
International Journal of Mathematics Trends and Technology (IJMTT) – Volume 56 Number 2- April 2018 

 

ISSN: 2231-5373                                http://www.ijmttjournal.org                               Page 101 
 

On α
*
-I-Open Set and α

*
-I-Continuous Map 

J. K. Maitra
#1

, Rajesh Kumar Tiwari
*2

 
#
Associate Professor, Department of Mathematics and Computer Science,  

Rani Durgawati University, Jabalpur, India 
*
Research Scholar, Department of Mathematics and Computer Science,  

Rani Durgawati University, Jabalpur, India 

  

 
Abstract - The open sets in topological space are 𝛼 − 𝐼 −open sets and also they are g-open sets. By 

considering the idea of Ideal and g-open sets, the new class of open sets (𝛼∗ − 𝐼 −open sets) define by 

generalization of g-open sets. In this paper, we define the 𝛼∗ − 𝐼 −open setsand establish continuous map in 

ideal topological spaces. Also, westudy some basic properties of 𝛼∗ − 𝐼 −open sets. 
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I. INTRODUCTION 

In 1965 O. Njastad [1] introduced the concept of 𝛼-open set in topological space. The concept of 

generalized closed sets introduced by N. Levine [2] in 1970. 𝛼∗ −open set has been defined by Missier and 

Rodrigo [3] in 2013. The notion of ideal in topological spaces introduced by Krotowski [4] and 

Vaidyanathswamy[5]. The generalization of some important properties in general topology via ideal initiated 

by Jankovic and Hemlet [6] in 1990.  

II. PRELIMINARIES 

In this article(𝑋, 𝜏) is a topological space and 𝐴 ⊆ 𝑋, 𝑐𝑙 𝐴 & 𝑖 (𝐴) denote the closure of 𝐴 and interior of 

𝐴 respectively.  

An ideal I is a non empty collection of subsets of set  X which is satisfies the conditions:(a)𝐴 ∈ 𝐼 and  

𝐵 ⊂ 𝐴 then 𝐵 ∈ 𝐼, (b)𝐴, 𝐵 ∈ 𝐼 then 𝐴 ∪ 𝐵 ∈ 𝐼. 
The topological space(𝑋, 𝜏) with ideal I on 𝑋,i.e.(𝑋, 𝜏, 𝐼) is anideal topological space [6]. Given an ideal 

topological space 𝑋, 𝜏, 𝐼 . A set operator   ⋆: ℘ 𝑋 → ℘(𝑋) isa Local function 𝐴⋆ of 𝐴 ⊆ 𝑋 with respect to I 

and 𝜏is defined as𝐴⋆ = {𝑥 ∈ 𝑋: 𝐴 ∩ 𝑈 ∈ 𝐼 for each neighbourhood 𝑈 of 𝑥}.It is also denoted by 𝐴⋆(𝐼).  

The ideal topology𝜏⋆ is defined as 𝜏⋆ = {𝑋 − 𝐶𝑙⋆ 𝐴 : 𝐶𝑙⋆ 𝐴 = 𝐴 , 𝐴 ⊂ 𝑋}, where 𝐶𝑙⋆ 𝐴 = 𝐴 ∪ 𝐴⋆ is a 

topology via ideal with respect to topology on 𝑋. We denote ideal topological space (𝑋, 𝜏, 𝐼) by (𝑋, 𝜏⋆), where𝜏⋆ 

is an ideal topology generated via ideal I with respect to topology 𝜏 on X. And  ℬ = {𝑈 − 𝐼 ∶ 𝑈 ∈ 𝜏, 𝐼 ∈ ℐ } is a 

basis for topology 𝜏⋆, where 𝜏⋆ is the topology on X obtained from the Kuratowski closure operator 

𝐶𝑙⋆: ℘ 𝑋 → ℘ 𝑋 , defined as 𝐶𝑙⋆(𝐴) = 𝐴 ∪ 𝐴⋆, 𝐴 ⊂ 𝑋. 
Definition 1:A subset 𝐴 of a space (𝑋, 𝜏) is said to be g-closed [2] if 𝐶𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is open 

in 𝑋. 

