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I. INTRODUCTION 

Albert Einstein gave the theory of special relativity at the beginning of the 20th Century which is based on 

Lorentzian geometry. The hyperbolic numbers (or duplex numbers or perplex numbers), put Lorentzian geometry to 

an analogous mathematical concept with Euclidean geometry. The hyperbolic numbers play a similar role in the 

Lorentzian plane that the complex numbers do in the Euclidean plane. Different structures of these numbers can 

understood well in [2],[3].[5],[6],[7],and [9]. 

D. Alpay et. al. [1] gave an idea of hyperbolic valued probabilities. This idea motivate to construct hyperbolic 

valued measure. Before the present work R. Kumar et. al. [4] had given the similar concept which is modified here 

by introducing two symbols 
D

  and  
D

  as extended hyperbolic numbers. Also the concept of hyperbolic 

valued signed measure is introduced and the hyperbolic version of Hahn and Jordan decomposition theorems are 

proved in this article. The proofs in this article are based on the book of I. K. Rana [8]. 

II. BASIC DEFINATIONS 

The set of hyperbolic numbers D is defined as    

                                                    D = : ,x yk x y R 
.  

where k is an imaginary element such that k²=1 but  k∉R. D forms a commutative ring with respect to D


 and 

.
D  defined by  

                                     1 1 2 2 1 2 1 2
( ) ( ) ( ) ( )

D
x y k x y k x x y y k        

                                         1 1 2 2 1 2 1 2 1 2 2 1
( ). ( ) ( ) ( )

D
x y k x y k x x y y x y x y k       

A. Hyperbolic conjugation 

The conjugate of a hyperbolic numbers x y k    is x yk   . Different algebraic operations (additive, 

involutive and multiplicative) on D with respect to the hyperbolic conjugation are as follows: 

                      1.       

                     2. 
 

   

                     3. ( )     

Note that, 

                  
2 2

x y R      

 

The modulus of a hyperbolic number x y k D    , is defined by 
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 2 2

x y R     
 

Any hyperbolic number  with 0    is said to be invertible (or non-singular), and its inverse is given by 

                          
1 







 

If 0   but 2 2
0x y      then  ( 0 )    is a zero divisor. The only zero divisors in D are those 

( 0 )   for which 2 2
0x y      . We denote the set of zero divisors by 

D
 . Thus,        

O = { = x + yk : 0 , = x ²-y²= 0 }
D

     

 

B. Idempotent representation 

There are two important zero divisors in D, 
1 1

2 2
k

 and its conjugate 
1 1

2 2
k

. 

Set  
1

1

2

k
e




 and      
2

1

2

k
e




 

One can check that      
1 2

1e e   and  
1 2

0e e   

                                    2

1 1
e e    and   2

2 2
e e  

So these two elements are called mutually orthogonal idempotent elements in D. Thus {e₁,e₂} forms a basis of D 

    The two sets         

                     
1

1
.

e
D e D   and  

2
2
.

e
D e D  

 are (principal) ideals in the ring D and they have the properties: 

                                    
 

1 2

0
e e

D D    and   

                                        1 2
e e

D D D 
                                (1)             

 

Formula (1) is called the idempotent decomposition of D. Every hyperbolic number x y k    can be written 

as  

                            1 2 1 1 2 2 1 2
= (x+ y)e + (x-y)e = v e + v e ,v ,v R     (2)             

 

    Formula (2) is called the idempotent representation of a hyperbolic number. It has a remarkable feature: the 

algebraic operations of addition, multiplication, taking of inverse, etc. can be realized component-wise. Observe that 

the sets
1

e
D  and  

2
e

D  can be written as  

1 2
1 1 2 2

D = { se :s R } = R e ; D = { te :t R } = R e
e e

  Remark1.  One should keep in mind the following 

properties: 

 

               a)
1

D
e

 
 if and only if 

1
e

 
 

               b) 
2

D
e

 
if and only if 

2
e

 
 

C.  Partial order on D 
The two idempotent orthogonal axes divide the whole hyperbolic plane into four quadrants, namely  

                                1 1 2 2 1 2
D = { v e + v e :v ,v 0 }


  

                                
1 1 2 2 1 2

D = { v e + v e :v 0 ,v 0 }


   

                                1 1 2 2 1 2
D = { v e + v e :v , 0 ,}v


  

                                
1 1 2 2 1 2

D = { v e + v e :v 0 , 0}v 
  

Observe that                                     
                                D D = 0

