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Abstract 

 The inequalities of con s-k normal bimatrices are introduced, Also it is shown that all these ordering 

are partial ordering in bimatrices. The result can be extended to study A
n *  B
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                                                                 I Introduction 

 Let Cnxn be the set of mxn complex bimatrices we order it by the standard partial ordering 
* , So AB

BB
*
 means that A1

*
A1= A1

*
B1; A2

*
A2= A2

*
B2 . The symbol AB

*
 R(AB) and r(AB) denote the conjugate transpose 

rank spaces and rank subtractivity of ABЄ Cnxn 

 

                                                            II  Some of definitions and results 

 

 Bimatrix 2.1 [3] 

A bimatrix 𝐴𝐵 is defined as the union of  two  square array of numbers  𝐴1and 𝐴2 arranged into rows 

and columns. It is written as follows 𝐴𝐵=𝐴1 ∪ 𝐴2 

where𝐴1≠𝐴2with 

A1=

 
 
 
 
 
 
𝑎11  

1 𝑎12  
1 …… . 𝑎1𝑛

1

𝑎21...

..

1 𝑎22.....

.

1 … … 𝑎2𝑛 ......

.

1

𝑎𝑚1 
1 𝑎𝑚2

1 ⋯ 𝑎𝑚𝑛
1  

 
 
 
 
 

 

 

A2=

 
 
 
 
 
 
𝑎11  

2 𝑎12  
2 …… . 𝑎1𝑛

2

𝑎21...

..

2 𝑎22.....

.

2 … … 𝑎2𝑛 ......

.

2

𝑎𝑚1 
2 𝑎𝑚2

2 ⋯ 𝑎𝑚𝑛
2  

 
 
 
 
 

 

`∪ `  the notational convenience (symbol) only. 

 

 

Definition 2.2[2] 

                A bimatrix AB=A1∪A2 is said to be normal bimatrix , if ABAB
*
=AB

*
AB 

 

Definition : 

1. The standard ordering for con s-k normal bimatrices is defined by AB
*
AB                                   

AB
*
AB= AB

*
BB 

      That is A1
*
A1= A1

*
B1,  

     A2
*
A2= A2

*
B2  and ABAB

*
=BBAB

* 

     That is A1A1
*
=B1A1

*
;A2A2

*
=B2A2

* 

2. The standard ordering for con s-k normal bimatrices is defined by  

AB
#
=

*( )B B B B B BA K V A V K  

AB
*
BB                     

  AB
#
AB= AB

#
BB 
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      That is A1
#
A1= A1

#
B1,  

     A2
#
A2= A2

#
B2  and ABAB

#
=BBAB

# 

     That is A1A1
#
=B1A1

#
;A2A2

#
=B2A2

# 

 

Example : 

 A1=
0 0

i i 
 
 

 and A2=
2 2

0 0

i i 
 
 

 

B1=
1

i i

i

 
 

 
and B2=

2 2

2 2

i i

i i

 
 

 
 

A1=
1 1

0 0

 
 
  0 0

i i 
 
 

 

A2=
2 2

0 0

 
 
 

2 2

0 0

i i 
 
 

 

A1
*
A1= A1

*
B1; A2

*
A2= A2

*
B2      AB  *BB 

                                             III On Some Partial Ordering For Secondary k-Normal Bimatrices 

Definition 1.3 

 The left-star  ordering for bimatrices is defined by  

AB 
*
BB   AB

*
AB= AB

*
BB 

      That is A1
*
A1= A1

*
B1, A2

*
A2= A2

*
B2 

 And R(AB)  R(BB) R(AB)  R(BB) 

R(A1)  R(B1); R(A2)  R(B2) 

Definition 1.4 

 The Right-star  ordering for bimatrices is defined by  

AB 
*
BB   ABAB

*
= BBAB

* 

      That is A1A1
*
= B1A1

*
, A2A2

*
= B2A2

* 

 And R(AB
*
)  R(BB

*
)  

