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1. Introduction

In 1992, polish mathematician Stephen Banach established the most remarkable fixed point theorem which
is popularly known as Banach contraction principle, and widely applied in different areas of mathematics and
applications.

Banach contraction principle is considered to be the initial result of the study of fixed point theory in metric
spaces. Several mathematicians around the world introduced different generalizations of metric spaces
[11,20,21]. In 2006, Z. Mustafa and B. Sims [18] introduced the concept of G-metric space and proved some
fixed point theorems in G-metric space. Several researchers worked on G-Metric Space and proved some fixed
point theorems in G-Metric Space [5,6,10,19]. B.D. Dhage [3] introduced the notion D-metric space. Many
mathematicians worked on D-metric space [12,13]. In 2007 S. Sedghi, N. Shobe and H. Zhan [12] introduced
D*-metrc space, many researchers proved fixed point theorems in D*-metrc spaces [18] and also in G, Metric
Spaces [1,2].

In 2012, S. Sedghi et al. [14] introduced the notion of S-metric space which is a generalization of G-metric
space and D*-metrc space. Several researchers proved some fixed point results in S-metric spaces [7,8,9,15,16].
Recently, Sedghi.S et al. [17] defined S,-Metric space using S-metric space [17] and proved some fixed point
theorems.

In this paper we introduce (3 — ¢ — 1) contraction in S,-Metric Space and prove fixed point theorems
for (i — ¢ — A) contractions in S, -Metric Spaces. We obtain results of G.N.V. Kishore et al. [4] as corollaries.

2. Preliminaries

2.1 Definition (S.Sedghi et al. [14])
Let X be a non-empty set. An S-Metric on X is a function S : X3 — [0,) that satisfies the following
conditions for each x,y,z,a € X
(2.1.1) S(x,y,z) =0ifandonlyif x =y =2
(212) S(x,y,2) <S (x,x,a) +S (y,y,a) + S (2,2,a)
The function S is called S-Metric on X and the pair (X, S) is called an S-Metric Space.
2.2 Observations : (S. Sedghi et al. [14])
Let (X,S) be an S-Metric space. Then

(22.1) S(x,x,¥) = S, y,%)
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(2.2.2) S(x,x,2) < 25(x,x,y) + S(z,z,y) and
(2.2.3) S(x,y,y) < S(x,x,y).
2.3 Definition (S.Sedghi et al. [17])

Let X be a non-empty set and b > 1 be a real number. Suppose that a mapping S, : X3 — [0, ) satisfies
the following properties:
(231)0< S, (x,y,z)forallx,y,z€ Xwith x #y # z
(23.2) S, (x,y,z) =0ifandonlyif x =y =2z
(2.3.3) S, (x,y,2) < b(S, (x,x,a) + S, (v,y,a) + S, (z,z,a)) forall x,y,z,a € X.
Then the function S, is called an S, -Metric on X and the pair (X, S;,) is called an S, -Metric Space.
2.4 Remark [17]

It should be noted that the class of S,-Metric Spaces is effectively larger than that of S-Metric Spaces.

Indeed each S-Metric Space is an S, -Metric Space with b = 1.

2.5 Examples ( S.Sedghi et al. [17])
Example 2.5.1:
Let (X, S) be an S-Metric Space and S, (x,y,z) = S (x,y, z)? where p > 1 is a real number. Note that
S, is an S,,-Metric with b = 22®@~1D_ Also (X, S,) is not necessarily an S-Metric Space.
Example 2.5.2:
Let X = [0,1]. Define S:X X X XX > RT by S, (x,v,2) = (|ly + z — 2x| + |y — z|)? , then (X,S},) is a S,-
Metric space b = 2.
Solution: we show that S, (x,v,z) = (ly + z — 2x| + |y — z|)? is a S,,-Metric space.
(i) S, (xyz) =0ifandonlyif x=y ==z
IfS, (x,y,2) =0 (ly+z—2x|+|y—z])?=0
Sly+z-2x|=|y—2z|=0
Sox=y=z
Ifx=y=2zthenS, (x,y,2) =S, (x,x,x) =0
(II) Clearly S, (x,y,z) =0ifx #y+z#x

(III) Sy (x,y,2) < b(Sb e, x,a) +S, v, y,a) + S, (2,2, a))
RHS=2((lx+a—-2x|+|x—aD)?+ (y+a—-2y|l+|ly—a)?+ (|z+ a—2z| + |z — al)?)
= 2(2lx — aD)? + 2ly — a)? + (2|z — a])?)
=)D ((x —aD?* + (ly —aD? + (|z — aD?)
=8((lx —aD?*+ (ly —aD? + (Iz — a)?)
L.H.S=S, (x,y,2) = (ly + z — 2x| + |y — z|)?
=(g-a)+@z-a)-2x-a)|+|y—-a) - (z—-a))?
= (2ly — al = 2|x — a|)?
= 4(ly — al = |x — a|)?
<R.H.S
~ Sy (x,y,2) is aS,-Metric space with b = 2
Note b cannot be less than 2
Take x = O,y=%,z= 1,a=%
LHS=S, (x,y,2) = (ly +z—2x| + |y — z|)?

= (|6) +1- @ +|() - 1))
2
-1+
R.H.S= b(Sb (x,x,a) +S, 7, y,a) + S, (2,2, a))
= b((4lx — al)* + (4ly — al)® + (4|z — a])?)

