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1 INTRODUCTION, DEFINITIONS AND NOTATIONS.

In order to determine the characteristics of different kinds of fluid flows, complex analysis may act as an essential
tool for them. In fact analytic function are mostly are characterized by their flows and therefore they are regarded as
equivalent to incompressible and irrotational fluid flows.We may clear our notion with the introduction of complex
potentials. If the velocity functions u(x,y) and v(x,y) satisfy the Cauchy-Riemann equations, the term complex
potential is defined as

f(@) = ulx,y) +iv(x,y).

Now it is natural to note that u = const. and v = const. correspond to equipotential curve and streamline
respectively.Several researchers {cf. [4] and [5]} have investigated a stronginter-connection between fluid dynamics
and pure complex analysis covering the fields of works on potential fluid flows and complex potential. The classical
and standard theories of fluid dynamics as well as complex analysis have not been explained in this paper in detail
as those are available in {cf.[1], [2], [3], [6] and [7]}. In this paper our target is to further investigate some
relationship between analytic functions and potential fluid flows. Also, in the paper we discuss about the nature of
the composition of two potential fluid flows in terms of their growth indicators.

Now, let us define a function as follows:

Let ¥:[0,) — (0,) be a non-decreasing unbounded function, satisfying the following two conditions:
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Lo loghPley
® ll_r)g loglal[¥(r)]

and

) 1 logll(ar)
I logllw ()]~

for some o>1 and p, q are any two posotive integers.
We use the notations as M(r, f) = Max |f(z)| on the circle |z] = r and
loglx = logiflog*—1x)for = 1,2,3, ...., logl®lx = x.

With the help of the function W, the classical definitions of several growth indicators of analytic functions especially
entire functions can be reformulated in the following manner:

Definition1.The ¥ —order psyand lower'¥’ —order Ay, of an entire function f

_ logl2IM(r, f)
prw = limsup

et Tog® (]

and
Agyp = liminf

Ifpsy < oothen f is of finite ¥ —order.Also psy = 0 means that f is of ¥ —order zero.

Definition2. The'¥ — hyper orderp; ¢ and the ¥ —lower hyper order ifiq,of an entire function f(z) are defined as
follows:

_ . logPIM(r, )
psw = limsup

oo log¥(r)]

and
= JogBIM(n f)
e = B g T
Definition3. The generalized ¥ —order p}f‘\gand generalized ¥ —lower order A}If\l),of an entire function f(z) are
defined by

p%) = limsup—log[k]M(r' )
I e log[¥(n)]
and

log"IM(r, )

A% = liminf —
f'ly r—ow lOg‘-fI}P(r)]
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where k = 1,2,3.....

Definition4. Let f(z) be an entire function of ¥-order zero. The quantities pf ¢ and x}_q,are respectively defined as

.y log2IM(r, f)
Prr = P logBI¥ (@]

T —00

and

S—LV(CY))
7 = I g W]

Similarly, the quantities py y, Af p, p]’i_(f;)and /1;,(;‘,) for k = 1,2,3 ...may also be defined.

In the present paper our main aim is to further establish some interrelationship between potential fluid flows and
analytic functions the nature of the composition of two potential fluid flows in terms of their growth indicators is
also studied here.

2 LEMMA.
In this section we present a lemma which will be needed in the sequel.

Lemma 1. Let the complex potential fluid flow f(z) = u(x, y) + iv(x, y)be defined in the region. {y>0}.If
f (z)satisfiesthe followingproperties :

(i) f(2)is continuously differentiable in the region {y > 0},
(i) f(2) is parallel to the x-axis when y = 0 and
(iii) £ (2)is uniformly bounded in {y > 0}

then the ¥ —order and W —lower order of f(z) is zero.

Proof. The proof of some portion of Lemma 1 has been carried out as in [4].
Since f(2) = ulx,y) + iv(x,y),

We have on the x-axis u,, = 0.

Therefore, using Cauchy-Riemann equations, we get that

=0.

Thus, v(x, y) reduces to a constant, sayc, on the x-axis.