R(Ai)  R(Bi); R(A2
*
)  R(B2

*
) 

Definition 1.5 

 The plus-order for bimatrices is defined as AB<BB whenever AB
#
AB=AB

#
BB and ABAB

#
=BBAB

# 
 for 

some reflexive generalized inverse AB
#
 of AB (satisfying both ABAB

#
AB=AB and AB

#
ABAB

#
=AB

#
) 

Definition 1.6 

 The minus (rank subtractivity)ordering is defined for bimatrices as, 

 AB
-
BB  r(BB-AB)=r(BB)-r(AB) 

 That is r(B1-A1)=r(B1)-r(A1)and 

  r(B2-A2)=r(B2)-r(A2) 

 or as AB
-
BB   ABBB

#
BB=AB , BBBB

#
AB=AB and ABBB

#
AB=AB 

Lemma 1.10
 

 Let AB,BBЄ  Cmxn and let a=r(a)<r(b) then AB
*
BB if and only if there exist UЄ Cmxn 

V Є Cnxn satisfying U
*
U=lb=V

*
V for which AB=U

1 0

0 0

D 
 
 

V
* 

 and BB=U
1

2

0

0

D

D

 
 
 

V where D1 and D2 are 

positive definite diagonal matrices of degree a and b-a respectively. For AB,BBЄCHn ,The matrix U in (1-8) may 

be replaced by v but then D1and D2  represent any non singular real diagonal matrices  

Lemma 1.11  

 Let AB,BBЄCmxn and let a=r(A)<r(B)=b 

Then AB
-
BB if only if there exist UЄCmxb VЄCnxb satisfying U*U=lb=V*V for which             AB=U

1 0

0 0

D 
 
 

V and BB=U
1 2 2

2 2

D RD s RD

D s D

 
 
 

V
*
 where D1and D2 are positive definite diagonal matrices of degree a and 

b-a, while RЄCaxb-a and SЄCb-axa
  
are arbitrary.For AB,BBЄCHn the matrices U and S in(1.9) may be replaced by 

V and R
*
respectively but then D1 and D2 represent any non singular real diagonal matrices 
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Lemma 1.12 

 Let AB,BBЄCnH be star ordered as AB
*
BB Then AB LBB if and only if ( ) ( ) (.)B BA B where  

denotes the number of negative eigen values of a given bimatrix 

Proof: 

Case(i): 

 Let r(AB)=r(BB) that is r(A1)=r(B1) and r(A2)=r(B2) 

 The result is trivial 

Case(ii): 

 Let r(AB)<r(BB) that is r(A1)<r(B1) and r(A2)<r(B2) 

 Lemma(1.1) ensures that if AB
*
BB  then  

 BB-AB=(B1 2 1 2) ( )B A A    

  =(B1-A1) (B2-A2) 

  = 11 11* *

1 1 1 1

12

0 0

0 0 0

D D
U V U V

D

    
    

   


21 21* *

2 2 2 2

22

0 0

0 0 0

D D
U V U V

D

    
    

   
 

=(U1U2)
11 12

12 22

0

0

D D

D D

 
 

 
(V1

*
V2

*
) –(U1U2)

11 21 * *

1 2

0
( )

0 0

P D
V V

 
 

 
 

=UB
1 1* *

2

0 0

0 0 0

B B

B B B

B

D D
V U V

D

   
   

  

 

BB-AB=UB
*

2

0 0

0
B

B

V
D

 
 
 

 

 Hence it is seen that the order  AB
L
BB  is equivalent to the non-negative definiteness of DB2 that is 

2( ) 0D  .consequently the result follows by noting that  

1 1 2( ) ( ) ( ) ( ) ( )B B B B BA D and B D D        

Theorem:1 

 Let A and B be con s-k Normal bimatrices AB
*
BB  AB

2


*
BB

2
 and ABBB=BBAB 

Proof: 