=0 (-G +o+[1-())
=@ (()+()
=) (3)
=2b
~4<2b

~b=2
2.6 Lemma ( S.Sedghi et al. [17])
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In an S, -Metric Space, we have S, (x,x,y) < bS, (y,v,x) and

Sb (y'y'x) < bSb (x'x'}’) .

2.7 Lemma ( S.Sedghi et al. [17])

In an S, -Metric Space, we have

S, (x,x,z) < 2bS;, (x,x,y) + b%S, (y,y,2).

2.8 Definition ( S.Sedghi et al. [17])

If (X,S,) is an S,-Metric Space, a sequence {x,,} in X is said to be S, - Cauchy sequence, if for each € > 0 there
exists ny, € N such that S, (x,, x,,, x,,,) < € foreachm,n = n,.

2.9 Definition ( S.Sedghi et al. [17])

A sequence {x, } is said to be S;-convergent to a point x if for each e > 0, there exists a positive integer n, such
that S, (x,,x,,x) <eorS, (x,x,x,) < € forall n = ny and denote lim,,_,, x, = x.

2.10 Definition ( S.Sedghi et al. [17])

An S, -Metric Space (X, S;,) is called complete if every S, - Cauchy sequence is S,-convergent in X.

2.11 Lemma ( S.Sedghi et al. [17])

If (X,S,) is an S,-Metric Space with b = 1 and suppose that {x, } is S;,-convergent to x, then we have

0] iSb (y,x,x) < lim,,_, infS, (y,y,x,)
< lim,_,supS, (v, y,x,)
< 2bS,(y,y,x)
and (ii) bisz (x,x,y) <lim,, ., infS;, (x,, x,,y)
< lim,, ., sup S, (x, X, ¥)
< b2, (y,y, %)
forally € X.
In particular if x = y, then we have lim,,_,, S, (x,,, x,,,¥) = 0
Notation (K.P.R.Sastry, K.K.M.Sarma, P.Krishna Kumari [7])
Let¥ = {3 |y:[0,0) — [0,0) where ¥ is continuous, increasing,
Y() =0ift = 0and Y(t) < tift > 0}.
Theorem (K.P.R.Sastry, K.K.M.Sarma, P.Krishna Kumari [7])
Let (X, S) be a complete S-Metric space and € W. Suppose T: X — X is a i — contraction. That is
S(Tx, Ty, Tz) < ¥ (max{S(x,y,2),S(x,Tx,Tx),S(y, Ty, Ty),S(z,Tz,Tz)}))V x,y,z€ X. Then T has a
unique fixed point.
3. Main Results
First we introduce the notion of (1 — ¢ — A) contraction in S, -Metric Spaces.

3.1 Definition

Let (X,S,) be a S,-Metric Space, i, ¢ € ¥ and 0 < 1 <1/2. Let f: X — X be a mapping. We say that f is
a (¥ — ¢ — A) contraction if

Sb (X,x,y),sb (x,x,fx),Sb (y'y!fy):
v <max{ Sy (6%, f), Sy (3, fx) }> -
(3638, (fx, fx, fy)) <
( {Sb (X, X, y):l(Sb (.X, X, fX) + Sb (y' y' fﬁ)})
@ | max
A(Sb (x!x'fy) + Sb (y'y!fx))

forall x,y € X. (3.1.1)
Now we state and prove our main result.

3.2 Theorem: Let (X,S,) be a S, -Metric Space, Y,p € ¥. Let f:X — X be a mapping and 0 < A <1/2.
Suppose f isa (i — ¢ — A) contraction (i.e,
Sy (6, %,¥),Sp (6, x, fx), Sy 0, ¥, fy),
(3b3S, (f ) < lp(max{ b Sb}zx,;,fy),Sf (y,;,f};)y » }) -
Y w(fx, fx, fy)) < v (max {Sb (6, %,9), A(S (x,x, fx) + S, (v, y,fy)),})
A(Sb (x'x'fy) +Sb (y.y,fx))
(3.2.1)
for all x,y € X). Then f has a unique fixed point.
Proof: Let x, € X. Define x,, .1 = fx, forn =0,1,2, ...
Case(i) If x, = x,, 41 for some n, then x,, is a fixed point of f.
Case(ii) Suppose x,, # x, 41 forall n
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Let a, = S, (%, X, X 4q) forn =0,1,2, ...
we observe that a,,; < (b(gi—_l)) a, forn=0,1,2, ..

Now ¢(3b3an+1) = ¢(3b3sb (xn+1'xn+1'xn+2))
= ¢(3b35b (fxn: fxn'fxn+1))