By reflection it extends to an entire function also the reflection formula shows that is bounded in C. Hence,

i i . . L
i and %are bounded harmonic functions on C. Thus, by Liouville’s theorem, both of them are constants.

Therefore we may write for real a, b, ¢, d
u(x,y) = ax + by +c.

andv(x, y) takes the form
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v(x,y) = ay — bx +d.
Hence f(z) will take the form
f(2) =ulx,y) +iv(x,y) = (a — ib)z + B, where a, b are real and B is complex.
i.e,f(z) = Az + B, where A and B are complex constants.
Thus, the W —order of f is

v log?IM(r, f)
= 1msup——-m————
Prv = P ogii¥ ()]

i logl?1(|Alr + B)
=limsuyp——————=
o P log'PP ()]

Similarly, the ¥ —lower order Ay of f is zero.

Remark 1. Under the identical conditions of Lemma 1, the ¥ —hyper order (¥ —hyper lower order) and generalized
¥ —order (the generalized ¥ —lower order) of the complex potential fluid flowf (z) = u(x, y) + iv(x,y) are all
zero.

3 THEOREMS.
In this section we present our main results.

Theorem 1. Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

Q) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(ii) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < Af,g w < Pfogw < and 0 < Apy < pfy < 0.
Then for any positive number A,

A% loglIM(r, fo A logl¥M(r, fo :
—fO‘Z'\y < liminf & B ( f 9) < fof'\}’ < limsup & B ( f 9) < pfof'\}’.
Apry = row loglEIM(rA, f) T Adpy row 10gRIM(rd, f) = Adpy

Proof. In view of Lemma 1, psy and p,y Will be both zero. Therefore by Definition 4,07y, A;y, and pyy,
Agyare all defined.

Now, we have for arbitrary positive € and for all sufficiently large values of r,
log®IM(r, fog) = (Ajog,w — €)log [¥(r)] ™
and logIM(r4, fog) < A(p; s + £)logPI [P (r)]. )

Now from (1) and (2), it follows that for all sufficiently large values of r,
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logl?2lM (7, fog) - Aogw — €
loglBIM(r4,f) ~ A(p;y +¢)

As € (>0) is arbitrary, we obtain that

logPM(r, fo A
liminf g ( f 9)2 foz,\l‘.
e logBM(rA, £) = Apj

Again for a sequence of values of r, tending to infinity,
log M (r, fog) < (4,54 + &)logPI[¥(n)]
and for all sufficiently large values of r,
loglP!M(r4, f) = A(/l},\p — &)log®I [ (1)].
Combining (4) and (5), we get for a sequence of values of r tending to infinity that

logl?!M(r, fog) - Aogw + €
logPIM(ra,f) ~ A4y —€)’

Since e (>0) is arbitrary, it follows that

logPIM(r, fo A
liminfo8_M.109) _ fog ¥
roo loglIM(ra, ) — Adpy

Also for a sequence of values of r tending to infinity,
log®M @4, ) < A(A;y + £)log I[P (1)]. @)
Now from (1) and (7), we obtain for a sequence of values of r tending to infinity,

logIM(r, fog) Afogw — €
logPIM(ra, f) ~ A(Ay +€)

As e (>0) is arbitrary, we get that

li lOg[Z]M(T,ng) > A;Og.‘}’
P loglZIM(r4, f) — AZpy

Also for all sufficiently large values of r,
log?M(r, fog) < (pogu + €)log? [ (1)]
From (5) and (9) it follows for all sufficiently large values of r,

log[z]M(r,fog) < p;og,‘}’ +e
loglIM(r4, f) — A(/l}‘\}, —g)

Since € (>0) is arbitrary, we obtain from above that
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log21M(r, fo .
limsup g ( f g) Spfo‘z,\l’.
=m0 log[Z]M(rA' f) A/lf,‘l’

(10)

Thus the theorem follows from (3), (6), (8) and (10).

