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l. INTRODUCTION

Almost differential equation and an integral equation arise from many physical problems; these
problems are mostly solvable using non-linear and fixed point techniques. This technique provides the powerful
tools for obtaining the solution of such equations otherwise difficult to solve by ordinary method.

While stating this however, we mention that when we solve the equation by functional analysis
approach, lost the some qualitative properties. Many attempts have been made to formulate fixed point
theorems in this direction and the well known Schauder’s fixed point principle formulated by J.
Schauder in 1930

Brouwder [1], Gohde [2],Kirk [3], Iseki [4], Sharma [5], Singh [6] and Yadav [7] have self-rule
proved the common fixed point theorem for the non —expansive mappings defined on a closed , bounded
and convex subset of a uniformly convex Banach space and in spaces with richer structure. Many other
mathematicians gave a number of generalizations of non- expansive mappings, like Dotson [8], Emmouele
[9], Goebel [10], Goebel and Zlotkiewicz [11],Goebel, Kirk and Shimi [12], Massa and Rouk [13], Rhodes
[14], are of special significance. An extensive survey about common fixed point theorem for the non-
expansive mapping and related mappings can be found by Kirk [3].

Let C be closed subset of Banach space X. then the well known Banach Contraction Principle: An
contraction mapping from C into itself has a unique fixed pointin €. The same holds good if we assume
that only some positive power of a mapping is a contraction (For example, Bryant [15]). But this result is no
longer true for non expansive mappings. Many author have studied the existence of fixed points of non
expansive maps defined on a closed, bounded and convex subset of a uniformly convex Banach space, and in
a space with a normal structure. For the results of this kind one is referred to Browder [1], Goebel [10],
kirk [16], S.K.Tiwari and Ranu modi [17] and S.Vijayvargiya et all.[18]. It is natural with a non expansive
iteration. The answer in general is negative However Goebel and Zlokiewicz [11] have answered this
problem in affirmative with some restriction, and thus generalizing a result of Browder [1].

A normed linear space is also linear space in set of natural number in which each vectorx, there
corresponds a real number denoted by |||l . It is called the norm of vector x with properties:

@) llxll = 0ifllxll = 0 if and only if x=10
@) llx+ vl < llx|l + Iyl
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@A) llaxll = lalllxll

If we consider ||x|| as a real mapping defined on set of natural number N then it is easy to verify the
normed function is called norm on set of natural number V. It is also very easy to verify that linear space NV is
metric space defining by d(x, ¥) = Il — vI|. A banach space is a complete normed linear space. We used
non- contractive mapping in banach space.

I. MAIN RESULT

2.1 Let X be Banach space. Let F be the mapping of X into itself such that
F? = I, wherel is identity mapping

lze—F (el ly—F (37l le=F () llly—F (Il
— =
IFCO) —FODI = ey a5l T P lerolely—r ol

+yllx— F(x)ll + @lly — F(¥)Il + 6 llx — F(»)l + elly — F(x)l
ollx—ll . 2.2)
For every x, ¥ € X where0 = a, 5,y, 0,8, ¢, and 7a + 8 + 4y < 8 and

w20

§+5+¢,+n¢:1 .......... (2.3)

Then F has an unique fixed point x5 in Banach Space X

Proof:
Let x be any point in the Banach space X, then taking ¥ = % (F+1)x
t=F(y)
And u=2y—=t
Now
it —xll = IF(y) = F2(x)l
= IF(y) — F(FC)I

< |Iy_FIi}””FzI:x}_F__Ifﬁ}”—|—ﬁ
ly—F2 (x4l —F (3

+ylIF(x) = F2 ()l + 0lly — F(0)Il + SlIF(x) — FO)I + elly — F*(x)l
+nllF(x) — ¥l
_ lly=F () lll==F ) lly—xlIF () =F ()l
= Uyl +ly—F () +E ly—zll+ I F () —F ()
+yllx — Fl)ll + @lly — FO)Il + 8 llx — vll + @llF(v) — F(x) I
+llF(x) — ¥l
lly—F(3)lllle—F Gl ﬁ'gllx—fn:x:lIIIIF':y}—x+x-p:x}||
lz—F (31 lx—f ) 4 () -2~ F L2l
+rllx = FCOIl + 0lly — FO)Il 46 1lx = F)ll + ol F(y) — x + x — FR)|
+n%|IF(xj — x|l
[l —F ()l —F (=) || i”x—f::x}||[||F':_‘f]'—x||+||x—F':x}||]
Hx—F ) ’g‘;nx-f.:x:.||+||pu:y}-x||+||x-p:x}||
+yllx — F(x)ll + @lly — F()l
+67 llx = FEl + @lIF ) — xll + llx — F ()]