" (max {Sb (GenXn,xn+1),Sp (e X, fxn),Sp (e +1,%0 +1'fx".+1)r})_
SpCenxn fxn+1).Sp (Cn+1.%n+1.f%n)
(p(max {Sb (xn-xn-xn+l)v/1(5b (e xn . fX0)+Sp (xn+1‘xn+1vfxn+1))‘}>
A(sb (enXn fXn+1)+Sp (Xn+1'xn+1nfxn))
" (max {Sb (en xXn,xn+1),Sp (cn X0 X0 +1),5p (41,20 +1,Xn+2),})_
SpCenxXn Xn+2)Sp (Xn+1.Xn+1.Xn+1)
- (p(ma {Sb (xn-xn-xn+l)-l(5b (enxnXn+1)+Sp (xn+1‘xn+1rxn+2))v}>
A(Sb (xnXnXn+2)+Sp (Xn+1.Xn+1.Xn+1))
lp(max {Sb (Xn%nXn+1).Sp (Xn+1;xn+1'xn+2)n})_
SpGenxXnXn+2),0
Sp (xnrxn:xn+l)rl(sb (xnxnXn+1)+Sp (Xn+1.xn+1,xn+2)),}>
A(Sp (xn,xn xXn+2)+0)
— Y (max {an,an+1,5p CenXn Xn+2))—
(P(max {anil(an +an+1)rl(sb (xn‘xnrxn+2))})
— ll)(max {an‘an+1-2b(5b (xn-xn-xn+l))+b25b (xn+1'xn+1‘xn+z)})_
@ (max {an:/‘{ (an +an+1)-l(sb (Xn.Xn.Xn+2))})
1/J(max {an,an+1,2ban +b2an+1})—
- q)(max {anrl(an +an+1)ll(5b (xnrxnrxn+2))})

<Y(2ba, + b*a,1)
1/)(3b3an+1) < lp(Zban + bzan+1)
= 3b3a, 1 < 2ba, + b%a,

2

<

o{mr|

< —F
an+1 b(3b _ 1) an
2\ .
Therefore a,,,,; < (m) a, fori =12,..
& Qi < Ba,, where g = 5Gb=D <1

~ a, — 0asn — o and further }; a, is convergent.

Consequently, the sequence {s,, = a; + a, + -+ + a,,} of partial sums is a Cauchy sequence.
To show that {f™(x,)} is Cauchy

we show that S, (x,,,, X, X,) = 0@sm,n - ©

By lemma (2.7)

Sy (ns Xoms Xima2) < 268y (X, Xy Xy 41) + szb (Xm+1) Xm+1, Xm+2)

= 2ba,, + b%an 41 (3.2.2)
Now we show for k > 2
Sp (xm'xmlxm+k) <2b Z{(:_OZ bZiam+i + bz(k_l)am+k—1 (3-2'3)

This is true for k = 2 and forany m = 0,1,2,....
Now Sp (xmﬁxm'xm+(k+1)) < 2bSb (xm'xm'xm+1) + bZSb (xm+l'xm+1'xm+(k+1))
= 2bam + bZSb (xm+1:xm+1:xm+1+k)
< 2ba,, + b2[2bTEF bPay, 114 + D24 Vay, ]
= 2bay, + 2b X5 ¥ 2 Ay oy gy + D i
= 2ba,, + 2b ¥f21 b¥ a4y + b* ay 4 wherei +1 =]
=2b Y23 b¥ ayyy + b*ay, 4y fork + 1andm =0,1,2,...
Thus (3.2.2) holds for k = 2 and m = 0,1,2,....
Suppose m < n, write n = m + k, then we show that
Sp (xm'xm'xm+k) <2b Z{C;OZ bZiam+i + bz(k_l)am+k—1 (3-2-4)
We have a,; < ﬁan =fa, A <pBla,

2ipi _ nzpni o (n2_ 2\ _ (2 )
and b* ' = (b°p)" = (b b(3b—1)) - (31;—1)
Therefore from (3.2.3)
Sb (xm'xmrxm+k) < Zb 2?2—02 bZi.Biam + bz(k_l)am+k—1

i
< 2bay, 343 (522) an + b2 DpEa,,
= 2ba, L5 + (b2B) " a,, where r = 3551 <1
= 2bay, {5+ (D ay,
< 2ba,, I+ 2b(r)¥ta,
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= Zbam(Z?;Ol ri)
< 2bami—>0asm—>oo

Sy (s X, %) = 0@SM, N > 00
Therefore {x,} is a Cauchy sequence.
Suppose x,, = x
Now we show that x is a fixed point of f
We have ¥ (3b3S, (fx, fx,x,41)) = Y(3b3S, (fx, fx, fx,))
Sp (e, xn),Sp (ex,fx),Sp (enxn, fxn),
P S et e
- {Sb(xrxrxn)!l(sb (x,x,fx)+$b(xn,xn,fxn)),}
‘”(ma" A(Sp Ceax frn )48 Ge en f2)) )

Sp(x,x,x),Sp (x,x,fx),Sp (x,x,x),
(max { ’ Sp (x,xb,x).Sbf(x,x,;x) }>_
0,A(Sp Ce,x,fx)+Sp (x,xx)),
“’(mw‘{ A(Sp (ex,x)+8p (0x,fx)) D
_ P (max {0,Sp (x,x,fx),0,0,Sp (x,x,fx)})—
) (max {0,A(Sp (x,x,fx)+0),4(0+Sp, (x,x,fx))})

= l)b(Sb (X, X, fX)) - (A(Sb (X, X, fX)))

< (bS,(fx, f2,2)) = ¢ (A(S, (. x, 1)) ) (by Lemma (2.6))
< P(bS,(fx, fx,x)) if x # fx, a contradiction since b > 1

On letting n — oo, we get Y(3b3S, (fx, fx,x)) <

s fx=x

~ x is a fixed point of f.