 
  

A hyperbolic number ζ is said to be (strictly) positive if \ {0}D
+

z Î  and (strictly) negative if \ {0}D
-

z Î  The set of 

non-negative hyperbolic numbers is also defined as  

                                   D = { x + yk :x ²-y² 0 ,x 0 }
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On the realization of D⁺, M.E. Luna-Elizarraras et.al. [6] defined a partial order relation on D. For two hyperbolic 

numbers ζ₁,ζ₂ the relation 
D

   is defined as 
1 2

 
D

   if and only if 
2 1

D 


  .
One can check that this 

relation is reflexive, transitive and anti-symmetric. Therefore 
D

  is a partial order relation on D. This partial order 

relation 
D

  on D is an extension of the total order relation ≤ on R. We say ζ₁
D

 ζ₂   if   ζ₁ 
D

  ζ₂  but  

1 2
  . Also we say 

2 1D
    if  

1 2D
    and 

2 1D
   if  

1 2
  . If neither 

1 2D
   nor 

2 1D
   then 

1
 and 

2
 are not comparable.  

Definition 1: For any hyperbolic number 
1 1 2 2

= v e + v e  the D-valued (or hyperbolic valued) modulus of ζ is 

defined by 

            1 1 2 2 1 1 2 2
| | = |v e + v e | = |v |e + |v |e D

D D



  

where 
1

v  and 
2

v  are the usual modulus of real numbers. 

Definition 2: A subset A of D is said to be D-bounded if ∃ M∈D⁺ such that  
DD

   M for any   A 

     Set                                                 
1 1 2

A = { x R :  y R , x e + ye A }     

2 1 2
A = { y R :  x R , x e + ye A }    . 

It is immediate task to verify that if A is D-bounded then A₁ and A₂ are bounded subset of R. 

Definition 3: For a D-bounded subset A of D, the  supremum of A with respect to the D-valued (or hyperbolic 

valued) modulus is defined by  

             1 1 2 2
sup A = supA e + supA e

D
 

Definition 4: A sequence of hyperbolic numbers  
1n n




 is said to be convergent to ζ ∈ D if for  ε ∈ D⁺\{0} ∃ k ∈ 

N such that     
n DD

     for all n k³  

Then we write,       

                              
lim

n
n

 
 

  

Definition 5:  A sequence of hyperbolic numbers  
1n n




 is said to be D-Cauchy sequence ζ ∈ D if for ε ∈ D⁺\{0}  

∃  N ∈N such that 

                          N m N DD
  


   

for all m=1,2,3,..... 

Note that a sequence of hyperbolic numbers  
1n n




 is said to be convergent if and only if it is a D-Cauchy 

sequence. 

Definition 6:  A hyperbolic series 

1

n

n








 is convergent if and only if its partial sums is a D-Cauchy sequence, i.e., 

for any ε ∈ D⁺\{0} ∃ N ∈N such that 

                     1

m

N k D

k D

 




 
        for any m ∈ N. 

Definition 7:  A hyperbolic series 

1

n

n








 is D-absolutely convergent if the series 

1

| |
n D

n








 is convergent. 

Every D-absolutely convergent series is convergent. 

III. Main result 
A.  D-valued (or hyperbolic valued) measures: 

We introduce two symbols 
D

   and 
D

   as 

                                         1 1 2 2 1 2
+ =  v e +  v e :v =  v  =  +

D
   

                                          1 1 2 2 1 2
=  v e +  v e :v =  v  =  -

D
   

One can check that
D

x y k      only if x = ±∞ and y ∈ R. If we take y = 0 then ζ = x= 
D

   if and only if 

x = ±∞. Thus 
D

   are the extension of  ±∞ on the extended real number system. 
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We call the two symbols 
D

   and 
D

   as plus hyperbolic infinity and minus hyperbolic infinity. The following 

two sets are of special interests: 

                      D
D D




   

                    D
D D




   

The extension of the algebraic operations and the partial order on D⁺∪D⁻ to D D
 

  

1. For every ζ ∈D⁺∪D⁻, 
D D D D

    

2. For every ζ ∈D⁺∪D⁻, 

( )
D D

     and ( )
D D

     

( ) ( )
D D D

       and    ( ) ( )
D D D

      

 

3. For every ζ ∈D⁺\{0}, 

( ) ( )
D D D

x x      

( ) ( )
D D D

x x      

4. For every ζ∈D⁻\{0} 

( ) ( )
D D D

x x      

( ) ( )
D D D

x x      

Further, 

( )0 ( )0 0
D D

     

( ) ( ) ( )
D D D

     

Note that the relations ( )
D D

    and ( )
D D

    are not defined. 

