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I. INTRODUCTION

Let H be a Hilbert space and L(H) be the algebra of all bounded linear operators acting on H. A.A.S. Jibril
[1], in 2008 introduced the class of n — power normal operators as a generalization of normal operators. The
operator T is called n — power normal if T" commutes withT*, i.e. T"T* = T*T™ and is denoted by [nN]. In
2010, Adnan A.S. Jibril [2], introduced class (Q) operators acting on the Hilbert space. An operator T € L(H) is

in class (Q) if it satisfies the condition T T2 = (T*T)2. In 2012, S. Panayappan and N. Sivamani [3] defined n
power class (Q) operators on the Hilbert space. An operator T € L(H) is said to be n power class (Q) if it

satisfies the condition T**T2" = (T*T™)?. In 2013, Krutan Rasimi, Luigj Gjoka [4] gave some results related to
n power class (Q) operators acting on infinite complex separable Hilbert space.In the year 2014 Dr. T.
Veluchamy, K.M.Manikanadan and T.Ramesh [5] investigated some characterization of n power class (Q)
operators on Hilbert space using MATLAB. A bounded linear operator T on a complex Hilbert space H is n-
power quasi n-normal if T™"(T*T™) = (T*T™)T"that isT™commutes with T*T™ for some integer n.
2. Main Results

In general (n+k) power class(Q) operator need not be a normal operator. Let us prove this result by
giving the following example. By substitutingn =2 and k = 0 we claim that T = (—21 ?) is 2 power class(Q)
operator but not normal. Further we can prove that T is not 3 power class(Q)operator but 2 power quasi 2
normal operator.
Example2.1:

Consider the operator T :(_Zl (l)
operator, but not 3 power class(Q) operator and 2 power quasi 2 normal operator
Solution:

) acting on C? which is 2 power class(Q) and T is not normal

On direct matrix multiplication operations, we show that T’ T* = (_01 _01) = (T*T?)% Hence, T is

Sy A)andrre= (L 72 1T £ 777 and

therefore T is not normal operator. In addition we can verify that T T6 = (1 0

0 1
(—21921' 1521). Here T**T® % (T*T3)2, and therefore T is not 3 power class (Q) operator. Further, we can

prove that T is 2 power quasi 2 normal operator by verifying T?(T*T?) = ((l) _21) = (T*T?*)T?

The following example shows that an operator of 3 power class (Q) need not be of 2 power class (Q).
Example 2.2:

2 power class(Q operator. Further we show that T*T = (

) and (T*T3)? =
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Consider the operator T =((1) _11) acting on R? which is 3 power class(Q)but not class (Q)operator, not 2
power class(Q), but 3 —normal operator.

Solution:

On direct matrix multiplication operations, we can verify thatT**T2 = (i D * (é g) = (T*T)?and
therefore T is not class (Q) operator and T*’T* = (_01 :i) # (}} (1)) = (T*T?)?, and therefore T is not 2
power class (Q) operator. Further, we can show that, TT6 = (:1 (1)) = (T*T?)? and therefore T is 3
power class (Q) operator. Also, T3T* = ((1) :1) = T*T3this implies that T is 3 normal operator.

The following theorems and definitions are used to derive third part of proposition 2.3.
( [6]: Theorem 3: Page No. 158 )
Let M be a closed linear subspace of H.
(i) If M is invariant under the operator T, then T/, is an operator in the Hilbert space Hand ||7/,,[| < IITI.
(if) If M is invariant under the operator S and T, then it is invariant under S+T, ST and ATmoreover,

S+T ST AT
S+ =Sl +Thp SOy = S/ Thp. Ay =T/ olds.
( [6] Definition 2: Page no. 158 )
Let M be a closed Linear subspace invariant under the operator T. The restriction of T to M is the
mapping T/M : M — Mdefined by (T/M)y = Ty.Thus T/M is themapping y-> Ty restricted to M.
([6]: Theorem 5: Page No. 159)  If M reduces T, then (T/M)* =T*/M
([6] Definition 1: Page no. 156 ) A closed linear subspace M is said to be invariant under the operator T if T(M
)cM.
([6] Definition 3: Page no. 158) A closed Linear subspace M is said to reduce the operator T incase both M
and M+
are invariant under T. ie., T(M) c Mand T(M+) c M*.

Proposition 2.3:
If TE( n+k) power class(Q) then so are
(i) AT for any real numberA.
(ii) for any Se L(H) that is unitarily equivalent to T.
(iii) The restriction T/M of T to any closed subspace M of H that reduces T.
Proof:
(i) Since Te(n+k) power class(Q) we get,T**T20+k) = (TrTn+k)2,
Replace T by AT we get
(AT)*Z (AT)Z(nH{): (AT)*(AT)*(AT)nH{ (AT)n_H{
=ZT*/TT*An+k Tn+kln+k Tn+k
= AT* AT* (AMH)2Tntkrntk [ disreald = 1]
=A2((AT)*(AT)"+*)2. .« AT €( n+k) power class(Q).
(if) Se L(H) is unitarily equivalent to T, then there is a unitary operator U€ L(H) such that
§2n = yrTny => §* = UrT*U; S2(v k) = 12ty
§*52040) = T yU T U T2 Oy
= U T*T*T?>0 0y
= UT T2 e 1)
and (S*S™)2 = (U*T*UU*T "+ )2
=U*T*UU TR yuT U Ty

zu*T*T(n+k)T*T(n+k)U

=US(T*TOHN2y . ()
Since Te( n+k) power class(Q) we have
THT204) = (Trpntkyz ,(3)

