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Difference Property of an Integer Function
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Abstract— This article makes an investigation on the difference of an integer function. Through proving
several inequalities, the article gives a bound for the first order difference of the function. The article also
presents some new inequalities that are helpful for general purpose of bound estimation of integer functions.
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I. INTRODUCTION
The floor function of real variable x , denoted by | x|, is an integer function defined by an inequality
x-1<|x|<x . Due to such a definition in the form of inequality, mathematical deduction or mathematical

modelling involved with the function always requires quite a lot of special skills related with inequalities and is
of quite individuality. Every case remains a classic. A recent study came across such a function and required to
estimate the lower and upper bounds of its first order difference. In solving the problem, several new
inequalities are derived out and proved. This article introduces the related contents.

Il. PRELIMINARIES
This section lists notations, symbols and lemmas that are adopted in this article.
A. Definitions
Definition 1: (D1). For arbitrary real number x , the floor function of x , denoted by | x | , is an integer that
satisfies inequality x-1<| x| < x, Or equivalently | x | < x <| x |+ 1. The fraction part x - | x | is denoted by {x} .

Definition 2: (D2). Let a be a given positive constant real number and x be a variable on (0,«) . Define d(x)
and its first order differencea by
l1 \/a’ !
d0) ==+ 2|
LZ

X ]
|1 a | |1 a |
A =dX)—d(x+1)=]—=QA+ ,[7)|-| —@Q+ )|
|_2 X |_2 X+1J

B. Symbols and Notations

Symbol A = B means conclusion B can be derived from condition A; A < 8 means A IS equivalent to B.

B
Symbol Ao — means
2

For convenience in deduction of a formula, comments are inserted by symbols that express their related
mathematical foundations. For example, the following deduction
A=B

(Ty=¢C
(C)<D
means that, theorem (T) supports the step from B to C, and corollary (C) supports the step from C to D.

C. Lemmas

Lemma 1: (L1, see in [1]) For integer n, real numbers x and y, the following inequalities and equalities hold
(PL) [ x|+|y]<|x+y]<|x]+]|y]+1

(P2) [xJ-Ly)-1=x-y]s|x]-[y]<[x]-[y]+1
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(P8) n| x| <[nx]With n>o

(P13)x<y=[x|=|y]

(P17)LXJ+‘LH§J‘ - 2x]

Lemma 2: (L2, see in [2]). Let« and x be a positive real numbers; then it holds
a|x|-1<|ax]<a(x]+1

Particularly, if « isa positive integer, say « = n , then it yields
nlx]<|nxj<n(x]+1-1

Lemma 3: (L3, see in [2]). For arbitrary positive real numbers «,x and y with x > y , it holds
la(x-y)|+a|y-x|<0

11.MAIN RESULTS AND PROOFS
Theorem 1: (T1). Lety be a positive real number and @(x):l\jz;‘”l f;ﬁf ! ; then o<o <1 yields
2 \x X +1 2 \x+2

2

2

o -1

o(x)>0,and ¢ >1 plus X > yiE‘ldS O(x)<0.

1 1 1 1 .
Proof. Let 1(x) = —- and r(x) = (——- —) ; then it yields
O(x) = 1(x) = r(x) (1)
Note that
1) = — = - (2
X) = —-— =
\/x_ Vx+1 (\/x+l+\/;)a/x(x+l)
and
1 1 0
r(x)=6( - ) = 3
\/x+l \/x+2 (\/x+l+\/x+2)\/(x+l)(x+2) ()
It is sure that 2(x\/;)< ! <2(x+1)+/x+1 and 20x +)yx +1 < ! < 2(x+ 2)Nx + 2 : hence it holds
1(x) 0 r(x) 0
LRI RPN
0 r(x) 6 X
or
) oy« H gL A (4)
o0 X

By (1) it can see o) >0 1(x) > r(x) @Nde(x) < 0 = 1(x) < r(x) . Referring to (4) knows o< e <1leadsto e(x)>o0.