Definition 2:A subset 𝐴 of a space (𝑋, 𝜏) is said to be g-open [2] if 𝑋 − 𝐴 is g-closed in X. 

Remark 1: Every open set is g-open set but converse is not true. 

Definition 3:Let (𝑋, 𝜏) is a topological space and 𝐴 ⊆ 𝑋, then the g-closure [7] of A is defined as the 

intersection of all g-closed sets in X containing A and is denoted by 𝐶𝑙* 𝐴 . 
Definition 4:Let (𝑋, 𝜏) is a topological space and 𝐴 ⊆ 𝑋, then theg- interior [7] of 𝐴is defined as the union of 

all g-open sets in X that are contained in A and is denoted by 𝑖*(𝐴). 

Definition 5:A subset A of a space (𝑋, 𝜏) is said to be 𝛼-open[1] if 𝐴 ⊆ 𝑖(𝐶𝑙(𝑖(𝐴))). 

Definition 6:A subset 𝐴 of a space (𝑋, 𝜏) is called α* - open[3] if 𝐴 ⊆ 𝑖*( 𝐶𝑙( 𝑖* ( 𝐴 ))). 
Definition 7:A subset A of an ideal space (𝑋, 𝜏, 𝐼) is said to be 𝜶 − 𝑰 −open [1] if 𝐴 ⊆ 𝑖(𝐶𝑙⋆(𝑖(𝐴))). 

Theorem 1: (cf. [6]) Let (𝑋, 𝜏, 𝐼) be an ideal topological space and 𝐴 ⊆ 𝑋, then 𝐶𝑙⋆ 𝐴 ⊂ 𝐶𝑙(𝐴). 

Theorem 2:(cf. [6])Let (𝑋, 𝜏, 𝐼) be an ideal topological space and 𝐴 ⊂ 𝑋. If 𝐼 = {∅}, then 𝐶𝑙⋆ 𝐴 = 𝐶𝑙(𝐴). 

III. 𝜶* -𝑰-OPEN 

Definition 8:A subset A of an ideal space (𝑋, 𝜏, 𝐼) is said to be 𝜶*-𝑰-open if 𝐴 ⊆ 𝑖*(𝐶𝑙⋆(𝑖*(𝐴))). 

Theorem 3: In ideal topological space, eachg-open set is 𝛼* -𝐼-open. 

Proof: Suppose A be ag-open set in X. i.e.A = i* A . Then A = i* A ⊆ i* Cl⋆ A  =  i*(Cl⋆(i*(A))). Hence A 

is α* -I-open 

Remark 2:The converse of above results is not necessarily true, we have following example. 

Example 1:Let X = {a, b, c, d} be the ideal topological space with respect to topologyτ = {ϕ,  b ,  b, c, d , X} 

and ideal I =  ϕ,  a   on X. Consider the set A =  a, b in X is α*-I-open set but not an open set.  
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Theorem 4: In ideal topological space, each open set is 𝛼* -𝐼-open. 

Proof:Suppose A be an open set in X. Since every open set g-open i.e. A is a g-open set. So by the theorem 3.1, 

set A of X is an α* -I-open. Hence each open set is an α* -I-open. 

 The converse of above results is not necessarily true, we have following example. 

Example2:Let X = {a, b, c, d} be the ideal topological space with respect to topologyτ = {ϕ,  b ,  b, c, d , X} and 

ideal I =  ϕ,  a   on X. Consider a set A =  a, b  is α*-I-open set but not an open set. 

Proposition1: Let (X, τ, I) be an ideal topological space and A be non – empty α*-I-open set in X. Then i*(A) is 

non-empty. 