From equations (1), (2) and (3) we get
§* 52+ = (§*Sn+k)2. Thus Se( n+k) power class(Q).
(iii) By [1 Theorem 3, P.No. 158]
N n *2 2(n+k)
T T2 =T Lipd™
«2 2 (n+k)
= (T et /M)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 451


http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IIMTT) — Volume 55 Number 6 - March 2018

T*Tn+k 2
_( ) /M

2
=T/ /)

Thus /), €(n+k) power class(Q).

Theorem 2.4:
If the sum of two bounded linear operators is (2+k) normal then their sum is (2+k) power class (Q)

operator.
The product of any two operators on the complex Hilbert space is (2+k) power class(Q) operator if their product
is (2+k) normal.
Proof:
Let S and T be operators on Hilbert space H. Given S+T is (2+k) normal operator. Therefore from the
definitionwe get(S + T)*(S + T2k = (S + T)?*k (S + T)*

(i) We have to prove that
(S+T)*(S+T)2@H) = ((S+T)"(S + T)2++)2.

Consider
(S+T)*(S+T)2CH) = (S+T)*(S+T) (S + T)2H*(S + T)2**
= (S+T)(S+T)**(S + T) (S + T)***
= ((S+T) (S +T)*")? [+ (S+T)is (2+k) normal ]
Therefore, (S+T) is (2+k) power class (Q) operator.
(ii) Given ST is (2+k) normal operator. Therefore from the definition we get (ST)*(ST)?*** = (ST)?**(ST)*
Consider, (ST)* (ST)2@+) = (ST)*(ST)* (ST)2** (ST)2+*
= (ST)*(ST)?** (ST)*(ST)?** [+ (ST) is (2+k)normal
- (ST)*Z (ST)2+k (ST)Z”‘

Hence ST is also (2+k) power class (Q) operator.
The following proposition shows that an operator T of 2 power class (Q) need not be of class (Q) such that
T2 =0.
Proposition2.5:

If T€ (n + k) power class(Q) such thatT? = 0, then it is not necessarily that T=0. Consider T=((1] g)

acting on R? which is not normal.

Proof:
We verify the theorem for n=2, k=0. On direct matrix multiplication operations we can verify that T2 =

0 0 10 = * 2 i 24 _ 0 0 _ *m232 .
(0 0) * (0 0) = (T*T)=. Therefore T is not class (Q). ButT* T* = (0 0) = (T*T?)?.Hence T is 2

power class (Q). FurtherT*T # TT*, hence T is not normal. Hence, we conclude that, T ¢ (Q) But, Te 2
power class (Q) and T is not normal.
The following theorem shows that an operator of (n+k) normal is (n+k) power class (Q) operator.
Theorem?2.6:
If TEL(H) is (n+k) normal, then Te(n+k) power class (Q).

Proof:

Since T is (n+k) normal then T*T"*k = Tn+kT*
Pre multiply by T* and post multiply by T"** on both sides we get
T*T*Tn+an+k — T*Tn+kT*Tn+k
= T*ZTZ(n+k) — (T*Tn+k)2.
Therefore, we get Te (n+k) power class (Q).
Proposition 2.7:
Let T be an operator acting on three dimensional complex Hilbert space. Then T is (2+k). power class(Q) but it

0 00
is not (2+k) normal. Example:= (1 0 0).
010
Solution:
For k= Oandn=2we can prove that T is not normal but it is 2 power class (Q).
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0 0 O 1 0 0
By direct decomposition we get TT* = (0 1 0>and T*T = (0 1 0). Since, TT*+#T*T, T is not
0 0 1 0 0 O
, 0 0
normal. Further we can show that T*"T*=| 0 0 0 | = (T*T?)2. Therefore T€ 2 powerclass(Q).

. 0 0O
Proposition 2.8:

Let T be an operator acting on 2 dimensional complex Hilbert space. Then T is 2 power class(Q) but it

is not 3 power class (Q). Example: T:((l) —21)
Solution:
On direct matrix multiplication operations, we show that

TT4 = (_1 0 ) = (T*T?)%. Hence, T is 2 power class (Q operator. Further we show that TT* =