3

The inequality (4) also shows that, when ¢ -1 and x > #, it holds o < i‘(1+ 3)3 <1, which leads to
3/9_2—1 9 X
1(x) < r(x) , namely, e (x) < 0.
O
Theorem 2: (T2). It always holds
| - n <] Ja " 5)
L2+ DNx +xlx ) ) 20 Do+ xafx+ 1) |

Proof. By Lemma 1 (P2), it knows

i
2((x+1)\/x_+x x+1) |

and

ISSN: 2231-5373 http://www.ijmttjournal.org Page 237



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IIMTT) — Volume 55 Number 3- March 2018

l1 a1 |
A <] —=@Q+, 7)) -—@+ )| +1
LZ X 2 x+lJ
1 [a a |
=1 =)= )| +1
LZ X x+1J
\ NS } )
=|—F|+
‘LZ((X+1)«/><_+X’\/><+1)J

[]

Theorem 3: (T3). For given real numbers « , g with 0 <« <1and s >1, there always be an x, such that, when

X > X, it holds
alA <A, < BA

x

Proof. Without loss of generality, calculate a - wa , for positive real number » . Note that

+

|1 a ‘ ‘1 a ‘ ‘1 a ‘ ‘1 a ‘

A oA  =(=Q+, ) |- |—Q+, [—))-o( =00+ Y| - —@+ )

|2 x| |2 x+1 | |2 x+1 | [2 X+2 |
l'1 a | 11 a | l1 a |11 a |
Y e A e e s YN+ e -0+ )| -] —@+ )
LZ xJ LZ x+1j LZ x+2J LZ x+1J

Then by Lemma 1 (P2) it yields
| l1 a 1 a |
|+1+w|7’ —7’ |+ @
J LZ X+ 2 2 x+1j
l1

l1 [a 1 a
T L B
LZ x 2 \x+1
l1 [a 1 a | l1 a 1 a | a 1 a |
=== -— |+L(uﬂ7 - — |+ {0} — - — |+ o +1
LZ X 2 x+1J LZ xX+2 2 x+1j LZ X+2 2 x+1j
1 |a

X+1

\
|
L2 2 x+1 2 \x+2 2 X+1 2 X+ 2 |_ X+ 2 X +1
[1 [a w+1 a @ a | ‘w} a w} a | l1 a 1 a |
(P <| = fJ———]—+— |+ -— | + {0} — -— |+ o+ 2
L2 X 2 x+1 2 x+2J |_2 X+1 2 x+2J LZ X+2 2 x+1J
l1 [a o+1 a 2] a |
(L3) < | —4[— - +— |+o+2
LZ X 2 x+1 2 ><+2J

Namely,

l1 fa w+1 a ® a |
A —oA <=, |-~ +— |+o+2
[2 X 2 x+1 2 x+2J

which indicates by Theorem 1 that, there must be an x,(a) suchthat A, - oA, <0owhen o >1andx> x,(a) .

x+1 =

On the other hand, Lemma 1 (P2) also leads to

| a |
[t i |
[2Vx J
l1 a 1 a R a 1 a ‘ |1 a 1 a |
S e |+ = -= |+ (@-1)| = - = \
LZ X 2 x+1J LZ X+ 2 2 x+1J LZ X+ 2 2 x+lJ
a 1+1 ] a 1 [ a | l1 [ a 1 [a |
— - + — |+ (0 -1)| — - — | -1
2 x+1 2 ><+2J |_2 X+ 2 2 x+1J
1

[ 1
(P1)>| =
2

[

|_ X
|1 a 1+1 a 1 a a 1 a ‘ ‘ a 1 a
=y - + = |+] = -= |+ (0 -2)] = -=
LZ X 2 Xx+1 2 x+2J L2 X+ 2 2 x+1J LZ X+ 2 2 \x+1

1 Ja 142 [a 1+1 ] a | l1 | a 1 [a |
(P1) > | =, |—- + |+ (0 -2)] = i |- 2
|_2 X 2 X+1 2 x+2J \_2 X+ 2 2 x+1j

(6)

Y]

®)
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l1 1+ ( 1) 1+(le]-2)
(Wl,JE R e N N T lm, HM )

L Xx+1 x+2 ><+2 Xx+1
\1 1
,\F m,/— &,/7%(1 {w})\f I R

x+1 X+ 2 x+l
l1 1 l1 , 1
=(1- {w})\*\/g u —_— Q 7|+(1 {o})| — \+{w}\7\/: _— Q —_— (LwJ 1)
L X [2 x+2 X+1 x+2
|
1= a- w,f m;l[i m/iwmg o L) [a uil/i‘ o]
Xx+1 x+2 '_2 x+1 x+2
1 1 1
, ,f ¢/7 Lo) 7‘%(,,{ mfi in‘ ”‘*F 4[7 L) .
X+1 X+1 x+2 X+1 x+2
1
(Pz>>\f\F i,/— Lol —Mw)(m/ ,/ - [o]
X +1 x+2
, ’ , |
(Dl)>\*\/: ﬁ - M 7\+{w}(|* |-
X +1 X+ 2 x+2J

