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Abstract :
In present paper, exact solutions of Einstein's field equations are obtained in a spatially homogenous
and anisotropic Bianchi type-I space-time in presence of a dissipative fluid with constant and time dependent

cosmological term. Einstein's field equations are solved by considering a scale factor a(t) = te' which yields a
time dependent deceleration parameter that affords a late time acceleration in the universe. The cosmological
constant (A) is found to be a decreasing function of time and it approaches a small positive value at the present
epoch which is corroborated by consequences from recent supernova la observations. To get the deterministic
solution a barotropic equation of state together with the shear viscosity is proportional to expansion scalar, is
also assumed. The physical and geometric properties of cosmological models are also discussed.
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1. Introduction and Motivation :

The cosmological constant (A) was introduced by Einstein in 1917 as the universal repulsion to make
the Universe static in accordance with generally accepted picture of that time. In absence of matter described by
the stress energy tensor Ti, A must be constant, since the Bianchi identities guarantee vanishing covariant

divergence of the Einstein tensor, G = 0, while g’ =0 by definition. If Hubble parameter and age of the

universe as measured from high red-shift would be found to satisfy the bound H jt, > 1 (index zero labels
values today), it would require a term in the expansion rate equation that acts as a cosmological constant.
Therefore the definitive measurement of H ;jt, > 1 and wide range of observations would necessitate a non-

zero cosmological constant today or the abandonment of the standard big bang cosmology [1]. However, a
constant A, as it was originally introduced by Einstein in 1917, cannot explain why the calculated value of
vacuum energy density at Plank epoch following quantum field theory is 123 orders of magnitude larger than its
value as observed or as predicted by standard cosmology at the present epoch [2]. In attempt to solve this
problem, variable A was introduced such that A was larger in the early universe and then decayed with the
evolution [?]. The idea that A might be variable has been studied for more than two decades [3] ,[ 4] and
references therein. Linde [5] has suggested that A is a function of temperature and is related to the process of
broken symmetries. Therefore, it could be a function of time in a spatially homogeneous, expanding universe

[4]. In a paper on A-variability, Overduin and Cooperstock [6] suggested that A g is shifted onto the right-

hand side of the Einstein field equation and treated as part of the matter content. In general relativity, A can be
regarded as a measure of the energy density of the vacuum and can in principle lead to the avoidance of the big
bang singularity that is characterized of other FRW models. However, simplistic properties of the vacuum that
follows from the usual form of Einstein equations can be made more realistic if that theory is extended and
includes a variable A. Recently, Overduin [7],[ 8] has given an account of variable A-models that have a non-
singular origin. Liu and Wesson [9] have studied universe models with variable cosmological constant. Podariu
and Ratra [10] have examined the consequences of incorporating constraints from recent measurements of the
Hubble parameter and the age of the universe in the constant and time-variable cosmological constant models.
In recent time the A-term has interested theoreticians and observers for varied reasons.

The cosmological term, which is measure of the energy of empty space, provides a repulsive force
opposing the gravitational pull between the galaxies. If the cosmological term exists, the energy it represents
counts as mass because mass and energy are equivalent. If the cosmological term is large enough, its energy
plus the matter in the universe could lead to inflation. Unlike standard inflation, a universe with a cosmological
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term would expand faster with time because of the push from the cosmological term [11]. In the absence of any
interaction with matter or radiation, the cosmological constant remains a "constant”. However, in the presence of
interactions with matter or radiation, a solution of Einstein equations and the assumed equation of covariant
conservation of stress-energy with a time-varying A can be found. Peebles and Ratra [12] described a

cosmology based a A-like term that decreases with time because the potential energy of the inflation field ¢ has
a power-law tail at large ¢ . Here the mass density p,, associated with ¢ would act like a cosmological

constant that decreases with time less rapidly than the mass densities of matter and radiation. Time-dependent
A-like terms have been discussed by Dolgove [?], Banks [13], and references therein for the purpose of
obtaining a small value of A from the quantum field theory. The spectrum of fluctuations in the Cosmic
Microwave Background (CMB) [14], baryon oscillations [15] and other astrophysical data, indicating that the
expansion of the universe is currently accelerating. The energy budget of the universe seems to be dominated at
the present epoch by a mysterious dark energy component, but the precise nature of this energy is still unknown.
Many theoretical models offer possible explanations for the dark energy, ranging from a cosmological term [16]
to super-horizon perturbations [17], [18] and time-varying quintessence scenarios [19]. These recent

observations strongly favour a significant and a positive value of A with magnitude A (Gh /c®)~10 * . AG.

