International Journal of Mathematics Trends and Technology (IJMTT) - Volume 56 Number 2 - April 2018

An expansion formula about multivariable Gimel-function

Frédéric Ayant

Teacher in High School , France

ABSTRACT

The object if this paper is to evaluate an integral associated with Bessel polynomials and the multivariable Gimel-function and to apply it in proving
an expansion formula for the multivariable Gimel-function in series of product of the Bessel polynomials and a related multivariable Gimel-function.
The results obtained are of general character and the integrals and series expansions associated with the special functions of Mathematical Physics can
be derived as special cases.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = NU{0}.

We define a generalized transcendental function of several complex variables noted J.
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The contour Ly is in the si(k = 1,--- ,7)- plane and run from 0 — 100 to o + ico where o if is a real nurnber with
loop, if necessary to ensure that the poles of 427 [ 1 — ay; + Z ag’;)sk (G=1,---,ny), [ (1 — az; + Z a3] Sk
k=1 k=1
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the right of the contour Ly, and the poles of I'2;” (d§~k> - 5§k)sk) G=1,---,mF)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :
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Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :
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Remark 1.

If ng=-+-=np_1=pi, =i, ="+ =Di,_, = ¢, , =0and Ay; = Agji, = Boji, =+ =A,j = Ayji, = Bji, =1
Ayj = Arji. = Brji,. = 1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

fny==n,=pi, =g ="--=pi, =qs, =0and 7y, =+ =7, =70y =+ =Ty» = Ry =+ = R, = R =
.= R" =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[7].

Remark 3.

fAsj = Agjs, = Baji, = - =Apj = Avji, = Byji, = land 7y, = =17, =Ty =+ =T,y = Ry =+~ =R, = RW

=...=R") =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [6].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the multivariable H-function defined by Srivastava and Panda [8,9].

In your investigation, we shall use the following notations.
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The Bessel polynomial arise from the solution of the classical wave equation in spherical coordinates, namely

d? d
xzd—;g—i—(ax—{—b)ﬁ—k(k—l—a—l)yzo

Krall and Frink [5] has defined these polynomials in terms of the hypergeometric series in the form

x

yr(x,a;b) = oF, [—k,a+k71 2

2. Required formulae.

We have the Hamza’s formula [3]

Lemma 1.
/ t“ e typ(1,a;t)dt = T(u — k) (u+a — 1)
0

provided Re(u — k) > 0, Re(u+a+ k) > 1
Hamza [4] gives the orthogonality property concerning the Bessel polynomials

Lemma 2.

0if m#n

/ t ety (1, a;t)ym (1, a;t)dt = .
0 nll'(2—a—n)ifm=n

2. Main integral.
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The formula to be proved here is

Theoreml.

o0
/ ety (1, a;0)3(21t™, - -+ 2 t07)dt =
0

71 | A; (14+k-wsag, -+ ,a051),(2—u—a—k;a1, - ,a,;1),A: A
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r d@
, i (8) 73
+;azlggnglg()Re (D 5]@> > 0and Re(u+a+k)+ ZQZKIJIESL() (Dj (ng.)) >1

Ek)w where Agk) is defined by (1.4),a; > 0(i =1,--- ,7)

larg(zit")

Proof

The equation (3.1) can be established on substituting the expression of the multivariable Gimel-function in terms of
Mellin-Barnes multiple integrals contour with the help of (1.1), interchanging the order of integrations (which is
permissible under the conditions mentioned in (3.1)), now, evaluating the ¢-integral with the help of the lemmal and
interpreting the Mellin-Barnes multiple integrals contour in terms of the multivariable Gimel-function, we get the
desired result.

4. Expansion formula.

The following series expansion will be developed here

Theorem 2.
Pt ) =30 e )
’ ’ = ull'(2 —a—u) ’
z1 | A; ((uta-w-lia1,- - a0 1), (—u —w;aq,--- ,a.51),A: A
U;0,n-+2:V . .
X;P::+27Qir+17‘ririRr2Y . ) 4.1
Z B; B,(-w;aq,--+ ,a.;1) : B
provided
o 4
0%
)+ Zal 1<?2£11< ) e| D; 5J@ > 0 and

1
larg(zt*)| < §A§’“)7r where AE’” is defined by (1.4), a; > 0(i =1,--- ,r).

Proof
let

f(t) - twj(zltalv T 7Z7’ta"‘) - Z AUyU(17 a; t) (42)
U=0

The above equation is valid since the function f is continuous and of bounded variation in the open interval (0, c0)
where 0 < w.
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Multiplying both sides of (4.2) by t'~*e "'y, (1, a; t) and integrating with respect to ¢ from 0 to co, we get
oo 0o 00
/ tot ety (1, as )3 (20t ™, - 2t )dE = / Z Ape 't %, (1, a5 t)yu (1, a; t)dt
0 0 U=0
Using the lemma 2, we obtain
ul'(2—a—u)A, =

Z1 A7 ('u+a'w'1;ala"' 7ar;1)7(_u_w;alv"' aar;l)vA c A

U;0,n,+2:V
Xipip+2,q:,+1,7,RY

Zy B; Bv('W;aly"' aar;l) : B

Finally, substituting the value of A, in (4.2), we have the desired formula.

5. Conclusion.

(4.3)

4.4)

The formulae (3.1) and (4.1) established here are unified and act as key formulae. Thus the multivariable Gimel-
function occurring in these equations can be suitably specialized to a remarkably wide variety of special functions (or
product of several such special functions) which are expressible in terms of E, F, G, H, I, Aleph-functions of one or

more variables.
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