:}LJE,M/a e @/ ey [ a IWU}(}& e,
LZ Xx+1 X+ 2 x+1 2 x+2J |_2 x+1 2V¥x+2

l1 (u+1 ‘ |a) a {w} l1 1 |
(PL 2| ===+ [+]—/— H{w}(\ - |-

2 2 x+1 x+2J L X+1 x+2 LZ x+1 2 \x+2

o +1 |
(L2)>\7\/: — | 7’ \+2{{u}(\7 ’ \ o -1
X +1 J x+1 x+2

That is
A —oA, > 7\/: LH T — \+2{w}(\7 1 ’x+2| o -1 (9)
Since ~ L / 2 >0, it knows by Theorem 1 that, there must be an x_¢a) such that a, - wa _, > 0 when
Xx+1 X +

0O<w<1andx > x (@) -

Consequently, it is sure that Theorem 3 holds if x, is taken by x, = max(x_, x,) -

0

Theorem 4: (T4). Suppose k, and k, are positive integers with k, < k, , a isreal witha > max(k, +1,k, +1)

. [ 1 | [ 1 | | 1 \
and b is a constant real number. Let s, = | — (1 + 2 Yl+1,s, =|—( a )|+1,b, ==+ i)\ and
| 2 k,+1 | | 2 k, +1 | | 2 k, |

|
(1+ \/Eu;then it holds
K, |
lL<r <l <r 10)
(

where |, =b-2(b, -1) ,1, =b-2(b, -1) ,r, =b - 2(s, 1) andr, = b - 2(s, - 1).
Particularly, when k, = k, +1 it holds

N | e

L<r=1,<r, (11)
Proof. It obviously holds s, <'s, and b, < b, under the given conditions.
Note that

Since k, > k, +1, it yields
b, —s,4 e ' (12)

Consequently it results in

which indicates
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b-2(s,-1)>b-2(b, 1) > b —2(s, ~1) > b — 2(b, — 1)

Namely
>l >r >0 (13)
By the way, by (12) it surely holds when k, = k, +1.
>l =r>1 14
0
| | | \ | \
Theorem 5:(T5). For real number a > o, let a :|\/a_+l|,A1:| Ja \,AZ:|L\ and
L 2 | L4+2‘EJ L2(2\E+3‘E)J
\ Ja I . 1 1 .
=| ——=—=|;then o, >26 yields A, +A, > —a_ and A, +4,+a, 0 —a  holds for arbitrary x>o.
L2(4‘E+3‘/4=)J 4 2
|
Proof. Let x = Jai , hamely, a, 7|\/_+1|,then
2 L ]
\ \ \
(A, +4,)=( Ja Ja
L4+2\FJ L4\F+6\FJ
| | 3-3 \
(P1) > SR I L CAN
{Mf 4f+ef e
(P13)2|£\/a_|—1
raa
Note that,
\ |
\1\/;\_1_1A0:|3\/a—|_1_3‘«§+1|
LB J 4 LG J 4\_ 2 ]
| |
TSP EV ~ B E R CELE
LG J L4 2 ]
| | Ja -3l
(P2)>|—\/_ 3\/_”’ 2:|\/a_ 3\—2
J L 24 |
That’s to say, F\/a_J—l—iAo > 0 when @> 2,0r “E;l > 26 . Consequently, when A, > 26 it holds
6 4 24
(4, +4,)> ~4, (15)
4

Now estimate A, + A, + A, . Direct calculation shows

| | | o |
20, + A, +A,)=2(] f \/a: |+ | \F 1
L4+2\/_J LZ(Z\/_+ 3\/_” L2(4\/37+ \/_ ) |
\ [ || \
(P8) <| Ve [+] Ve |+ Vo \ (16)

L2+\/2_J L2\/3_+3\/_J L4\/_+6J

SN S i P 4t
2+\/_ 2\/_+3\/_ 4«/_+6 2

=X

(D1) <

On the other hand, it yields
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2(A,+A,+A))

| 1 1 1 | 1l
(P1) > 2] ( + + WP LS
PPN ATEN SN SN SN At R AV
| Ja | | |
TSNP PR
2 2 2
L <] LJ_ ‘J (17)
(P17):L\/a_+1J—\ a+1\—1
L 2 ]
| Ja+1l Ifa+1l
=]2x |- |-1
L L B

(P8)>[ X |-1

Since A, + A, + A, is an integer, it yields
[ X |-1<2(A, +A, +A) <[ X | (18)
which is
A0
A+A,+A, 0 —
2

U

IV.CONCLUSIONS
Integer functions are a kind of special functions. Due to their discrete characteristics, study of the functions
requires special skills. Since there has not been a general purpose to study the kind of functions, every case of
knowing them is worthy of investigation. The function d(x) studied in this article surely sets an example. Hope
more excellent results come in the future.
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