+ﬂ%IIFExj — x|l

ll—F* (=) |7 oy —F (DI
[l3r—F2 (2l + I F iy —F

i

Zllx—f ) NIIF () -l 4z —F (]

2w ||ly—F :
=2 lly=FO)I+ B O r =i leral
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+llx = FGll + 0lly — FO) I
+5311x = F@)Il + @ [FIFG) = ll + llx = F )]
+n§|IF(x] — x|l

=x+B)lly—FOI+ (8 +y+36+20+2)Ix— f

iellt—xll < o +@)lly— FOI + (38 +y +26+ 20 +2) llx— F (0l
Now
llu—xll = |2y — t — x|
= I(F+Dx— F(y) —xll
= IF(x) - FO)I
Nae—F )l —F 3 g Nae—F () llly—F (D
T le—F e —Fiy Nae—F (34l —F (2D

+yllx — F ()l + @lly — F(»)Il + 8llx — F) Il + elly — F)l

+nllx — yli
llz—Fld lly—F (3l fllx—F(.x}IIII.x—FEx}II
le—F G4 lx—FCl T Zllx—F()ll4+ 2 x—F ()
1
+yllx = FCOIl + Blly — FO)II + 65 llx = FGOll + olly — x +x = F ()l
1
+’-‘?E | — F(x)l
llzx—F () ly—F 3l fll.x—FEx}IIIIx—F(x}II
T le—F G x—F T Zllae—F G 4 lle—F ()
1
Hyllx = Fx)ll+0lly = F()ll + 62 llx = F)ll + e[lly —xll + llx = F(x)l]
1
-H?E”x — F(x)ll
llz—F (=) llly—F (3l fll.x—F(x}Illlx—F(x}II
T le—FGI4Zx—F T Zllae—F G4l —F ()

+yllx = FI + 0lly = FO) Il + 8 S lx = F)II
+o[Flx—F@I+ llx = FGI|

+n2llx — FE)l
_ . l=—F(lllly—F I fllx—FE.x}IIII.x—FEx}II
Zlle—F G Nx—F ()
+yllx = FEIl + 0lly — F)Il + 83 lx — FGOll + @ 2 lx — F()I
+n2llx = F)l

=Qu+D)ly—FOI+(GE+r +36+30+1)x— F)
i.e.

lu—xll < @< +D)lly— FWI+ (28 +y +36+20 + 1) lx - F)II

.................................................... 2.4
Now
e —ull <t —xll + llx — wll

<@x+D)ly-FO+(Ga+y+36+20+2)llx— f)
+@x +0)lly - FOI+ (28 +y +26 + 20+ 1) lx - F @)l
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= (4« +20)lly —F)II+ (3B + 2y + 6 +3¢ +1) lx - F()I

e llt —ull < (4 +20)ly—FOII + (38427 + 6+ 30 +n) lx— f(ll .25
One more time
It —ull =lIF(y) — 2y — )l
= IF(y) — 2y +tll
=2lly — F(w)ll
Combining 2.4 and 2.5, we get
2ly— FO)ll = (4 +20)lly— FOI + (3B + 2y + 6 + 30 + 1) lx— F)I
Therefore

(2— 4o -20)ly— F(n)ll = Gﬁ +2y +4d + 3¢ +‘-".r) lzz — F )

Therefore
(2ps2p+6+3p4n)
Iy - Fo)ll < 20 e
Therefore
(2p+2y+6+30+n)
Iy — F(») Il = gqllx — F(x)l, where g = % Sp |

(2—4oc—20)
Since 7 + 85 +4y < 8
LetG = ~||F + Il

Forallx € X,
I6*(x) — G()l =6 (v) — ¥l
= |20+ 16) -

=2y —Fll

=2 llx—Fll
But by defining term ¢, we claim that {c" (x]} is Cauchy sequence in banach space X
Therefore {G™ (x]} is converges to some point say x5 € X. As completeness of X.
ie lim, . G"(x)=x,
which is implies that G (x5) = x.
Therefore F(x,) = x,.
i.e. F has fixed point x.
Now we only to show that this fixed point is unique.
If possible suppose that ¥ is another fixed point of F.
”xu _}’u" = ||F(xu:] - F(}’D]”
N —F e My —F Cap ) N —F g My —F (e )
T lap—Flapdll+llxg—F Gyl Nap—F (v My —F G )l
+yllxg — Flxp)ll + @llyy — F(yp)ll + Gllxy — F(yp)ll + ellyg — Flxg)ll
+1llF(xg) — F(yo)ll