Remark 2. If we take the condition 0 < A5 ¢ < pgy < oo instead of 0 < Azy < pfy < ocand the other conditions
remain the same, Theorem 1 is still valid with the right factorg of the composition fog in place of the left factor f
i.e, for any positive constant A,

A;og,‘I’ lOg[Z]M(T, foy) < A;og,\l‘ . lOg[z]M(T, fo.g) < p;og,‘]‘

< liminf <1
Aply 1o 10gPIM(rA, g) ARy - roa 10gPIM(r, g) © Ay

holds.

Theorem 2. Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties :

Q) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(i) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < Af,qw < Pfogw < o0and 0 < pgy < oo.
Then for any positive number A,

limi flog[Z]M(r,fog) <PFog,\P <1l log®IM(r, fog)
T Tog MG, f) T Apjy  ros TogPIMGA,f)

Proof. By Lemma 1, ps yand p, y will be both zero. Therefore in view of Definition 4, p; 4, 4;yandpgy, 44y are
all defined.

From the definition of ¥ —order, we get for a sequence of values r tending to infinity,
log®M @4, ) = A(p} v — €)log P[P (r)]. (11)
Now from (9) and (11), it follows for a sequence of values of rtending to infinity,

log[Z]M(r,fog) < p;'og,‘l’ te
loglIM(r4, f) — A(p}‘q, —¢)

As e (>0) is arbitrary, we obtain that

lOg[z]M(T’,ng) < p;'og,‘}’

W ogB MG £) = Apry (12)
Again for a sequence of values of r tending to infinity,
logIM(r, fog) 2 (pfogw — €)log?I[¥(1)]. (13)

So combining (2) and (13), we get for a sequence of values of r tending to infinity,
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lOg[Z]M(r,ng) = p;og,‘l’ — £
logl2IM @4, f) = A(pjy +¢)

Since e (>0) is arbitrary, it follows that

. log[Z]M(r,fog) p;og,\l‘
limsup = .
re 10gPIM(rA, ) = Apjy

(14)

Thus the theorem follows from (12) and (14).

Remark 3. Parallel investigations may be done for the right factor g of the composition f o gi.e, for any positive
constant A,

 log®M(r,fog) _piygw _ _log?M(r,fog)
YR TogIM(rA, g) T ApLy - ront logPIM@rA, )

Combining Theorem 1 and Theorem 2 we get the following theorem:

Theorem 3.Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

Q) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(i) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < Afygw < Pfogw <®and 0 < Apy < pfy < 0.

Then for any positive number A,

log2M(r, fog) Xrog Plogat Xogt Pogw log®IM(r, fog)
liminf——— 2222 < ypin | Lo0* Zrog® { o oo ¥ Trog ¥l = BRI
o ogP MG, ) T ARy App S T Ay Apfe ) T P TogIM(r A, £)

In view of Remark 1 and Remark 2 we obtain a parallel result to Theorem 3.

Theorem 4. Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

Q) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(ii) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < A%,y < Pfogw < 0and 0 < Agy < pgy < o

Then for any positive number A,

liminf

—_ o<
rox loglRIM(r4, g) =m

lOg[z]M(r,fog) . A;og,‘}’ p;'og,‘l’ < max A;og,‘l’ p;'og,‘l’ IOg[Z]M(T,ng)
- roo loglIM(r4, g)

P —, = < limsup
Ay Apy Adgyw Apyw

In view of Lemma 1 and Remark 1, we may obtain identical investigations of Theorem 1, Theorem 2, Theorem 3
and Theorem 4 as follows and therefore their proofs are omitted.

Theorem 5. Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:
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(i) f(z) and g(z) are both continuously differentiable in the region{y = 0},
(i) f'(2) and g'(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < Afo gy < Progy < o0and 0 < Afy < ffy < oo

Then for any positive number A,

A lo SIM(r, logBIM(r, 0F,
Afogw Y < lim g (r,feog) < f 9¥ < Jimsu P g h ( ]; 9) < Pf_f,w.
Apfq, r>o  logBIM @4, ) A/lf,q, row logBIM(r4, f) Alf

Theorem 6.Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

M f(2) and g(z) are both continuously differentiable in the region{y > 0},
(ii) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < Af,,gq, < Pfogw < ocand 0 < pr < oo.