If D


 but D


  
we say 0

D D D
   and if  \ 0D


 but D



 we say 

0
D D D
   . Also if D


 but D



 we say 0
DD D

    and if 

 \ 0D


 but D


  we say 0
D D D

   . 

Definition 8:  Let X be a non empty set and S be the sigma algebra of subsets of X. A  set function :
D

S D


  is 

said to be a D-valued (or hyperbolic valued) measures on S if  

(i) ( ) 0
D

    

(ii) 
D

  is countably additive on S  i.e., 

11

( )
D n D n

nn

A A 

 



 
 

 


 

Whenever   
1n n

A


 is a sequence of pairwise disjoint sets in S. The triplet (X,S,
D

 ) is called a D-measures space. 

Remarks 2:   Every D-valued (or hyperbolic valued) measure can be written as 

 

where ν₁ ,ν₂, µ₁, µ₂ are measures on S with             
1 1 2
( ) ( ) ( )A v A v A    

                                                        And            
2 1 2

( ) ( ) ( )A v A v A   for every A∈S 

Lemma 1 : A D-valued (or hyperbolic valued) measure 

satisfies the following properties: 

(i) 
D

  is finitely additive on S i.e., 

1 2 1 1 2 2
( ) ( ) ( ) ( ) ( )

D
A v A v A k A e A e     
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11

( )

n n

D n D i

ii

A A 



 
 

 
  

whenever   Ai for i = 1,2,...,n are pairwise disjoint sets in S. 

(ii) 
D

  is monotonic increasing on S i.e., ( ) ( )
D D

A B   for A,B∈S with A⊆B. 

(iii) ( \ ) ( ) ( )
D D D

B A B Am = m - m for A,B∈S with A⊆B. 

(iv) Let 
1n n

A


  be an increasing sequence of sets in S i.e., A₁,A₂,....∈S with A₁⊆ A₂⊆ A₃⊆.....  Let 

1

n

n

i

A A



  ∈ S, then 

lim ( ) ( )
D n D

n

A A 
 

  

(v) Let 
1n n

A


 be a decreasing sequence of sets in S i.e., A₁,A₂,....∈S with A₁⊇A₂⊇ A₃⊇.....Let 

1

n

n

A A





  and ( )
D k

A ∈D⁺ but ( )
D k

A ∉D⁺ for some k ∈ N, then 

lim ( ) ( )
D n D

n

A A 
 


 

Proof:     

(i) Let
1 2
, , ....

n
A A A  be a pairwise disjoint sequence of sets in S: Then  

                      

1 1

n

D i D i

i i

A A 



 

   
   

   
 

 

                                               = 

1

( )
D i

i

A






 

                                               = 

1 1

( ) ( )

n n

D i D

i i

A  

 

 
 

                                               = 

1

( )

n

D i

i

A




 

(ii) A B implies that ( \ )B A B A   where ( \ )A B A    

Therefore ( ) ( ) ( \ )
D D D

B A B A                

( ) ( ) ( \ )
D D D

B A B A      

            0 ( ) ( )
D D D

B A    

            ( ) ( )
DD D

A B    

(iii) A⊆B implies that B = A∪(B\A), where A∩(B\A)=φ.Therefore ( ) ( ) ( \ )
D D D

B A B Am = m + m This implies 

that  ( \ ) ( ) ( )
D D D

B A B Am = m - m  

(iv) Set B₁=A₁ and
1

\
n n n

B A A


  for n=2,3,4,......Then 
n

B ∈S, 
i j

B B  =φ for i≠j; i,j=1,2,3,... 