Now we show that fixed point is unique
Let x, y be fixed points of f. Then

Sb(x,x,y),Sb(x,x,fx),Sb(y,y,fy),
v <max{ Sp(x, %, f¥), S, (v, ¥, fx) }) B
Y(3b3S, (fx, fx, fy)) < s X
0 (max { b (%, ), A(Sy (x, x, fx) + S, (v, , fy)),})

A(Sb(xlx'fy) + Sb(y'y'fx))
Y (max {Sp (x,%,¥),0,0,5p (x,x,y).5p .y, )=
= gD(max {Sb (x.x.y).A(Sb(x.x.x)+5b(y.y,y)),})
A(Sp Ge,x,y)+Sp (v,y.%))
— Y (max {Sp (x,x,).5p v,y ) N—
ga(max {Sb (x,x,y),O,l(Sb (x,x,y)+Sp (y,y,x))})

< lp(max{sb(x: x,}’),sb(y,y' x)}) Ifx * y

< Y(max{S,(x,x,y),bS,(x,x,y)}) (by Lemma (2.6))
=~ (3638, (x,x,y)) < (bS,(x,x,¥)), a contradiction since b > 1
X =y
3.3 Definition

Let (X,S,) be a S,-Metric Space, Y, ¢ € W. Let f: X - X be amapping. We say that f isa (i — ¢ —
A) contraction of first-kind if
lp<max {Sb (;C(:;:Y()rsb /(Cx.;f.f; )g]b (?yij)‘y).D_
3 b XX, fY)+Sp (v.y.fx
Y308, (fx fx. 1) = (max {2 x50 150))
¢ A(Sp Cexfy) 45y 3,3.f2))
and we say that f is a generalized (1 — ¢ — 1) contraction of second-kind if
l,ll(max {Sb Cex,y).A(Sp (e, fx)+S) (y,y.fy)),}>_
A(Sp(xxfy)+Sp (v.y.fx))
v (max {Sb (xx, ), A(Sp (e, fx)+Sp (y.y.fy)),D
A(Sp e fy)+5p (0,y.fx))
3.4 Corollary: Suppose (3.3.1) holds for f, ¢, 1,4 then f has a unique fixed point.
Proof: We observe that

ax {Sb (x' X, y)'l(sb (x' X, fX) + Sb (y' y!fy))'}
A(SyCex, f3) + S, (v, v, f%))
. ( {Sb (X, X, y)! A(Sb (x' X, fX) + Sb (y' 3z fy))'})
~ @ | max
A(SyCex, f3) + 8, (v, %))

(3.3.1)

W(3b3S, (fx, fx, fy)) < (3.3.2)

< max

{Sb (6, %), 8, (x,x, fx), S, (v, y, fy).}
A(Sp (6, %, fY) + S, (3, v, fx))
<o (max {Sb (x,%,9), 8, (x, x, f%), S, v, ¥, fy),D
- A(S, (%, f¥) + Sy (v, 3, X))
Consequently
Sy (6, x,¥), Sy (6, %, £X), Sy 0, y, f3), Sp (6, %, ¥), Sy (x, x, f%), S, 0, y, f¥),
v <max{ Sy (0%, f¥), Sy 0, y, fx) }) g (max{ A(Sy (%, f¥) + Sy (0,9, fx)) }) =
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" <max {Sb (x,%,¥), Sy (x, x, %), S, (3, 7, fy).}) — 0 (max {Sb (6,90, A(Sp (x, %, f) + 5, (0, , fy))'D
Sy (0%, f3), Sy (0, y, fx) A(Sp Ce %, fy) + Sy (v, ¥, fx))

so that (3.3.1) holds = (3.2.1) holds

Hence by theorem (3.2), f has a unique fixed point.

3.5 Corollary: Suppose (3.3.2) holds for f, ¢,1,A then f has a unique fixed point.

Proof: We observe that

ax {Sb (x! X, Y)J(Sb (X, X, fX) + Sb (y; y'fy)):}

< max Sy, x,9), 8, (e, x, fx), Sy (v, v, f¥),
A(Sy (o, x, ) + 8, (0, £2))

- { Sy x, f¥), Sy (v, v, f%) }

and hence

" <max {Sb (x,%,3), A(Sp (x, x, fx) + S, (7,7, f}’)),}) <y (max {Sb (e, %,9), S, (x, x, fx), S, (v, v, fy),})
A(Sy(x, %, f) + S, (3,7, f %)) Sp(x, %, f¥), Sy (v, v, £ %)
so that (3.3.2) holds = (3.3.1) holds
~ f has a unique fixed point by corollary 3.4
3.6 Corollary: Suppose f satisfies the following conditions
Sb (‘xJ x;}’):Sb (xpx,fx):sb(ypy;fy);}) _
v (max{ Sy, %, £), S (v, ¥, fx)
Sy (6, %, ), Sy (x, %, £%), Sy (v, y, fy),})
(p(max{ Sb(x'x'f}’),sb(y,y,fx)

Y(3b°S, (fx, fx, fy)) <

(3.6.1)
Then f has a unique fixed point.
Proof: Since
S ) ) ) A S ) ) + S ) ) ) ) ) ) ) ) ) )
(p(max{ b (6,1, 9), (S, (6, x, £%) + S, (1,9, ) }) < ¢<max{5b(x,x,y) S, 6%, £, S, (0, v, £3) D
A(Sy G, x, f3) + S, (0,7, %)) S50 %, £), 53,3, £x)
It follows that
Sy (e, x,¥), Sy (x, x, £x), S, (v, fy).}) B ( {Sb (,%,¥), 8y (x,x, fx), S, (v, y, fy).})
 (max{ S5(6, %, £3), S5 (3,3, £x) P S Gox ). 5,0y, fx)
" <max {Sb (%, ), Sy (x, %, £ %), S, (0, fy),}) 0 (max {Sb (6%, ), A(Sp (x, x, ) + S, (v, 3, fy))})
S0, x, f), Sy (0, y, fx) A(Sy e, %, fy) + Sy (v, ¥, fx))
Hence (3.6.1) =(3.2.1). So the results follows from Theorem 3.2
Now we show that theorem 3.4 of G.N.V..Kishore, K.P.R.Rao et al. [4] follows as a corollary of our results.

