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1. Introduction

Monotone nonexpansive self-mappings of a closed convex and bounded subset of a Uniformly Convex Banach
space always have Lipschitz constant equal to one and have a fixed point which has been proved in 1965 by
Browder[4] and Ghode[7]. Some of the authors Hussai et al.[9], Phuengrattana and Suantal [12] and Harder [8]
have done research regarding rate of convergence of iteration procedures.Hussai Khan [10] in 2013, have
introduced Picard-Mann hybrid iteration scheme and showed that it converges faster than all of Picard, Mann
and Ishikawa iteration processes for contractions in the sense of Berinde [2]. In 1990, Rhoades [13] have
proved that several iteration procedures are T-Stable for map satisfying General Contraction condition. In 2006,
Rhoades and Soltuz [14] have showed the equivalence of T-stability result in Mann and Ishikawa iterations
whereas Asadi [1] in 2009 discussed the T-stability of Picard’s iteration procedures in cone metric space and
gave an application. Many authors like Bin Dehaish and Khamsi [3], Y.song,Kumam andcho [16] and
Klangpraphan and Nilsrakoo [5] have proved Mann Iteration process for monotone nonepansive mappings. In
this paper, we prove the strong convergence of Picard Mann hybrid iteration scheme for a monotone
nonexpansive mapping in a uniformly convex Banach space and also proved its stability results.

2. Preliminaries

LetK be a closed convex subset of a uniformly convex Banach space (E,<).A partial order ' < "with respect to
K'in E is defined as follows:

x<y(x<y)ifandonlyify —x € K forallx,y €K.
Let F(T) ={p € E : Tp = p}denote the set of all fixed point of mapping T.
Definition 2.1 [3]:

Let(E,<) be a Uniformly Convex BanachSpace. Let K be a nonempty subset of E. A mapping T: K—E is said
to be

1. Monotone if Tx < Ty forall x,y € K withx < y;
2. Monotone nonexpansive if T is monotone and
ITx =Tyl < llx = yll
forallx,y € K withx < y.

Definition 2.2

A Banach space E is said to be

1. Strictly convex if ||%|| < 1forall x,y € E with ||lx|| = |lyll=1and x # y.
2. Uniformly convex if for all ¢ € [0,2],there exists § > 0 such that
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x+y
2

| <1- sforallx,y € Ewithllxll = llyll=1and Ilx—yll =€

Definition 2.3 [1]:
Picard-Mann hybrid iteration scheme is defined as follows:

Let E be areal normed linear space. For any initial point x, € E, the sequence {x,, };°_, where n=0 to n=oo, is
defined by

Xpe1 = Ty, , Where
Yo =(1- Bn)xn+ B Tx,,n= 0.

where {B, }n—, is a real sequence in [0,1].
Definition2.4 [13]:

Let (X,d) be a complete metric space and E be a real Banach space. Let T: X—X be a selfmap of X. Let

F; = {p € E : Tp = p}is the set of foxed points of T. Let {x, };_,< E be the sequence generated by an iteration
procedure involving T which is defined by x,, ., =f(T,x,,),n = 0,1,2 ..where x, € X is the initial approximation
and f is some function. Suppose{x,, };—, converges to fixed point p of T. Let {y, }r_oc X and sete =

d(yn+1 ,f (T, yn)),n =0,1,2 ..., then the iteration procedure is said to be T-stable or stable with respect to T if

and only if lim,,_,_, €,=0 implies lim, _,, y,,=p

Lemma 2.5 (XU [15]:

For any real numbers g> 1 and r > 0, a Banach space E is uniformly convex if and only if there exist a
continuous strictly increasing convex function g: [0, ) = [0, o) with g(0)=0 such that

lltx + (1 = Oyll? <tllx[|7+ (1 = Ollyll* —w(q, Og(llx -yl
forallx,y € B.(0)={x € E,|lx|| <r}andte [0,1], where
w(g, t) =ti(1-t) +t (1 —t)1.