1

n

n i

i

A B



 
and 

1

i

i

A B





 
 Thus using countable and finite additivity of 

D
  , we have 

    
1

( ) ( )
D D i

n

A B 





   =
1

lim ( )

n

D i
n

i

B
 




                               

                                                = 

1

lim

n

D i
n

i

B
 



 

 
 


 

                                        = lim ( )
D n

n

A
 

 

This proves (iv). 
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(v) Set \
n k n

C A A for every n ≥ k. Then 
i

C ∈S for all i ∈ N and C₁⊆C₂⊆C₃⊆..... Thus using (iii) we get 

 ( ) ( )
D k D

A A  = ( \ )
D k

A A  

                   = lim ( )
D n

n

C
 

 

                   = lim ( \ )
D k n

n

A A
 

 

                   = lim ( )
D k

n

A
 

( )
D n

A  

                   = ( )
D k

A lim ( )
D n

n

A
 

  

Hence   lim ( )
D n

n

A
 

= ( )
D

A  

Definition 9 :A D-valued (or hyperbolic valued) measure
D

  on the sigma algebra S of subsets of a non empty set 

X is said to be D-finite measure if 0 ( )
D D D D

X    

In that case (X,S,
D

 ) is called a D-finite measures space. 

Definition 10:  A D-valued (or hyperbolic valued) measure
D

  on the sigma algebra S of subsets of a non empty 

set X is said to be σ-finite measure if there exist sets 
n

A ∈S, n =1,2,3,....., such that 

1

n

n

X A

¥

=

= U
and 0 ( )

D D n D D
A    for every n. 

Definition 11 :  Let (X,S,
D

 ) be a D-measures space and
D

N ={E⊆X:E⊆N for some N∈S with ( )
D

N =0}. Then 

(X,S,
D

 ) is said to be D-complete measure space if 
D

N ⊆S. Elements of 
D

N are called the 
D

 -null subsets of X. 

IV. D-valued (or hyperbolic valued) signed measures 

Definition 12 :Let (X,S) be a measurable space. A hyperbolic valued set function :
D

S D D
 

   is 

called a D-valued (or hyperbolic valued) signed measure if it has the following properties: 

(i) ( ) 0
D

    

(ii) 
D

  takes at most one of the values  
D

  or .
D

  Whenever  
1n n

E


is a sequence of pairwise disjoint 

sets in S with

1

n

n

E E





 
 then 

11

( ) ( )
D D n D n

nn

E E E  

 



 
  

 


 

where the equality holds in the sense that every rearrangement of the series

1

( )
D n

n

E






 converges to ( )

D
E  

if  0
D D D

E    and diverges properly to ( )
D

E   otherwise. 

Note that the series 

1

( )
D n

n

E






is absolutely convergent whenever 0 ( )

D D D D
E    . 

A hyperbolic valued signed measure 
D

 on (X,S) is said to be D-finite if 0 ( )
D D D D

X   and σ-finite 

if there exist sets 
n

A ∈S, n=1,2,3,....., such that 

1

n

n

X A

¥

=

= U
 and  0 ( )

D D n D D
A    for every n. 

Theorem 1:  Let 
D

 be a D-valued (or hyperbolic valued) signed measure on (X,S). Then the following hold: 

(i)If A,B∈S and A∩B=∅, then        ( ) ( ) ( )
D D D

A B A B      

(ii) If A∈S with 0 ( )
D D n D D

A    and B S with B⊆A, then 0 ( )
D D n D D

B   and 

( \ ) ( ) ( )
D D D

A B A B     
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(iii) µ_{D} is finite iff  0 ( )
D D D D

A    for all A S . 

Proof:  The proof of (i) is obvious 

           To prove (ii), let A∈S with 0 ( )
D D D D

A    

            If B∈S and B⊆A, then A = (A\B) ∪ B, and we have  
( ) ( \ ) ( )

D D D
A A B B     

Since 0 ( )
D D D D

A    and 
D

 can take at most one of the values 
D

  or 
D

  

     we get  

                0 ( \ )
D D D D

A B      

And         0 ( )
D D D D

B    

     Further ( \ ) ( ) ( )
D D D

A B A B     

     (iii) follows from (ii) 

Theorem 2. Let
D

  be a D valued (or hyperbolic valued) signed measure (X,S) and  
1n n

E


 be a sequence in S 

.Then the following hold: 

  (i) If  
1n n

E E


  for every 1n   and 

1

n

n

E E





 
 then  

( ) lim ( )
D D n

n

E E 
 


 

(ii) If 
1n n

E E

  for every n≥1 and 0 ( )

D DD n D
E    for some n, then for 

1

n

n

E E





 
 

( ) lim ( )
D D n

n

E E 
 


 

Proof.  Use Lemma 1 to prove it.  

Definition 13: Let
D

  be a D valued (or hyperbolic valued) signed measure on (X,S) . A set A S is called a D 

positive set for 
D

  if   

( )
D

E D


 E A  ,   E S  

Similarly, A set A S is called a D negative set for 
D

  if   

                                                ( )
D

E D


  E A  ,   E S  

A Set  A SÎ which is both a positive and a negative set for 
D

  is called a D
  null set. 