<

4. Fixed point results for (p — ¢ — 4) contractions in partially ordered
S,-Metric Spaces
4.1 Definition:

Let (X,S,) be a S,-Metric Space and < be a partial order on X. Then (X, S, <) is called a partially
ordered S,-Metric Space. Suppose (X, S;, <) is a partially ordered S,-Metric Space and f: X — X be a self
map. We say that

Q) f isnon-decreasing if x <y = fx < fy and
(ii) fisnon-increasingifx <y = fx > fy
4.2 Definition:

Let (X,S,,<) be a partially ordered S, -Metric Space and Y, €¥, 0 <A1 <1/2. Let f:X > X be a
mapping. We say that f is a (i — ¢ — 1) contraction on (X, S, <) if

(P 9 o0 £0.5, 03,109

3 Sy (0%, fy), Sy (v, . fx)

V(b (. f2.£9) < ( {sb G029, A(S, (e, f2) + S, 0., fy)),})
Y A(Sy G, f¥) + S, 0,3, £))

whenever x, y are comparable.
4.3 Theorem: Let (X, S, <) be a partially Ordered Complete S,-Metric Space and Let f: X — X be non-decreasing
(3 — ¢ — 1) contraction. Suppose there exists x, € X such that x, < fx,. Define the sequence {x,,} by x,,41 = fx,
for n =0,1,2,... Then {x,,} is a Cauchy sequence.
Suppose (X, S, <) has the following property
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P: {y.} is an increasing sequence in X and y, — y implies y,, < y for all n. Then f has a fixed point. Infact if

x, = x, then x is a fixed point of f. Further no two fixed points of f are comparable.
Proof: Let x, € X. Define x,,1 = fx, forn=0,1,2, ...

Since xy < fxg = xq, we have x5 < xy.

Now by induction, since f is non decreasing x,, < x,,,; forn =0,1,2, ...

Case(i): If x, = x, 41 for some n, then x,, is a fixed point of f.

Case(ii): Suppose x, # x, 1V n

leta, = S, (x,, %, x,41) forn =0,1,2, ...

. 2
First we show that a,,; < 3G M forn=0,12, ..

We have that 1 (3b3 @y 41) = (353, (41, X 41, ¥ns2))
= ¢(3b35b (fxn' fxn'fxn+1))

SpGen X0 Xn+1),Sp (i X0, fxn )Sp (Xn +1.Xn +1.f X n+1), _
w(max{ Sb(xn;xn-fxn+1)15b(Xn+1nxn+1;fxn) })
- q)(max {Sb (xn;xn-xn+1):/1(5b (xn;xn-fxn)+sb(Xn+1txn+1:fxn+1))'})
A(Sb (xn:xn‘fxn+1)+5b(xn+1rxn+1'fxn))
(since x,, and x,,.; are comparable)
SpCenXn Xn+1):Sp (o X0 Xn+1),5p X +1.Xn+1.Xn +2); _
— (’b(max{ SpCenXnXn+2),Sh n+1Xn+1Xn+1) }>
<p<max {Sb(xnwxn:xn+1):/1(sb(anxn:xn+1)+sb (xn+lwxn+1nxn+2))'})
A(Sb (xn-xn-xn+2)+5b(xn+1rxn+1vxn+1))
SpCenxXn Xn+1):Sh (n+1.Xn +1.Xn+2); _
— w(max{ Sp(xn,XnXn+2),0 })
< {Sb (xnvxnzxn+1)r/1(5b (xnvxn:xn+1)+5b(xn+1:xn+1vxn+2))'}>
¢ max
A(Sp (xntxntx712+2)+0)
ll)(max {an‘an+1»2b(5b (xn-xn»xn+l))+b Sp (xn+1vxn+1‘xn+2)})_
< by lemma 2.7
‘/’(max {anrll(an +an+1)vl(sb(xnrxnrxn+2))}) ( y )
< Y(2ba, + b%a,,1) (since p(max{a,, A(a, + ani1), A(Sy (xn, X, Xn12))}) > 0)
. 3 2
. 1/)(3b an+1) < lp(Zban +b an+l)
. 3b%a,,1 < 2ba, + b%a, 4
2

< —
an+1 b(?)b _ 1) an
2 7 .
Therefore a,,,,; < [m] a, fori=12,..
P 2
& Qe < Bla,, where g = 5Gb—D <1

~ a, — 0asn — oo and further }; a, is convergent.