Proof:Let X be an ideal topological space and A be a non-empty α*-I-open set in X. Then by the definition of 

α*-I-open set, we have A ⊆ i*( Cl⋆( i* ( A ))). Since A = ϕ we find that i*( Cl⋆( i* ( A ))) = ϕ. This implies 

i*≠ ϕ. Hence non-empty α* -I-open has non-empty g-interior. 

Theorem 5: Let (X, τ, I) be an ideal topological space and A ⊆ X. Then A is α* -I-open iff there exists a g-open 

set U in X such that U ⊆ A ⊆ i* Cl⋆ U  . 

Proof: Let X be an ideal topological space and A be an α* -I-open in X. This means A ⊆ i*( Cl⋆( i* ( A ))). Put 

U = i* A . Then U is a g-open set in X and we have, A ⊆ i*  Cl⋆ U  . As 𝑈 = 𝑖* 𝐴 ⊂ 𝐴, we find that  𝑈 ⊆

𝐴 ⊆ 𝑖* 𝐶𝑙⋆ 𝑈  . 

Conversely, let U be a g-open set in 𝑋 such that 𝑈 ⊆ 𝐴 ⊆ 𝑖* 𝐶𝑙⋆ 𝑈  . Now 𝑈 ⊂ 𝐴, show that 𝑈 =

𝑖* 𝑈 ⊂ 𝑖*(𝐴), which implies 𝑖* 𝐶𝑙⋆ 𝑈  ⊂ 𝑖*(𝐶𝑙⋆(𝑖*(𝐴))). As, 𝐴 ⊆ 𝑖* 𝐶𝑙⋆ 𝑈  , we find that 𝐴 ⊆ 𝑖*( 𝐶𝑙⋆( 𝑖* 

( 𝐴 ))). Thus 𝐴 is an 𝛼*-𝐼-open set in 𝑋. 

Proposition2:Let  𝑋 be an ideal topological space and  𝐴𝑘 𝑘∈∧ be the family of 𝛼*-𝐼 –open sets in 𝑋. Then 

∪𝑘∈∧ 𝐴𝑘  is 𝛼*-𝐼 –open. 

Proof:Let  𝑋 be an ideal topological space and  𝐴𝑘 𝑘∈∧ be the family of 𝛼*-𝐼 –open sets in 𝑋. This means, 

𝐴𝑘 ⊆ 𝑖*( 𝐶𝑙⋆( 𝑖* ( 𝐴𝑘  ))) ∀ 𝑘 ∈∧. Put 𝐴 = ∪𝑘∈∧ 𝐴𝑘 . Then we have, 𝑖*( 𝐶𝑙⋆( 𝑖* ( 𝐴 ))) = 𝑖*( 𝐶𝑙⋆( 𝑖* 

(∪𝑘∈∧ 𝐴𝑘  ))) ⊃ 𝑖*( 𝐶𝑙⋆(∪𝑘∈∧  ( 𝑖* (𝐴𝑘) ))) ⊃ 𝑖*( ∪𝑘∈∧  (𝐶𝑙⋆( 𝑖* (𝐴𝑘) )))  ⊃ ∪𝑘∈∧  (𝑖*(𝐶𝑙⋆( 𝑖* (𝐴𝑘) )))  ⊃
 ∪𝑘∈∧  𝐴𝑘 = 𝐴.  i.e.𝐴 ⊆ 𝑖*( 𝐶𝑙⋆( 𝑖* ( 𝐴))). Hence ∪𝑘∈∧ 𝐴𝑘  is 𝛼*-𝐼 –open. 

Remark 3: Intersection of two 𝛼*-𝐼-open set need not be 𝛼*-𝐼-open set, we have following example. 

Example3:Let X = {a, b, c, d} be the ideal topological space with respect to topology τ = {ϕ,  a, b ,  a, b, c , X} 

and ideal I =  ϕ,  d  on. Consider a set A =  a, c, d  and {b, d}areα*-I-open set but intersection of these set is 

{d} is not  α*-I-open set.  