Nz g —2 g Mg =27l Nz g—7 Nllvg —2, 1l

Nxzg—zgll+lxg—27 Il Nz g— _oll +llyy —= 5l
+T|Ixu_ x,}” + E'"}’u - }’u” + 5”2:[, - }’Dll + ‘P"}FD - x[!lll
+nllxg — ¥l

=l — yoll + (8 + @)llxo — Yol + nll g — ¥,
=(£+6+@+n)lxo—

e, llxg = yoll < (5+6+0 +1n) llg — 3l
Therefore
(1-2+8+0+n) llxo—yoll <0
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Since G-I—ﬁ—i—gu—i—r,r) =<1

s g —wll =0

S Xg = ¥

~ F has Unique fixed point x; .

Now we generalized the theorem 2.1

2.2 Let X be banach space and K be closed and convex subset of X. Let F and G be two mapping from
K into itself such that

F and G are commute 2.6
F? =1 and G =1, where [ is identity mapping  ......ccveovveveenn... 2.7
||F[xj . F'[:}F:] < a NF =) -l MF () —E (el B NF) -G MIF ) —E ()l

IF () =G I+ IF (-Gl IF( -G+ IF (=) -5 ()l
+ylIF(x) — G (=)l + BIF(y) — 6
+llF(v) — G(x)ll + @llF(x) — G(W)I
llG(x) =G 2.8
Foreveryx,¥ € K where 0= a, 8,y, 0,0, ¢,mand 7a + 88 + 4y < 8.

............................. 2.9

Then there exist at least on fixed point xy € K such that F{(x,) = G (x,) = x,. Moreover
X is Unique fixed point of mapping F and G, if § +éd+e+n<1

Proof:
From (2.6) and (2.7) it follows that Occasionally Weakly Compatible

(FG)* =1
Again from (2.7) and (2.8)

1,-1: _ 1':1: :u_l: B zl: .
IFGG(x) — FGG(¥) | =c< llFeix)-ce(x)|||Feiy)-c62 (3|

IFe2(x)—Gc62 () IFE2(y) -6 62 )
w: |lFe2iy)—cei=l|||Feixl-cc2 i)
IFe®y)—-ca? ) +Fe2 () —c =iyl
+YIIFG* (x) — GG*(x) Il + BIFG2(v) — GG (W)l
+8IIFG*(v) — GG ()|l + @lIFG*(x) — GG (V)|
+1ll66%(x) — GG (W)l
— IFe.clx)—c ) IFEE (-G (¥l
lIFc.cix)-cix)ll+IFa.c(y)—cix)ll
1B IFe.ciy)-clFe.e(=)—c()
lFs.6 ) —cix) |1+ FE.6 (=) —60
+¥IIFG.G(x) — G (x)ll + BIFG.G(v) — G
+6IFG.6(v) — G(x)l + @llFG.6(x) — G(WI
+llG(x) — Gl
Taking G(x) = wand G(¥) = v, we get
IFe(uwl—ull lF& (=) —wll IFG (w)—w)llFE () —vll
IFG(w) = FGW)Il = a et T T8 Trct-aiirea—l
HyllFG(w) —ull + BIIFG(v) — vl
+HFG(v) —uw)ll + el FG(w) — vl
+nllu — vl

Since (FG)* =1.
So by theorem 2.1 F G has at least one fixed point say x5 € K.

ie. FG(xp) = x;
~ FFG(xy) = F(x,) or G(xy) = F(x,).
Now

I1F(x0) — xoll = IIF (x0) — F2(x)
= IF(xp) = F(Fxp))l
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- NF (xp) =6 (e IFF () —GF (2 ) g NFF{x ) —Glx MIF (x)—GF (2
= PG a I HIFF e ) —GF ()l NFF(xp) -G lx I+ F iz —GF ()l
+}""F[:xu] - G[xu]" + E'"FF(xu] - GF[-xu]”
-|-£|IFF[::ID] - G(xgjll + Q:J”F(x[:n] - GF(xDj”
17l G(x5) — GF ()l
= NF (zp) —F (el —ll Nz y— Flax JIF () =l
NF G ) —F (e bl lloe g =27 I Nae —F (e} 1411 F (e h—ac
+ylIF(x5) — F x| + @llxg — x|
+8llxg — Flxg)ll + @l F(xg) — x|
+nllF(x0) — x,ll
= 211F(x5) = xoll + (8 + @) IF (o) — xoll + lIF5) = o