Riess et al. [20], [21] have recently presented an analysis of 156 SNe including a few at z > 1.3 from the
Hubble Space Telescope (HST) "GOOD ACS" Treasury survey. They conclude to the evidence for present

acceleration g, < 0(q, = —0.7). Observations [20]-[22] of Type la Supernovae (SNe) allow us to probe the

expansion history of the universe leading to the conclusion that the expansion of the universe is accelerating.

Anisotropic cosmological models play significant role in understanding the behaviour of the universe at
its early stages of evolution. Observations by the Differential Radiometers on NASA's Cosmic Background
Explorer registered anisotropy in various angle scales. The simplest of anisotropic models, which, completely
describe the anisotropic effects, are Bianchi type-1 (BI) homogeneous models whose spatial sections are flat but
the expansion or contraction rate is directional dependent. The advantages of these anisotropic models are that
they have a significant role in the description of the evolution of the early phase of the universe and they help in
finding more general cosmological models than the isotropic FEW models. The isotropy of the present-day
universe makes the Bl model a prime candidate for studying the possible effects of an anisotropy in the early
universe on modern-day data observations. Recently, Kalita et al. [23], Dey et al. [24], Oli [25] and Nourinezhad
& Mehdipour [26] have studied cosmological models in anisotropic Bianchi type space-times in different
context.

Motivated by the above discussions, in this Paper, we have investigated a new class of spatially
homogeneous and anisotropic Bianchi type-1 cosmological models with time dependent deceleration parameter
and cosmological constant in presence of a dissipativc fluid. The Einstein's field equations are solved explicitly.
The outline of the paper is as follows: In Sect. 2, the basic equations are described. Section 3 deals with the
solutions of the field equations by considering time dependent deceleration parameter. Section 4 describes

results and discussions. In Subsect. 4.1, we obtain the solution with variable A-term and constant & . Subsection
4.2 deals with the models with variable A-term and & o« p. In Subsect. 4.3, we describe the solution with

constant A-term and time dependent ¢ . Finally, conclusions are given in the last Sect. 5.

2. The Metric and Basic Equations
We consider a spatially homogeneous and anisotropic Bianchi type-1 metric in the form

ds® = —dt*+ A*(t)dx * + B*(t)dy * + C *(t)dz *, )
where the metric potentials A, B and C are functions of cosmic time t alone. This ensures that the model
is spatially homogeneous.

We define the following parameters to be used in solving Einstein's field equations for the metric (1).

The average scale factor a of Bianchi type-1 model (1) is defined as
1

a = (ABC )s. )
A volume scale factor V is given by

V =a’ = ABC (3)
In analogy with FRW universe, we also define the generalized Hubble parameter H and deceleration
parameter g as
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a 1(A B C
H=—=—| —+—+— 4)
a 3|lA B C
aa a
R 5)
where an over dot denotes derivative with respect to the cosmic time t.
Also we have
1
H==(H +H,+H,) (6)
3
A B c . . o
where H, = —,H, =— and H, = — are directional Hubble factors in the directions of x—,y - and
A B C

z — axes respectively.

The Einstein's field equations (in gravitational unit 8zG = ¢ = 1) are given by

1
R,-—Rg, =-T @)

ij
2
where T, is the stress energy tensor of matter which, in case of viscous fluid and cosmological constant, has the
form [27]

ij !

Tij:(/?"'ﬁ)uiuj"'agij—ﬂﬂij—/\(t)gij: (8)
with
_ 2 i
p=p—(§——nwu;i:p—(3§—20)H )
v 3 )
and
Moy FuFuuu o +uutug (10)
In the above equations, & and n stand for the bulk and shear viscosity coefficients respectively; p is
the matter density; p is the isotropic pressure and u ' is the four-velocity vector satisfying u iui =-1.