 Since AB=A1 A2ЄCn
# #

B B B BA A A A   

That is
# #

1 1 1 1A A A A  and 
# #

2 2 2 2A A A A  

Now, 
2 # 2 # 2 #

1 1 1 2B BA A A A A A   

 =A1(A1A1
t
)

*
   A2(A2A2

t
)

* 

 
=A1   A2 

2 #

B B BA A A  

Also, 
# 2 # 2 # 2

1 1 2 1B BA A A A A A   

 =
# #

1 1 1 2 2 2( ) ( )A A A A A A  

 
=A1   A2 

# 2

B B BA A A  

2 * * 2

2 * 2 2 *

1 2( ) ( )

B B B B

B

A A A A

And A A A

 

 
 

 =(A1A1)
*
  (A2A2)

* 
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# # # #

1 1 2 2

# # 2

1 2

# 2

( )

( )B

A A A A

A A

A

 

 



 

Consequently, in view of(1.3) 

ABBB=A1B1  A2B2 

2 # 2 #

1 1 1 2 2 2

2 # 2 #

1 1 1 2 2 2

A A B A A B

A A A A A A

 

 
 

ABBB=A
2
B 

BBAB=B1 A1  B2 A2 

# 2 # 2

1 1 1 2 2 2B A A B A A   

BBAB= A
2
B 

ABBB= BBAB= A
2

B 

More over, 

 

 

    

   

   

# #
2 2

1 2 2

# #
2 2

1 2

2

2

2 2 *

2

2

1

2

2

1

2

1 2

2

1( ) ( )

A B B

A A

A

A

A

A

A

A

A

 

 

  

 

2 # 2 2 # 2( ) ( )B B B BA B A A  

And BB
2
(AB

2
)

*
= B1

2
(A1

2
)

*
   B2

2
(A2

2
)

*
 

  = B1A1(A1
*
)

2
   B2A2(A2

*
)

2 

                  
 =A1

2
(A1

2
)

*
   A2

2
(A2

2
)

*
 

        BB
2
(AB

2
)

*
= AB

2
(A

2
B)

*
 

      
2 2

B BA B   

Theorem 2.4 

 Let AB,BBЄCmxn ,Then AB
*
BB and ABBB =BBAB  AB

2


*
BB

2
 

Proof 

 On account of (1.2),it follows that if  AB
*
BB and ABBB =BBAB then, 

 

 

      =[( A1
2
)

*
  (A2

2
)

*
] 

2 2

1 2( )B B  

       

 

    

   

   

* *
2 2

1 2 2

* * * *

1 1 1 1 2 2 2 2

* 2 * 2

1 1 1 2 2 2

* * * *

1 1 1 1 2 2 2 2

* *
2 2

1 2

2 2

1

2

2

2

1

( ) ( )

( ) ( )

( ) ( )

B B

A A A B A A A B

A A B A A B

A

A A

A

A B A A A

A

B A

A A

 

 

 

 

 

 

2 * 2 2 * 2( ) ( )B B B BA B A A  

and 

       

 

2 # 2 2 2 # 2 2

1 2 1 2( ) ( ) ( )B BA B A A B B  

2 * 2 2 2 * 2 2

1 2 1 2( ) ( ) ( )B BA B A A B B  

2 2 * 2 2 2 2 *

1 2 1 2( ) ( )( )B BB B B B A A  
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* *

2 2

1 2 2

* * * *

1 1 1 1 2 2 2 2

* * * *

1 1 1 1 2 2 2 2

* * * *

1 1 1 1 2 2 2 2

* * * *

1 1 1 1 2 2 2 2

2 * 2 *

1 1 1 2 2 2

2 2 * 2 2 *

2 2

1 1 2 2

1

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

B B

B B A A B B A A

B A A A B A A A

A B A A A B A A

A A A A A A A A

A A A A A A

A A

A A

A A

 

 

 

 

 

 

 

 

2 2 * 2 2 *( ) ( )B B B BB A A A  
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