<48+ @ + MIIF(xo) — ol

i.e
IF(xg) — xoll < G468 + @ + MIIF(xg) — o

Since [§+5 +e+n)<1

We must have || F(xy) — x,ll = 0
~ F(xg) = %4
. Xg is fixed point of F.
But F(x) = G(x)
a Glxg) = xy.
" Xg is common fixed point of F and G.
Now we only to show that x is Unique fixed point of F and G.
If possible suppose that ¥y is another fixed point of F and G.
| Xy — }’u” = ||F2[xu:]— FE(FD:]”
= |FF(xy) — FF (yp)ll
o |FF{xy)—GF (= M FFy, ) —GF (3,0l
- IIFF'ixP}—GF':xD}II+IIFFI2;D}—GF(:;:.}II
1B ||FF:L_‘;D:'—GFI:x,:.}||||FFL:::,;.:'—GF(:;D}||
NFFiyy ) —GF (2 I+ IIFF () —6F (30l
+y¥lIFF(xg) — GF (xg) | + BIIFF () — GF ()l

+5|IFF(}FD:] - GF(xuj” + fP”FF(xu] - GF(F@]'I + TF"GF[X[:.] - GF(}FD]"

laeg—zgl g =27 Il N2z g Mg — 2l

llzg—x g4l g— 25l Naeg =2 1+l —x 1
+T|ng_ xg” + E'"}’u - }’[:.” + 5”2:[:, - }’[:-ll + ‘P"}FD - x[:.ll
+7llxg — ¥l

= a(0) + Ellxy — vyl + (v + B)(0)+ (8 + @) lxy — w5 Il + 7l — ¥l

-
&

=(E+6+0+n)lx,—yll
e %o = yoll < (5+6 40 +1) llxo— o

since(g-l-é'—I-cp-i-r,r) <1

we must have

g —¥pll = 0

- Xg= Mo

" Xy is Unique fixed point of F and G.

2.3 Let X be banach space and K be closed and convex subset of X. Let F , G and H be three

mapping from K into itself such that

FG=GF,GH=HGand FH=HF i 2.10

F?=1,G"=1,and H® =1, wherel isidentity mapping ~  ..ccoo.... 2.11
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IFi=)—cH{=)F(y)—6H (¥ IF () —cH IIF (=) —cH ()
IF(x) = F(») I<a IF(x)—cr ) +F(y)—ca X B F(yy—criz)+IFix)—cH )
+yllF(x) — GH(x) Il + BIIF (v) — GH(¥)Il
+6llF(y) — GH(x) |l + @ IF(x) — GH(y)l|
nllGH(x) — GH(WI e, 2.12
Foreveryx,¥ € K where 0= a, 8,y, 0,0, ¢,mand 7Ta + 88 + 4y < 8.
................. 2.13

Then there exist at least on fixed point x5 € K such that
F(x,) = GH(x,) = x, and FG(x,) = H(x,). Moreover

X g is Unique fixed point of mapping F , G and H | if ? +di+e+n<1

Proof:
From (2.10) and (2.11) it follows that Occasionally Weakly Compatible
(FGH)* =1.

Again from (2.11) and (2.12) we hzlalve . il . |
FeH.Glx)—(GH) *.c(x)||||FeH.G (v —(GH) *.6(¥)
IFGH (x) — FGH(F}” = alIFGH Glel—(cH 2. cix)ll+IFer.clyl—(cH® c ()l
|Fer.c-(em?.cix)|||Fer.cl=) - (e e (3
+’8IIFGH.GE;;}—{GH}“.G{x}IHIIFGH.G'ix}—'ZGH}“-G{y}”
+YIIFGH.G(x) — (GH)*.G (x) |l + BIFGH.G (y) — (GH)*. G ()l
+8IlFGH. G(y) — (GH)2. G(x) |l + @l|FGH. G (x) — (GH)%. (W)l
+1ll(6H)2.6(x) — (GG ()l
— IFer Gl —cix)IFer.6 () —-& ()l
lFer.clxz)—clx)ll+lIFer.c(y)—c ()
1B lFeH . Glyi-G ) lIFeH.Glx) -Gl
IFeH &yl —6(x) | +IFGH.Glx) -5 ()]l
IFGH. 6(x) — G(x)Il + BIFGH.C () — ()l
+8IFGH.G(y) — G(x) Il + @lIFGH. G(x) — G(») |l
il (x) - Gl
Taking G(x) = wand G(v) = v, we get