Theorem 3: Let 
D

m    be a D valued ( or hyperbolic valued ) signed measure on S. Then the following hold.  

(i) If  A is a D positive set for
  

      D
m

and B AÍ , B SÎ  then B is also a D positive set for  D
m

 

(ii) If { }
1n n

A
³

is a sequence for  D positive set for 
D

m  

(iii)  If E SÎ and ( ) \ {0}
D

E D
+

m Î then there exist a set A EÍ , A SÎ such that A  is a D positive set  for  

D
m  and ( )

D
Am \ {0}D

+

Î . 

Proof.  The proof of (i) is obvious.  

            (ii) Let  { }
1n n

A
³

 be a sequence of sets  which are D positive  for 
D

m and let 

1

n

n

E E





 
 

              Let 
1 1

B A=  and 
1

1

\

n

n n k

k

B B A

-

=

æ ö
÷ç= ÷ç ÷÷çè ø

U
     , for 2n ³  

 Then the set  
n

B  n = 1,2,3,… are D positive disjoint  and 

1

n

n

A B

¥

=

= U
. Let E SÎ  and E AÍ  then 

1

( )
n

n

E B E

¥

=

= ÇI
. Since 

n n
B E AÇ Í  and 

n
A  is a D positive set for 

D
m  , ( ) \ {0}

D n
B E D

+

m Ç Î  for every  

n.  Thus       

1

( ) ( )
D D n

n

E B E D

¥
+

=

m = m Ç Îå
. Hence  A  is a D- positive set for 

D
m . 
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        (iii) Let E SÎ  and ( ) \ {0}
D

E D
+

m Î . Either E  itself is a D positive set  for 
D

m  or it contains sets  with 

hyperbolic  measure in { }\ 0D
-

. In the earlier case we are through. In the later case, let   

         
1 1 1 1 1 2 2

e eh = h + h  with smallest 
1 1

h ,
1 2

h NÎ  such that there exists a set 
1

E EÌ  with 
1

E SÎ and 

         
1

1

1
( )

D D
Em -

h
p . Note that 

1
( \ )

D D D
E Em ¥p . Thus we can apply the above argument to 

1
\E E . 

Proceeding. Inductively , either we will be through after some finite number of steps, or we will have a sequence 

{ }
1k k ³

h  with two projections from N and set 
k

E SÎ , 1k ³  with the properties that       1k" ³   

                                                                     1

1

\

k

k j

j

E E E

-

=

æ ö
÷ç ÷Í ç ÷ç ÷çè ø

U
    

    and 
1 1 2 2k k k
e eh = h + h  with smallest 

1k
h ,

2k
h  NÎ  such that 1

( )
D k D

k

Em -
h

p
 

   Put ,  

  

1

\
k

k

A E E

¥

=

æ ö
÷ç= ÷ç ÷÷çè ø

U
Then 

1

k

k

E A E

¥

=

æ ö
÷ç= È ÷ç ÷÷çè ø

U
  and these sets are pairwise disjoint . Thus 

1

( ) ( ) ( )
D D D k

k

E A E

¥

=

m = m + må
 

Since ( )
D D D

Em + ¥p  the series on the right hand side of the above equality is absolutely convergent.Hence 

1

1 /
k

k

¥

=

hå is convergent, and we have 
k D

h ® + ¥  as k ® ¥ . Also since ( )
D k

E D
-

m Î k" and 

( ) \ {0}
D

E D
+

m Î . We have ( ) \ {0}
D

A D
+

m Î .To complete the proof we show that A is a D positive set . Let 

B AÍ  with B SÎ and let \ {0}D
+

e Î be given , choose 
k

h  such that ( )1 / 1
k D

h - ep . Since  

1

\

k

j

j

B E E

=

æ ö
÷ç ÷" Í ç ÷ç ÷çè ø

U with B SÎ we have ( ) 1 / ( 1)
D D k

Bm - h -f  (by the defining properties of the 
k

h ’s. ). In 

particular for all 

1

\

k

j

j

B A E E

=

æ ö
÷ç ÷Í Í ç ÷ç ÷çè ø

U
 with B SÎ ,we have ( ) 1 / ( 1)

D D k
Bm - h -f

D
- ef . Since 

\ {0}D
+

e Î is arbitrary ( )
D

B D
+

m Î
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