Then for any positive number A,

liminflogB M(r,fog) < Pfogw < limsu logBIM(r, f o g)
o logBIMGrA, )~ Apry - roat logBIMGrA,f)

Theorem 7.Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

Q) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(ii) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Alsolet 0 < A,y < Pfogw < 0and 0 < Afy < pf g < 0.

Then for any positive number A,

liminf

[3] ° /T* —% )._* —% [3]
log®'M(r, f o g) < min og‘l‘ pfog‘l‘ < max fcg‘}’ Pfogw log®!M(r, f o g)
T —00 log[3]M(‘r'A,f)

< llmsup—

Theorem 8.Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

Q) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(ii) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Alsolet 0 < A,y < Progw <o and 0 <Ay < fy g < 0.

Then for any positive number A,

lirrrlioglf logBIM (4, 9) < min

lOg[B]M(T,f o g) . {ﬂ_;og\}; ﬁ;og ‘}’} < max {A_;'ogql ﬁ;og ‘I’} < ]imsup 10g[3]M(T,f og)
ALy Apyw Ads g APyw) = e logBIM(r4, g)

Theorem 9.Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

(i) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(i) f'(2) and g '(z) are both parallel to the x —axis when y = 0 and
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(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Alsolet 0 < A%, < pr® < wand 0 < A < pr) <oofork =23,.. ¥

Then for any positive number A,

*(k) *(k) *(k)

Yogw _\ . JoghIM(r,fog) Apogw . log"IM(r,fog) _Progw
) Sllrrr_lglf logMMGAf) = 70 < limsup ogMM(ri g) = +®°

Apf,\y g ’ A £y >0 g ;g A 1w

Theorem 10.Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

(i) f(2) and g(z) are both continuously differentiable in the region{y = 0},

(i) f'(z) and g '(2) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < l;f,';)_\p < p;f,';),q, <oand0 < p;’(\f,) <owfork=23,..

Then for any positive number A,

logMM(r,fog) pi logM(r, f o
liminf g ( f g)< fog,‘I‘Slimsup lf ( f g)

ron loglMIM(ra, f) = o) 7 ro” loghIM@r4, f)

Theorem 11.Let f(2) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the
following properties:

Q) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(ii) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Also let 0 < l}ﬁ’;),\l, < pfg;)’\{, <oand0 < /1;%) < p;,(? <oofork =23,..

Then for any positive number A,

*(k) *(k) *(k) *(k)
limi flOg[k]M(T',f ° g) < . Afog,‘l‘ pfog ¥ < )'fog,‘}’ pfog,‘l’ <li log[k]M(T, f ° g)
min —l K] 2 s min T T (S max T T (= msup —1 K " \
ro® 08 M(T :f) A}Lf_q; Apf'q} A}Lf"P Apf’\{) -0 0og M(T If)

Theorem 12.Let f(z) and g(z) be two complex potential fluid flows defined in the region {y > 0} satisfying the

following properties:

(i) f(2) and g(z) are both continuously differentiable in the region{y > 0},
(i) f'(z) and g '(z) are both parallel to the x —axis when y = 0 and
(iii) f'(z)andg'(z) are both uniformly bounded in {y > 0}.

Alsolet 0 < 4,89, < pr% < 0and 0 < ;) < p7) < oofor k = 2,3, .
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Then for any positive number A,

*(k) *(k) *(k) *(k)
.. 10g[k]M(T,f ° g) . fog ¥ pfog ¥ Afog,‘]‘ pfog,‘]‘ . IOg[k]M(r;f ° g)
llmll‘lf[k]—A < k) ) < max POK () < llmsup [k]—A
r>o  logkIM(r4, g) A APre W APt oo logklM(r4, g)

CONCLUSION AND FUTURE PROSPECT

The most recent mathematical tool to develop the theory of complex numbers is bi-complex analysis. The treatment
focusing the intimate connection between complex potential fluid flow and analytic functions as established in the
above theorems may also be applied in case of functions of bi-complex variables and so can be regarded as a virgin
area of research in this field.
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