Consequently, the sequence {s,, = a; + a, + - + a, } of partial sums is a Cauchy sequence.
Now we show that {f™ (x,)} is Cauchy

For this, we show that S, (x,,, X, x,,) > 0asm,n -

By lemma (2.7)

Sb (xm' Xm, xm+2) < 2bSb (xm' Xim» xm+l) + bZSb (xm+1' Xm+1 xm+2)

= 2ba,, + b?an 4, (4.3.1)
Now we show for k > 2
Sb (xm'xm'xm+k) <2b Z{c:—OZ bZiam+i + bZ(k_l)am+k—1 (432)

This is true for k = 2 and forany m = 0,1,2,....
NOW S, (X, Xims Xim (1)) < 2bSy Qs Xy Xmg1) + D28y (X ts Xt 15 Xm (1))
= 2bam + bZSb (xm+1'xm+1'xm+1+k)
< 2bay, + b*[2b TiTF b apyr gy + D2 * Vay, ]
= Zbam +2b Z{';_OZ b2i+2am+1+i + bZkam+k
= 2ba,, + 2b Y21 b¥ a4y + b apy where i +1 =]
=2bYfZs b¥ ayyy + b**ayy fork+1andm =0,1,2,...
Thus (4.1.2) holds for k = 2 and m = 0,1,2,....
Suppose m < n, write n = m + k, then we show that
Sb (xm'xm!xm+k) <2b Z{;—OZ bZiam+i + bZ(k_l)ach—l (433)
We have a,; < @an =Ba, . - Ay < Blay

And b2 Bt = (b?B)! = (bz b(3Z—1))l = (%)i

Therefore from (4.1.3)
Sb (xmvxm'xm+k) <2b Zf‘(=_02 bZLﬁlam + bz(k_l)am+k—1
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—2( 2\ 1) pk—
< 2ba,, Y- z(3b 1) + p2k-Dgk-1g

= 2ba,, Y2(r) + (b2B)*1a,, where r = 32—: <1
= 2ba,, XX 2(r)' + (r)kla
< 2ba,, YF 2 (r)! + Zb(r)k 1
= Zbam(z )
< 2ba,, _r—>OaSm—>oo

&Sy (o, X, %) > 0asMN > 00
Therefore {x,} is a Cauchy sequence.
Now we show that x is a fixed point of f
We have {x, } is a Cauchy sequence
Suppose x,, = x. By property P, x, < x Vn
We have Y (3b3S, (fx, fx,x,11)) = Y(3b3S, (fx, fx, fx,))
Sp (x,x,x0),8p (6.2,f%),8p Cenn fx ),
< et S5 (o 20 S s ) p-
= Sp (x,2,%0),A(Sp (e, f3)+Sp (Xn 20, fxn)),
‘”(ma"{ A(Sp Gt fxn )+ Con on f 1)) })
Sp Ce,x,x),Sp (x,x,fx),Sp (x,x,%),
(max {05 f)-
3 b (ox,2),5p (e, fx)
¢(3b Sb (fx’ fx’ x)) = Sh (x,x,x),l(Sb(x,x,fx)+5b(x,x,x)),
“’< “"{ A(Sp Cex x) 48, (e fx)) }>
Y (max {0,Sp (x.x,fx)})—
(max {0 A(Sb (x,x fx)) A(Sb (x,x fx))})
= I!J(Sb (%, fx)) — o(Sp (x, %, X))
~P(3b3S, (fx, fx,x)) < P(bS, (fx, fx,x)) — ¢ (/1(51, (x, x, fx))) (by lemma 2.6)
(Since Y is non decreasing, since @ (A(Sb (x, x, fx))) > 0)

~P(3b3S, (fx, fx,x)) < P(bS,(fx,fx,x)) ifx # fx,
= 3b3S, (fx, fx,x) < bS,(fx, fx,x)
= 3b3 < b, a contradiction, since b > 1
s fx=x
~ x is a fixed point of f.
Now we show that no two fixed points are comparable
Let x and y be fixed points of f
Suppose x and y are comparable, and x < y and x < y then from definition 4.2 we have that
N v
3 b Ay »9p B
l/)(3b Sy (fx, fx, fY)) < , (max {Sb (x, x, y),l(Sb x fx)+S, (O, y, fy)),})

A(S, (. x, fy) + S, 0.y, 1)

Sp (ex,y).Sp (e,x,x),Sp v.y,),
Y (max { }>_
3 Sp (xx,y).Sp (v,y.x)
or II)(Sb Sp(x,x, J’)) < ) ( o {sb (X)) A(Sp (x,x,0)+S) (y,y,y)),})

A(Sp (xx,y)4Sy (7.y.x))
Y (max {Sp (x,x,y).Sp v,y x)P—
o (max Sy (xxy)A(Sp (txy)+Sy (0,7.))})
< Ylmw (S, (r,x,¥),85, (v, y,x)}) sincer <y
< ¢(77m {'—STﬁ (X,I;J/),llf b (I;I.J’)}) (by LEmma 26)

¢(3b3.5'b (x,x,y)) < (&5 5 (x,x,y))sincer <y
~ 343 < 4, which is not true, since 4 > 1

Therefore .x cannot be less than »

Similarly we can show that » cannot be less than x

SX =Yy
It follows that no two fixed points of / are comparable.