IV. VARIOUS TYPE OF SETS IN THE TOPOLOGICAL AND IDEAL TOPOLOGICAL SPACE 

In this section, we have studied the relationship between various type of generalised open sets in 

topological and ideal topological spaces. We begin with relationship between 𝛼* -𝐼-open, 𝛼-𝐼-open, 𝛼*-open 

and 𝛼-open in ideal topological spaces. 

Theorem 6:In ideal topological space, every 𝛼 -𝐼-open is 𝛼*-𝐼-open. 

Proof:Let A be a non-empty 𝛼 -𝐼-open set in X. Then, 𝐴 ⊆ 𝑖  𝐶𝑙⋆ 𝑖 𝐴   ⊆ 𝑖*(𝐶𝑙⋆(𝑖*(𝐴))). Hence A is 𝛼*-𝐼-

open. 

The converse of above results is not necessarily true, we have following example. 

Example 4:Let X = {a, b, c, d} be the ideal topological space with respect to 

topologyτ = {ϕ,  a ,  a, b ,  a, b, c , X} and ideal I =  ϕ,  a   on X. Consider a set A =  b  is α*-I-open set but 

not  α-I-open set. 

Remark 4: The concept of 𝛼*-𝐼-open set and 𝛼-open set are independent of each other. 

Example 5:An α*-I-open set may not α -open set. 

Let X = {a, b, c, d} be the ideal topological space with respect to topologyτ = {ϕ,  a ,  a, b ,  a, b, c , X} and ideal 

I =  ϕ,  a   on X. Consider a set A =  b, c  is α*-I-open set but not α-open set.  

Example 6:An α-open set may not α*-I-open set. 

Let X = {a, b, c, d} be the ideal topological space with respect to topologyτ = {ϕ,  a ,  a, b ,  a, b, c , X} and ideal 

I =  ϕ,  a   on X. Consider a set A =  a, c, d  is α-open set but not α*-I-open set.  

Example 7:A set neither an α-open set nor α*-I-open set. 

Let X = {a, b, c, d} be the ideal topological space with respect to topologyτ = {ϕ,  a ,  a, b ,  a, b, c , X} and ideal 

I =  ϕ,  a   on X. Consider a set A =  c, d  is neither an  α-open set nor α*-I-open set. 

Theorem 7:In ideal topological space, every 𝛼* -𝐼-open is𝛼*-open. 

Proof: Let A be a non-empty open set in X. Every open set is  𝛼* -𝐼-open. Then, 𝐴 ⊆ 𝑖*(𝐶𝑙⋆(𝑖*(𝐴))). 

Clearly, 𝐴 ⊆ 𝑖*(𝐶𝑙(𝑖*(𝐴))).   Hence A is 𝛼*-open. 

Example 8:Converse is not true 

Let X = {a, b, c, d} be the ideal topological space with respect to topologyτ = {ϕ,  a ,  a, b ,  a, b, c , X} and ideal 

I =  ϕ,  a   on X. Consider a set A =  a, c, d  is α*-open set but not α*-I-open set.  
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Remark 5: From the above result and example, we have following diagram. 

 
Fig. 1  Relations between different open sets 

V. 𝛂*-𝐈-CONTINUOUS MAPS 

Definition9: A function f:  X, τ, I → (Y, σ)  is α*-I-continuous map if f−1(V) is a α*-I-open of (X, τ, I) for every 

open set V of (Y, σ). 

Theorem 8: Every continuous maps is α*-I-continuous map. 

Proof:Supposef:  X, τ, I → (Y, σ)  is a map. Let V be an open set of (Y, σ). Since f is continuous map f−1(V) is 

open in X. Clearly, f−1(V) is a α*-I-open in  (X, τ, I).Hence f is an  α*-I-continuous map. 

Remark 6: Converse is not true. 