3. Main Result

Theorem 3.1

Let K be a non-empty and closed convex subset of a uniformly convex Banach space (E, <) and T: K —» K be a
monotone nonexpansive mapping with a fixed point p € E. Assume that the sequence {x,, }>>_, defined by

Xn+1 = Tyn
yTl = (1 - ﬂn)xn+ ﬂnTxn; n= 0—> (l)

is monotonically non-increasing sequence and {8, } for n=0 to n=c0 is a real sequence in [0,1] satisfying the
following condition X:1=% B, (1 — B,)=0. Then {x, }*_,converges strongly to p.

Proof:
Since pe F(T), we have Tp=p and using (1), we get
141 — pll = ITy, — Tpl|
< lly, —pll
<@ = B)Cen = P) + B (T, — T

In Lemma 2.5, putq=1 and 8, = t.By Lemma 2.5, since E is a Uniformly Convex Banach space there exist a
continuous strictly increasing convex function g: [0, ) — [0, «) such that
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%041 =PIl < BullTx, = Tpll + (1 = B,) llx, — pll
=B (1 = B)g(lCx, = Tx)ID)
< Bullxy = pll+(1=B)lIx, — pli
=B (1=B)9(llx, — T, )
From the conditions of 8, in theorem, we get
%41 — pll < llx,, — pllasn - co.
Since the sequence {|lx,, — pll} is monotonically non-increasing, it follows that

lim,_|lx, — pll = Oand it implies limx, = p. Hence {x,, }r—, converges strongly to p. This completes the

n-—-oo

proof.
Theorem 3.2

Let K be a non-empty and closed convex subset of a uniformly convex Banach space (E, <) and T: K —» K be a
monotone nonexpansive mapping with a fixed point p € E. Assume that the sequence {x,, }%_, defined by

Xni1 = Ty
v, = (1 =B )x,+ B, Tx,, forn=0
is monotonically non-increasing sequence. Then the Picard-Mann hybrid iteration scheme is T-stable.
Proof:
From the theorem 3.1, {x,,} converges to p. Let
€,= llx,11 — Ty, Il, n=0,1,2,3.. where
Xn41 = THn
Yo = (1= By)xn* B Tx,,n2 0
and let lim,,_,, €,=0. Then we shall prove that lim,, _,,, x,,=p.
lxp 41 = Pl < Nl 41 = Ty, 14Ty, — Tl
< €, *Hly, —pll
< €, +(1 = By)llx, — pll+ B ITx, — Tl
< €, +(1 = By)llx, — pli+ Ballx, — pll
< €, *lix, —pll
As lim,,_,, €,=0 and the sequence {llx,, — pl|} is monotonically non-increasing the 1lli_r)ro10||xn — pl| exist and

hence limx,, = p.

n—-ow

Conversely, let limx, = p. We show that lim,,_,, €,=0.
n—oo

We know,
€n= ”xn+1 - Tyn”
< lxpq1 = Tpll+ ITp = Ty, |l

< lxp g1 = plI+ Ny, = pll
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< lxpss = pll+ 12 = Bo) (. — ) + B (T, — Tp)I

< % q — I+ = BN G, = PI+B, NI, =l

< lxp4s = pll+llx, —pli

As lim |lx, —pll = 0,lim,_,., €,=0.

Therefore Picard-Mann hybrid iterative scheme is T-stable.
We give an example to establish theorem 3.1.

Example 3.2

Let E=[0,1]. Define T:[0,1] - [0,1] by Tx = %x where [0,1] has the usual metric. Then T satisfies ||Tx —
Tp|| < llx — pll and F(T)=[0,1].

We will show that Picard-Mann hybrid iterative scheme is T-stable.

Now, let p=0, taking g, = %, Yy = %for each n> 1. Then lim,,_,,, y,=0.

We see that €n = [Ynt1 — Tyl
_ 3yn
= Vn+1 — T
_ (1-B1)3yn 3Bn Byn)
TP T T T Ty
1 9 9

Hence the Picard-Mann hybrid iterative scheme is T-stable.
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