5. Application
5.1 Theorem: Let (X, .5 ,) be a complete .5, -Metric Space. U be an open subset of X and U be a closed subset of ¥
such that US U. Suppose that #: U x [0,1] — X is an operator such that the following conditions are satisfied
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(i) x = A(x, 1) foreach x € &/ and forany /4 € [0,1] (Here &/ denotes the boundary of & in .f).
(i) ¢ (3635, (#(x, ), #(x, ), (y, D)) < Y(S 5 (. 1,)) = p(S 4 (x,2,)) ¥ 1,y € Uand 2 € [01]
where #: [0, ) — [0, ) is continuous non-decreasing and : [0, ) — [0, ) is continuous with ¢(#) > 0 for
¢t >0
(iii) There exists #/> 0 such that S, (#(x, 4), #(x, 1), f/(x,/z)) < MA — x| forevery x € Uand
A, €01].
Then A(., 2) has a fixed point for some Z € [0,1], if and only if 4Z(., «) has a fixed point for every « € [0,1].
Proof: From (iii) it follows that / is continuous in the second variable. From (ii) it follows that /# is continuous in
the first Variable. We have that
¢(3/735’b (H(x, 1), H(x, 1), /f(xn,i))) <Y(Sy(x,r,x,)—p(S,(r,x,x,))
<yY(S,(xr,x,x,))—-0as7 >
If v, - & then gﬁ(j'l,(b’(x,i),b’(x,i),ﬂ(xﬂ,/i))) —»0asz > ©
- fﬁ(”(‘r’j)’”(xlj)lﬂ(l/lj)) = O
Now S, (H#(x, ), H(x, 2), Ky, 1)) <268 ,(H(x, ), H(x, 1), H(y, 1)) +
szﬁ(”(yﬁj)ﬁﬂ(ylj)lﬁ(ylﬂ))

<2085 (H(x, 2), H(x, 3), H(y, ) + 62 M1 — |

<208 ,(x,x,¥)+62MA — x| (from (i)

> 0as (v, u) > (x,4)
Hence H is a continous function on U x [0,1]. Also
;ﬁ(fﬁ(b’(x,i),f/(,r,j),f/(y,/i))) < Zé(‘fﬁ(l"l’;,}’)) - ¢(55(I,I,J/))

< ;ﬁ(.f/,(x,;r,y)) ify+x
:Sb(b’(x,l),b’(x,/?), H()/,/Z)) <S,(x,x,y) (5.1.1)
Consider theset 4 = {4 € [0,1]: ¥ = Z(x, 1) forsome x € &/}
Suppose A is a limit point of 4. Then there exists a {4, }in 4 such that .Z,, — 7. Then there exist a sequence {x ,}
in X¥suchthat v, = #A(x,,1,)
Now we show that {x ,} is a .5, -Cauchy sequence in (.Y, .5 ;)
Suppose that {.r , } is not .5, -Cauchy sequence.
So there exists €> 0 and monotonically increasing sequences of natural numbers {7z, } and {7 ,} such that  , >
my, 5/7(/1”m,,,«1’m,,w1’n,,) =€ (5.1.2)
and 5, (,rm/(,xmk,x”_l) <e€ (5.1.3)
From (5.1.2) and (5.1.3), we obtain ¢ < .5, (.t s X 1ps ¥ 1, )
<265, (Im,(,i’m,(,l’m,m) + 525, (rmﬂl,xmﬂl,r”)
Multiplying the above inequality with (3b), applying [1 on both sides, and letting # — o we have that
YRk ) <lim,, ¢(3/7355 (xmm,xmm,xm)) (5.1.4)
Suppose |4 — Aol < e and x € 5,(xo,7), ¥ # xg
Then ¢(3b355 (b’(x,/io),H(x,ﬂo),b’(xo,lo))) < YS,(x,x,70) — (S 5(x, 1, x0))
< ;ﬂ(f,, (x,r,xo)) (since x # xy)

- 3b3‘5'b(H(IIJO)!H(IIJO)!H(IO!ZO)) < ‘yb(x!x;XO) <r
But S, (A(x, 4), H(x, 2), H(x,4)) <268, (H(x, A), H(x, 2), H(x, 1)) +

éz‘yb(”(/rrjo)!”(xrjo)!”(XO!ZO))

<2014 — 4ol + (25)

< 20 +(£)

<20t (37,)++;
_r@s-Ddr
T 36 34

WS (A, ), Hx, 1), xq) <5, (b’(;r, A), H(x, 1), b’(xo,io)) <r
~Hx,A)E S (g, 7)

Thus forany 2, with |4 — 4ol < €

and A€ [0,1], it follows that #: .5, (x o, 7) = S, (xg, 7)

defined by #(x) = #A(x, 4) satisfies all the hypothesis of the main theorem (4.2)
Hence # has a fixed point.
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ie., fr =xforsomex € 5,(xg, 7)< U
~Hx, A)=F =x

A €A

Thus |2 —Adpl<e = 1 €4

But

lim,, .., ¢(Bb3‘5‘b (ka+1”rm,e+1’xﬂ,e)) = lim,, ., ¢<3b "y (H(X”’/r+1'1m/{+1)'ﬂ('rm/r+l'jml’+l)’ H('r”k’j”k))>
< Iim;z—)oo ;ﬁ(.j’b (xm,{,+llxm,{,+1"l/ﬂk)) 4 (jb (Imk+l’xm/{’+l'xﬂk))

<lim,_ . ¢ (Sﬁ (‘rm,{«+l’/rmk+1’ I”k))
It follows that
lim (384° —1)S, (X1 X mysr ¥ ny) SO

7750

Thus lim,, .5, (xmhl,xmhl,x”/{) =0

Hence from (5.1.4) and by the def of [J, we have that ¢ <0

which is a contradiction

Hence {x,} is an .5, -Cauchy sequence in (.Y, .5",) and by the completeness of (X,.5",), there exists & € & with
lim, ., xr,=a

Suppose 4 ,, - 4 then (x,,,1,) = (@, 1)

so that Z(x,,1,) = H(a, 1) (since Zis continuous)

But #/(x,, A, =x,>a

ca= Ha, i)

~a €A

Hence A4 is closed.