Example9: Let 𝑋 =  {𝑎, 𝑏, 𝑐, 𝑑} be an ideal topological space with respect to topology 

𝜏 =   𝜙,  𝑎 ,  𝑏, 𝑐 ,  𝑎, 𝑏, 𝑐 , 𝑋 , ideal 𝐼 =  𝜙,  𝑏   on X and 𝑌 =  {𝑎, 𝑏, 𝑐, 𝑑} be another topological space with 

respect to topology 𝜎 =   𝜙,  𝑏 , {𝑎, 𝑏},  𝑏, 𝑐 ,  𝑎, 𝑏, 𝑐 , 𝑌  on Y. Let 𝑓: (𝑋, 𝜏, 𝐼)  ⟶ (𝑌, 𝜎) be defined by f(a) =a, 

f(b) = b, f(c) = c, f(d) = d. Clearly, f is an 𝛼*-𝐼-continuous. But 𝑓−1({𝑏})  =  {𝑏} is not open in X. Therefore f is 

not continuous. 

Theorem 9:Every α-I-continuous maps is α*-I-continuous map. 

Proof:Suppose f:  X, τ, I → (Y, σ, J)  is a map. Let V be an open set of  Y, σ, J . Since f is continuous map f−1(V) 

is α-I-open in X. By the theorem 4.1,f−1(V) is a α*-I-open in  (X, τ, I).Hence f is an α*-I-continuous map. 

Remark 7: Converse is not true. 

Example 10: Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} be the ideal topological space with respect to 

topology𝜏 = {𝜙,  𝑎 ,  𝑎, 𝑏 ,  𝑎, 𝑏, 𝑐 , 𝑋} and ideal 𝐼 =  𝜙,  𝑎   on 𝑋. And 𝑌 =  {𝑎, 𝑏, 𝑐, 𝑑} be another topological 

space with respect to topology 𝜎 =   𝜙,  𝑎 , {𝑎, 𝑏}, 𝑌  on Y. Let 𝑓: (𝑋, 𝜏, 𝐼)  ⟶ (𝑌, 𝜎) be defined by f(a) =b, 

f(b) = a, f(c) = c, f(d) = d. Clearly, f is an 𝛼*-𝐼-continuous. But 𝑓−1({𝑎})  =  {𝑏} is not 𝛼-𝐼-open set in X. 

Therefore f is not 𝛼-𝐼-continuous. 

Theorem10: Every g-continuous maps is α*-I-continuous map. 

Proof: Suppose f:  X, τ, I → (Y, σ)  is a map. Let V be an open set of (Y, σ). Since f is continuous map f−1(V) is 

g-open in X. Clearly, f−1(V) is a α*-I-open in  (X, τ, I).Hence f is anα*-I-continuous map. 

Remark 8: Converse is not true. 

Example11:Let X = {a, b, c, d} be the ideal topological space with respect to topologyτ = {ϕ,  a, b ,  a, b, c , X} 

and ideal I =  ϕ,  a   on X. And Y =  {y1, y2, y3 , y4} be another topological space with respect to topology 

σ =   ϕ,  y2, y3 , Y  on Y. Let f: (X, τ, I)  ⟶ (Y, σ) be defined by f(a)  = y1,f(b)  =  y2, f(c)  =  y4 , f(d)  =
 y3. Clearly, f is an  α*-I-continuous. But f−1( y2, y3 )  =  {b, d} is not g-open set in X. Therefore f is not g-

continuous map. 

Theorem12: Let f is anα*-I-continuous map and g is continuous map then g ∘ f is an α*-I-continuous map. 

Proof:Suppose f:  X, τ, I → (Y, σ)  is a map. Let V be an open set of (Y, σ). Since f is continuous map f−1(V) is 

g-open in X. Clearly,f−1(V) is anα*-I-open in  (X, τ, I).Hence f is an  α*-I-continuous map. 
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