In a co-moving coordinate system, where u' = 5; , the field equations (7), for the anisotropic Bianchi
type-I space-time (1) and viscous fluid distribution (8), yield

B C BC  _ A

—+ —+——=-p+2p —+ A, (11)
B C BC A

C A CA _ B

—+ —+—=-p+2p —+A, (12)
C A CA B

A B AB _ C

—+ —+ ——=-p+2np —+ A, (13)
A B AB C

AB BC CA

—+—+—=p +A. (14)

AB BC CA
Here, and also in what follows, a dot designates ordinary differentiation with respect to t.
Equations (11) - (14) can also be written as

p-& -A=H'(20-1)-0c". (15)
p+A=3H° -0, (16)

where o is shear scalar given by
AY (B ()] e
W= +|—| +|—| |-=6%, 17)
L A B C J 6
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where
1 . . 1
oy =U —(ui,ku u,+u;.u u )+ —6’(9ij + uiuj). (18)
o2 ’ 3
The expansion scalar (¢ ) and the anisotropy parameter (Ay,) are defined as

i 3a

0=u,=— (19)
’ a
Ly [

A, =— . (20)
3ial H )

The energy conservation equation T *.; = 0, leads to the following expression:

~(p+p)0+&°+4nc’-A. (21)

It follows from (21) that for contraction, that is, & < 0, we have p > 0 so that the matter density increases or
decreases depending on whether the viscous heating is greater or less than the cooling due to expansion.

The Raychaudhuri equation is obtained as
. 1 1
0=-=[p+3(p-¢0)-—0"-20"+A. (22)
2 3

We have a system of four independent equations (11) — (14) and eight unknown variables, namely
A,B,C,p,p,&,7 and A . So for complete determinacy of the system, we need four appropriate relations
among these variables that we shall consider in the following section and solve the field equations.

3. Solutions of field equations

We follow the approach of Saha [28] and Saha & Rikhvitsky [29] to solve the field equations (11) — (14).
Subtracting (11) from (12), (11) from (13), (12) from (13) and taking second integral of each, we get the
following three relations

A ~2(nd

—:dlexp[xlja% ZJ”tdt} (23)
B

A - nd

—:dzexp[xzjage ZJ]tdt} (24)
C

B nd

—=d exp[ J'a ezj]t J (25)
C

where d,, x,, d,,x,, d, and x, are constants of integration.

From (23) — (25), the metric functions can be explicitly written as

- d
A(t) = a, aexp[bl.[a% 2I"‘dtj, (26)
- nd
B(t)=a, aexp [sz'ase zj“dt} (27)
- d
C(t)=a, aexp [b3ja3e 2I”ldtj, (28)
where
a,=3/dd,, a,=3d, d,, a,=3(d,d,)",
X, + X X, + X
b1 — 1 2 ’ b2 — , b3 _ ( 2 3)
3 3 3
These constants satisfy the following two relations
a,a,a,=1,b +b,+b, =0. (29)

Thus the metric functions are found explicitly in terms of the average scale factor a. It is clear from Eqgs. (26) —
(28) that once we get the value of the average scale factor a, we can easily calculate the metric functions A, B, C.
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For any physically relevant model, the Hubble parameter and deceleration parameter (DP) are the most
important observational quantities. The first quantity sets the present time scale of the expansion while the
second one reveals that the present state of evolution of universe is speeding up instead of slowing down as
expected before the type la supernovac observations [30]-[32]. We consider the variation of scale factor a with
cosmic time t by the relation

a(t)=te’, (30)

The relation (30) has been used by Pradhan et al. [36] in studying some Bianchi type-I cosmological models in
scalar-tensor theory of gravitation with time dependent deceleration parameter.

From (5) and (30), we get the time varying DP as

1
q(t)= - -1 (31)
(1+1)

The motivation to choose such time dependent DP is behind the fact that the universe is accelerated expansion at
present as observed in recent observations of Type la supernova [31], [32], [20]] and CMB anisotropics [33]-
[35] and decelerated expansion in the past. Also, the transition red shift from deceleration expansion to
accelerated expansion is about 0.5. Now for a Universe which was decelerating in past and accelerating at the
present time, the DP must show signature flipping [37], [ 38]. So, in general, the DP is not a constant but time
variable.

It is worth mentioned here that the choice of a(t) given by Eq. (30) yields a time-dependent DP (31) which
generates an accelerating phase in the expansion of universe at present epoch.

Next, we assume that the coefficient of shear viscosity (7, ) is proportional to the expansion scalar (¢) i.e.
n « @, which leads to

n=1n,0 (32)
where 5, is proportionality constant. Such relation has already been proposed in the physical literature as a
physically plausible relation [39],[ 40].