Consider the set 4 = {4 € [0,1]: ¥ = Z(x, 1) forsome x € I/}

Now we show that 4 is open

Let 7o € A, then there exists xq € & such that v = Z(xq, 4o)

X € U, then there exists 7~ > 0suchthat.s,(xr,r,xro) < r=sv €

Choose ¢ suchthat0 < ¢ < %

Then 7, is an interior point of 4

Hence A is open. Consequently A is both closed and open

~either 4 = gdor4 =[01]

Now suppose #(., 4 )has a fixed point for some .Z € [0,1],then 4 # &
~A=1[01]

~ H(.,x) has afixed point for all # € [0,1]

The following example is in support of the main theorem 3.2
5.2 Example

Let=[0,1] . Define S: ¥ x ¥ x ¥ > AT by S,(x,v,z)=(ly +z —2x|+ |y — z|)?, then (X,.5,) is
a S, —Metric Space with 4 =2. Define /XXX —> R by f(x)=4r (where 0< £ < %). Also define

@ RY > Rby () = ¢ and p(2) =%. Let0 < 4 s%then/is a (¢ — ¢ — 4) contraction on (X, .5 ;) and /

has a unique fixed point.
Solution: From Def. 3.1
{ﬁ(”m {fﬁ (xp)Sy (xxfe)Sy .y ).D_

3 Sy w3 Sy S )
v (30°5, U e fp)) < o {50 G G5 ) forall x, y € .

A(Sp (xxy )+ /7))

Since 4 = 2, we have

v(36°5, 0 fr ) = W@, (i fr /7))
Ao {0 i iy )
b X, L, b Yo JxX
= W(m {f/, A (S5 e Y48y O fo )),})
A(Ss (7 )+S s Uy /)
Consider ¢((3)(®)S, (& , fr . /7)) = @S, (fx , /& /i)
= Q)®)S,(hr hr 4y )
= @@ (& +4y —24r |+|kr — 4y |)?
= BB DA2xr — P (5.2.1)
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ma (Mr—y P4 —x 24ty —y P4ty —x 24l —p 1)
~(3)mar {4y 124 (Al —x 24414y ~y12).4 (AAy —x 2+4lkr —y12)}
Suppose x > y

Thus R.H.S = ~

RH.S = (5.2.2)

mae {Mlx—y PPk —x 24y —y 24y —x 124l —yI?)

(G)mer {Alr—p2a(Alke —x2+alky —p12)2(4lky —rP+alkr —p12)}
Case (i) Suppose 4|x — y |2 = mazr {Alx — y |2 4l/r —x|%4lky — y13 44y — 23 4l4r — y|3}
Thus 4lx — y|> = mer {4lx — y | A @ler —x P +48lky —y1D, 4Gy — x> +4lkr - y|?)}
So that (3)(B) (M) 4%|x — ¥ 1> = R)(®) 4> mar {Alx — y |2, A(Alkr — x> +4lhy -y, 1@y — x>+
4 — 19}

< (5)4x - P

=alr =y - (5)4lx - »P
< mar (Alx—y 2 Mkr —x 28y —y Ay —x Al -y 17}
T () (Wr-y A (sl —xP+alky —y12)4(4lky —rP+alir —p12))
2 5 e {Mlr—y Al —x 24y -y 244y —x 24l —y |7}

So that (3)(8) (M) 4°|x — ¥ |> < Q) (- A8V~ Ay il — D)

2 1
Consequently £° < 200 (5.2.3)

Clearly 1 (4lixr — x> +8l&y —y|1D) <A@y —x|>+8l/x — P
Case (i) A(@lhy —x>+8l/r —y|P) =mwr blx —y |2 A4lAxr —x)P+4ly —y|?), 18l — x|+
4ir — y|2)}
We observe that 4|&r — y|> < 4|4y — x|?
Hered|lx — y>?< 1@y — x> +48l/r —y|D) <4y —x|?
L @M x —yIP = @ #44y — x|?

<()ap —xp

=4y —xP=(5) 4y — 2P

<alpy —xP-(5) 2@y — 2P+l -y

mze {8lx—y Al —x 24y —y 244y —x 24l —y |7}
T () (alr—y a8l —xP+alty —y12).2 (4l —xP+alir —y12))

= @)W x — y|?
mze (Alx — y 2 4lkr —x |24y — 2 8l4y — 234l ee — I}
1

=) e -y AU 2P+ Ay — D, A@U 2P+ Al — )
Hold if 3.2 (4lkx — y1) < dlby —x12=(5)2(4l4y — 212 - Q@) 44y — I
= (1—%— (3)(8)4»2)4|Ay —x? (5.2.4)
Sinced|lar — y|?<4lay — x|
(5.24) holds if 37 < (1-%— (3)(8)47)
ie. 24+ 34+ @)@ <1
=+(3)(8)4% <1

2 1-4
K< (5.2.5)
2 1 1-4

<— <=
Q06 T (e
A
(12)(3)(8)

S k< ——
43

Therefore if we choose 0 < £ < % Jfisa (¢ — @ — A) contraction on (X, .5,) and by theorem 5.1, it follows

that /" has a unique fixed point.
Infact O is the fixed point of /.
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