. lFGH (u)—ulllFGH (v)—w)ll
IFGH(u) —FGH(w)|l < a IFGH (u)—ull +1FGH (v)—w) |

IFGH (v)—ulllFEH (u)—vl
+‘8IIFGH(u}—uII+IIFr.:H-:u}—;-;ll
+ylIFGH (w) — ull + BIIFGH (v) — v)lI
+8||FGH (v) — ull + @l|FGH (u) — vl
+nllu— vl
Since (FGH)* =T and7a+ 8 + 4y < 8
So by theorem 2.1 F(GH has at least one fixed point say x5 € K.
i.e. FGH(x,) = x,
« GH(FGH)(x,) = GH(x,) or F(x,) = GH(x,).
Also H(FGH)( x,) = H(xy) or FG(x,) = H(x,)
Now by using (2.10),(2.11),(2.12).
We have
1 H () — xoll = IFG(x4) — F* ()l
= ||F5(xuj - F(F(x[,]]"
_ NH () —H{xdlxg—ax,ll
||||H':x,}3?HD§.|T|TE1|r|:P|S ,:.—H”I:x,:.}”
xn—H(x (xp)—xq
+E =B () 1+ H (2 —x, ]
+yllH () — H(xp) I + Ollxg — gl
+S|Ix|} - H[:x[:.] |I + @J”H[x[:.] - xgll
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+TF|IH(-7CD] - xgll
=(E+5+0+n)l1H(x) — ol
w IH(xe) = xoll < (4 6+ ¢ +n) I H(xg) — o
Since(g-l-nﬁ*—I-fp-l-r.r) <1
It occasionally weakly compatible that H (x,) = x.
i.e. xg is fixed point of H.
o Glxg) = Flxg)
Again
|F(xg) — xoll = lIF(x4) — F*(xg)ll
= |IF[xu] - F(F[xu]j”
<o IF () —GH{x ) IIFFix ) —GHF ()l
= Flx ) —cH{x ) HIFF(x) —6H (x5
4 p P lxg) —CH Gl F(g) -GHF (g
NFF(x ) —GH (x| +Flxp ) —GHF ()
+yllF((xg) — GH(xg) |l + @I FF(x,) — GHF (x,)ll
+8IIFF(xp) — GH (xp)ll + @l F(xy) — GHF (xp) I
+nllGH(x,) — GHF (x,) |l
_ NF () —F ()l g— 2l
NFaey ) —F )+, —F ()
= Fla MF ()~ |l
+‘8||xn—r.:xD:.||+||p-:xD}-xD||
¥l F(xg) — F (xo)ll + @llxcg — x,ll
+5llxg_ F(x[:.j” + fF'lIF(xD] - xu”
+17ll F(x0) — 2l
=(5+6+0+n)IF(x) —xll
# IF ) = xoll < (546 + 0+ 1) IF(xg) —
Since(g-l-nﬁ*—I-fp-l-r.r) =1
- it occasionally weakly compatible that F(x,) = x,
But F(x,) = G(xp).
= Flxg) = G(xg) = H(xp) = x4
~ Xy is the common fixed point of F, G and H.

Now we only to show that i is unique fixed point.

If possible suppose that ¥ is another common fixed point of F, G and H.
From (3.2.7),(3.2.8) and (3.2.9) we get
”xu _}’u” = ||F2(xc,:] - FE(}FD]”
= ||FF(3'-"D] - FF(}’Q:]”
oy NFE o) =GHF (o) IILFF (o) —GHF (o)
= FF(x ) —GHF (2 I HIFF (3 ) —GHF (x )l
w |FF (g ) —GHF (2 ) FF(x ) —GHF (3,01l
FFiyy ) —GHF (x| +|FFixg) - GHF (350l
1yIFF(x,) — GHF (x,)ll + OIIFF(y,) — GHF (v)
+5||FF[}’D] - GHF[:x[,]” + ':P"FF[-xD] - GHF(}’D]”
+nllGHF (xg) — GHF ()l
Nz g— 2 gMllag =2 Il
|Ixﬁ;xnll+|||||;|v'n—x;||”
o *pllllxg™p
+J€||y.;.—x.;.||+||x.;.—:v'.;.||
+yllzg — x5l + @llyy — Wl
+8llyy — xgll + @llxg — ¥l
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+allxg — v, ll
= Elxy — woll + (6 + @)y — ol + 1llxy — v, |l

(E+a+0+n) llxg— ol
iellxo—oll < (546 + 0 +1) llxg—yll
since(g-l-é'—I-QJ-I-r,r) =1

-+ it occasionally weakly compatible that x5 = ¥;.
~ F,G and H has Unique common fixed point x,.
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