Finally to conveniently specify the source, we assume the perfect gas equation of state, which may be written as

p=y,0<y<1 (33)
Using Egs. (19),(30) and (32) into (26) — (28), we get the following expressions for the scale factors
A=a, (te')exp [blj(te‘)*“”"”dt], (34)
B =a,(te')exp [sz(te‘)’““””dt], (35)
C=a,(te)exp [b3j(te‘)’3“””°’dt], (36)
02 ;
|
0 ‘)-<I
A 0.154 |
- |
|
0104 |
p— —— —
B=03 ,l,‘ml B ‘*]
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Figure 1: The plot of anisotropy parameter A, versus t for , = 0.1

4. Some Physical and Geometric Properties of three Models

The physical parameters such as directional Hubble factors (H;), Hubble parameter (H), expansion scalar (@ ),
spatial volume (V), deceleration parameter (q), anisotropy parameter (A,,) and shear scalar (o) are given by

T e B @7)
Lt )
) (39)
Lt )
9:3(”% (39)
Lt )
v=(te) (40)
A, - A, , (41)
o[ 1+1) (te') @+ 27,)
Lt )
, 1 (\-6(1+27,)
ol==pte") , (43)
2
where
B, =b’+b] +b; (43)
The shear viscosity of the model reads as
(t + 1\
n = 3n, : (44)
Lt )

Equations (15) and (16) lead to

N

p_sé(t:_lj_A_{t:_lM : _3}£ﬁ1(te‘)w””, (45)

2
t+1 -6
pon=g EE L e (46)
Lt ) 2
From Egs. (40) and (39), we observe that the spatial volume is zero at t=0 and the expansion scalar is infinite,
which show that the universe starts evolving with zero volume at t = 0 which is a big bang scenario. From Egs.
(34) — (36), we observe that the spatial scale factors are zero at the initial epoch t = 0 and hence the model has a
point type singularity [41]. We observe that proper volume increases exponentially as time increases. Thus, the
models represent the inflationary scenario.

The dynamics of the mean anisotropic parameter depends on the constant 3, = bf + bf + bf . From Eq. (41),

we observe that at late time when t — o, A, — 0. Thus, our model has transition from initial anisotropy to
isotropy at present epoch which is in good harmony with current observations. Figure 1 depicts the variation of
anisotropy parameter (A;) versus cosmic time t. From the figure, we observe that A, decreases with time and
tends to zero as t — co. Thus, the observed isotropy of the universe can be achieved in our model at present
epoch.

If we plot the deceleration parameter g versus time t, it is observed that q decreases very rapidly and
approaching to — 1 and then after it remains constant — 1 (as de Sitter universe).

Here, we solve the Egs. (45) and (46) with (33) in the following cases :
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Figure 2: The plot of energy density p versustfor &, =7, =0.1,8, =1,8, =0.5.
4.1 Models with variable A-term and constant &

Let us assume that the coefficient of bulk viscosity is constant, i.e. £(t)= &, = constant. Then the Eqs. (45)

and (46) together with (33) leads the following expressions for energy density, pressure and cosmological
constant:

35{”1%%% —ﬂg)(tet)s(m%)} (47)

R

54

Figure 3: The plot of cosmological constant A versustfor &, =»,=0.1,8,=1,8,=0.5

y I t+1w 2 -6 27,) |
p= 3l — |+ —+(B,-8,) (te , (48)
A A e
t+1 1| t+1 2 6(1v2n,) |
A:B( W— 350( )+—+(ﬂ2+ B.,) (te' T, (49)
SN T R ARt ) e
where

B, =bb,+b,b, +bb,
B,=b,+b+b,b,.

From above relations (47) — (49), we can obtain four types of models:
e When y =0, we obtain empty model.

(50)
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1 . - .
e When y = —, we obtain radiation dominated model.
3

e When y =-1, we have the degenerate vacuum or false vacuum or p vacuum model [42].
e When » =1, the fluid distribution corresponds with the equation of state p = p which is known as
Zeldovich fluid or stiff fluid model [43].

From Eq. (48), it is observed that the energy density p is a decreasing function of time and p > 0 always. The

1
energy density has been graphed versus time in Figure 2 for =0, —, 1. It is apparent that the energy density
3

remains positive in all three types of models. However, it decreases more sharply with the cosmic time in
Zeldovich universe, compare to radiation dominated and empty fluid universes. Also it can be seen from the
figure that p decreases more sharply with time in radiation dominated universe, compare to empty universe.

