.

Proof. (i) <= (ii) is obvious, since g71(A°) = (g7 (A))".

(it) = (iii) Let B be any IVFOS in Y and let p2 € D*. Given g(p},) € B.
By hypothesis ¢7'(B) is an IVFGSPOS in X. Take A = g %B). Now
P2 € 9! (9(p%,)). Therefore g='(g(p3,) € g '(B)) = A. This implies p € A
and g(A) = g(g~'(B)) € B.

(iii) = (i) Let A be an IVFCS in Y. Then its complement, say B = A° is an
IVFOS in Y. Let pg € DX and q(ps,) € B. Then there exists an IVFGSPOS,
say C'in X such that p2 € C and g(C') C B. Now C C g~*(¢(C)) C g~ (B). Thus
pe € g '(B). Therefore g7'(B) is an IVFGSPOS in X, by theorem v. That is
g YA is an IVFGSPOS in X and hence g~!(A) is an I[VFGSPCS in X. Thus g
is an IV FGSP continuous mapping. O

Theorem 3.20 Let g : (X,) — (Y,0) be a mapping from IVFT X into IVFT Y.
Then the following statements are equivalent if X andY are IVEFSPT) 5 space:

(i) g is an IV FGSP continuous mapping,

(i7) for each IVFP p% in X and for every IVFN A of g(p%,), there exists an
IVFGSPOS B in X such that Pay € B C g Y(A),

(4i1) for each IVFP pg in X and for every IVFN A of g(pg ), there exists an
IVFGSPOS B in X such that pg € B and g(B) C A.

Proof. (i) <= (i) Let p; € X and let A be an IVFN of g(p3, ). Then there exist
an IVFOS C in Y such that g(p3,) € C € A. Since g is an IVFGSP continuous
mapping, ¢~ (C) = B(say), is an IVFGSPOS in X and Poy € B C g '(4)

(it) = (iii) Let pg € X and let A be an IVFN of g(pg,). Then there exist an
IVFGSPOS B in X such that p € B C g~'(A), by hypothesis. Therefore pg € B
and g(B) € g(¢g~'(B)) € A.

(iii) = (i) Let B be an IVFOS in Y and let p3 € g~'(B). Then g(p3) € B.
Therefore B is an IVFN of g(pg,). Since B is an IVFOS, by hypothesis there
exists an [VFGSPOS A in X such that p§ € A C g~'(g(A)) € g~'(B). Therefore

g ' (B)isan IVFGSPOS in X, by theorem 3.18. Hence g is an IV FGSP continuous
mapping. 0
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