& Zi)(:md;*lT:(l —2i
~2i 1 2i 5

verify that T*'T¢ = ((1) (1)) and (T*T3)? = (

power class (Q) operator.
Definition 2.9:
Let E be a normal Linear space and L(E) denote the set of all bounded Linear operators on E.
An operator T€ L(E) is said to be regular if and only if there exists S € L(E) such that TS=ST=I such an
operator S is called inverse of T so that S= T,
In general, (n+k+1) power class(Q) operators need not be (n+k) power class (Q),
Lemma 2.10:
Let Te L(E) the operator T is regular if and only if it is a linear transformation of E into itself. If T is regular
then the inverse mapping T~! isin L(E) and is the inverse of T in the sense of the definition.
We provethe following characterization using above lemma and definition.
Theorem?2.11:
Let T be an operator acting on two dimensional complex Hilbert space H. Then T is (3+k) power class (Q) butit
is not (2+k) power class (Q) operator. While attempting to prove this problem the generalized version for the
above problem is formed and restated as follows.
Let T be the class of (n+1+k) power class (Q) operator acting on infinite complex separable Hilbert space H for
any k>0. If T is normal, then in T€ (n + k)power class (Q).
Proof:
Given T is (n+1+k) power class (Q) operator.
o T T20H1+0 = (T*T (14002 s trye. Further, we have
T*ZTZ(n+k)T2 — T*Tn+1+k.T*Tn+1+k
= T* T T.T*THkT
= T*T™HRT*TT"*K T[T is normal ]
— T*Tn+kT*T1+n+kT
= T*TnkT*TntkT. T
— T*Tn+kT*Tn+kT2
If T is invertible, then post multiply by T~ on both sides we get
T*ZTZ(n+k)T2T—1 — (T*Tn+k)2T2T—1
T*ZTZ(n+k)T — (T*Tn-Hc)ZT
Again post multiply byT~! we get
T T2+ = (T*Tn+k)2. Hence T is (n+k) power class (Q)
In the following example, we show that a 3 power class (Q) operator need not be 2 power class (Q).
The following examplesupports that (3+k) power class (Q) operator need not be (2+k) power class (Q) operator
for k=0.
Example 2.12:

). T*T + TT* and therefore T is not normal operator. In addition we can
5 -8i

8 13 ) Here T**TS # (T*T3)2, and therefore T is not 3

An operator T = (_11 (1))acting on 2 dimensional complex separable Hilbert Space H is 3 power class(Q) but
not 2 power class(Q).
Solution:

. R .y R . «2m2 _ 1 1 5 3 _ * 2
By using matrix multiplication we can show that obtain the values of T* T+ = (1 2) * (3 2) = (T*T)

and thereforeT ¢ 2 powerclass(Q).Also, T**T® = ((1) :i) = (T*T?3)%and henceT € 3 powerclass(Q).

In the following example we show that an operator of 3 power class (Q) is 2 power class (Q).
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Example 2.13:
LetT = ((1) _01) be 3 power class (Q) operator acting on 2 dimensional complex separable Hilbert

Space H. If T is regular then T is 2 power class (Q).
Solution:

_(1 0y ._(1 0). «._(1 0 - e
T = (0 _1),T = (0 _1) o TT = (0 1). Further, T*T =1 and TT* =TT =1. - T is regular.
Also,

*__ * . H «2 il _ 10 — *m2N\2
T*T =TT*. -~ Tis normal. Further, T*°T —(0 1) = (T*T*)*and therefore,

TE?2 powerclass(Q).Also,T*zT6:((1) (1)) = (T*T?)? and therefore T & 3 power class (Q).

In the following theorem we show that an (n+k) power class (Q and quasi (n+k) normal operator T is (n+1+k)
power class(Q) operator.
Conclusion:

The algebra of all bounded Linear operators on a Real (Complex) Hilbert space H is taken for the
research work and the following findings on the class of (n+k) power class (Q) operators are given. 1. In
general (n+k) power class(Q) operator need not be a normal operator. This result is verified through counter
example. 2. A 2 power class (Q) operator is not 3 power class (Q) operator and vice versa. Hence we conclude
that n power class (Q) operators are independent. 3. If Te( n+k) power class(Q) then so are (i) AT for any real
numberA. (ii) for any Se€ L(H) that is unitarily equivalent to T. (iii) The restriction T/M of T to any closed
subspace M of H that reduces T. 4. The sum and product of any two commuting operators on the complex
Hilbert space are (2+k) power class (Q) operator. 5. If T€ (n + k) power class (Q) such thatT? = 0, then it is

not necessarily that T = 0. This result is verified by considering the operator T= ((1) 8) acting on R? which is

not normal, n = 2 and k = 0.6. If TEL(H) is (n+k) normal, then T €(n+k) power class (Q). 7. Let T be an

operator acting on three dimensional complex Hilbert space. Then T is (2+k). power class(Q) but it is not (2+k)
0 0O

normal. Example: = <1 0 0)8.Let T be an operator acting on 2 dimensional complex Hilbert space. Then
010

T is 2 power class (Q) but it is not 3 power class (Q). Example: T =((l) _Zl) 9. Let T be the class of (n+1+k)

power class (Q) operator acting on infinite complex separable Hilbert space H for any k > 0. If T is regular and

_11 (l))acting on 2 dimensional complex
separable Hilbert Space H is 3 power class (Q) but not 2 power class(Q). 11. Let T = ((1) _01) be 3 power

class (Q) operator acting on 2 dimensional complex separable Hilbert Space H. If T is regular then T is 2 power
class (Q).

normal, then in Te (n + k)power class (Q). 10. An operator T = (
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