Figure 3 describes the variation of cosmological term A with time (o and A are in geometric units in entire
paper) for y =0, —, 1. This is taken to be a representative case of physical viability of the models. In all three
3

types of models, we observe that A is decreasing function of time t and it approaches a small positive value at
late time (i.e. at present epoch). However, it decreases more sharply with the cosmic time in empty universe,
compare to radiation dominated and stiff fluid universes. The A -term also decreases more sharply in radiation

dominated universe, compare to stiff fluid universe. A positive cosmological constant resists the attractive
gravity of matter due to its negative pressure and drives the accelerated expansion of the universe. Recent

cosmological observations [30]-[32], [21] suggest the existence of a positive cosmological constant A with the
magnitude A (Gh /¢°®)~10 %
that our universe may be an accelerating one with induced cosmological density through the cosmological A -
term. Thus, the nature of A in our derived models are supported by recent observations.

. These observations on magnitude and red-shift of type la supernova suggest

4.2 Models with variable A-term and & o« p

Let us consider that & = &,p . In this case we obtain the expressions for energy density, pressure, bulk
viscosity and cosmological constant as follows:

N (bb, + bb, — b’ —b)(te’ | (51)

1oy —ag[ Y
Lt )

-6(1+2n,)
p:7(b1b2+b3b1_b22_b32)(te‘)612” ‘ (52)
t+1
1+7—3f§0(71
Lt )

)—6(1+2q0)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 192



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 55 Number 3- March 2018

Figure 4: The plot of bulk viscosity coefficient & versustfor & =7, =0.1,b, =1, b, =b, =0.5

[’(* o)
gg:fg(blb2+b3b1_bzz_t1322(:te)612” , (53)
1+7—3§0(7w
Lt )
t’(* o)
A = 3[t:1]2 P (bjb, + byb, b7 - bft)itf ) , (54)
1oy -3,
Lt )

Figure 4 plots the variation of bulk viscosity coefficient & with time t. From this figure we observe that & is a
positive decreasing function of time and it approaches to a constant quantity which is near to zero for all three

types of models y = 0, —, 1. This is in good agreement with physical behaviour of & However, it decreases
3

more sharply with the cosmic time in empty universe, compare to radiation dominated and Zeldovich universes.
4.3 Models with constant A-term and variable & (t)

In this case, the expressions for energy density, isotropic pressure and bulk viscosity coefficient are respectively,
given by

pzS(ﬂW _,Bz(te‘)fe(m"")—z\, (55)
Lt )
|— 1 ’ —6(1+ 27, —|

p=rlal S e ) (56)
IS J

52(7”)(“” +£ﬂ4(ﬂW(te‘)ﬂm"°)— 2 _(1+;/)tA’ (57)
t ) 3 t ) 3(t+1)t 3(t+1)
where
ﬁ4:ﬂ3+yﬂz'

From Eq. (55), it is observed that the energy density p is a decreasing function of timeand p > 0 always.

Figure 5 : The plot of bulk viscosity coefficient & versustfor , =0.1, 8, =1 A =0

Figure 5 plots the variation of bulk viscosity coefficient & with time t. From this figure we observe that & is a
positive decreasing function of time and it approaches to a constant quantity which is near to zero for all three
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types of models y = 0,—,1. This is in good agreement with physical behaviour of & However, it decreases
3

more sharply with the cosmic time in empty universe, compare to radiating dominated and Zeldovich universes.
5. Discussion

In this paper, a class of cosmological models are presented with variable deceleration parameter g and
cosmological term A in spatially homogeneous and anisotropic Bianchi type-1 space-time in presence of bulk

and shear viscosity. To find the explicit solution, we have considered a scale factor a(t) = te, which yields a
time dependent deceleration parameter that affords a late time acceleration in the universe. The apprehension of
the global evolution of the observationally amenable universe, mathematically encoded in the dynamics of its
scale factor a, is of utmost importance in explaining practically all cosmological phenomena. One of the most
intriguing aspects of this evolution is the recently established late-time transition from a decelerated to an
accelerating regime of the expansion of the Universe. In this case, it is observed thatas t —» o, g = —1. This
is the case of de Sitter universe. There is a Point Type singularity [41] at t = O in the model. The rate of
expansion slows down and finally tends to zero as t — 0. The spatial volume become infinitely large ast — « ,
which would give essentially an empty universe.
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