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A theorem concerning a product of polynomials and multivariable Gimel-function
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ABSTRACT

The object of this paper is to establish a general theorem pertaining to a product of class of polynomials and multivariable Gimel-function. Certains
integrals are also obtained by application of the theorem. The theorem is quite general nature and capable of yielding a number of new, interesting and
useful integrals as its special cases.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = NU{0}.

We define a generalized transcendental function of several complex variables noted 1.
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The contour Ly is in the si(k = 1,--- ,7)- plane and run from 0 — 100 to o + ico where o if is a real nurnber with
loop, if necessary to ensure that the poles of 427 [ 1 — ay; + Z ag’;)sk (G=1,---,ny), [ (1 — az; + Z ay; sk>
k=1 k=1
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the right of the contour Ly, and the poles of I'2;” (d§~k> - 5§k)sk) G=1,---,mF)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < iAgk)w where

() e { ¢
(k) _ (k) s(k) (k) . (k) (k) (k) (k) (k)
AP =3 DY+ Oy — e | D Dﬂm%m + D i
j=1 Jj=1 j=m*) +1 j=nk) 41
Pigy ig Piy iy
k k
—Tiq Z AQJZQ agﬂz + Z 3211262112 - T T, Z Arjiras‘jgr + Z BTjirﬁf’jz?T (14)
j=n2+1 j=1 j=n,+1 j=1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :
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Remark 1.

If ng=-+-=np_1=pi, =i, ="+ =Di,_, = ¢, , =0and Ay; = Agji, = Boji, =+ =A,j = Ayji, = Bji, =1
Ayj = Arji. = Brji,. = 1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

fny==n,=pi, =g ="--=pi, =qs, =0and 7y, =+ =7, =70y =+ =Ty» = Ry =+ = R, = R =
.= R" =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[4].

Remark 3.

fAsj = Agjs, = Baji, = - =Apj = Avji, = Byji, = land 7y, = =17, =Ty =+ =T,y = Ry =+~ =R, = RW

=...=R") =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [3].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the multivariable H-function defined by Srivastava and Panda [7,8].

In your investigation, we shall use the following notations.

1 1 1 2
A =[(ag;; O‘gj)a 042] 7A2j)]1 nas [Tis (a’21227a(2])227aé])22’A2JZ2)]712+1,P12 [(as; O‘:(?,g)v aéj)’a3])’ Azj)|1,ns

1 @ 3 ) o r—1)
[TZB (a3313’ag])137 O[S])z;u Oéi(’)jzg’A?)ﬂs)]n:erLP% T [(a(r—l)ja agr)—l)ﬁ c O‘Er 1)Ja A(r 1) )1,n7~_1]7

ISSN: 2231-5373 http://www.ijmttjournal.org Page 155



lalitha
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 56 Number 3 - April 2018


lalitha
Text Box
ISSN: 2231-5373                                http://www.ijmttjournal.org                           Page 155



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 56 Number 3 - April 2018

e
[Tz'r,l (a(r—l)ji,,,1 y a(r—l)ji,.,l )

A= [(arj;a(l,) T) A

Ty Tj’

r—1)
aEr Djir_ 3 A=1)ji,— Jne_+1pi, ] (1.5)
1 r
D, 7 (@il all) s A ngag, | (1.6)

1 1 1 1
A= [P, ), [im(c;,iglmjﬁi()l);cjﬁigl))n(lm’pgl)];.._;

[(Cy)’ g(‘r)5 C](‘T))Ln(r)]a [Tim (C(

) (r) (r)
jZ(’)’ ]:(7)70 g ) (r)+1’p§T)] (17)

et 2 1 2 3 . .
B = [1i, (D2jiz; B> Bsnys Bajia ) 1san, o Tia (03jias Bsiaas Bsonas Boors Bagia) sy i+

.p(1 (r=1)

[Tirfl(b(T’_l)jirfl’ﬁ((r)—l)ji?,l’“' 757‘ 1)]17 17 B(T_l)jir—l)lxq/ir_l] (18)
1 T

B= [, (brji,: B B i Brji ), ] 1.9

1 1 1 1 1 1
B = [(d; )7 5; )a D§ ))1,m(1)]a [Ti(l) (d;‘l'()l) ;l()l) ) D(Z()l)) (1)+1)q1(1)]; ey
(57,6875 D)y o e e (A7 85500 D),y g00) (1.10)
U=0,n90,n3-:0,n_1;V=mM n0:m® n@.. .. .pn0 nr (1.11)
X = Digs Gigs Tin; Ry iDin 1 Qi 15 Tin s Ree13Y = Dy, sy T30 R+ 5 pacoy, gy Ty s BT (1.12)

Srivastava ([6], p. 1, Eq. (1)) have introduced the general class of polynomials :

]
SM@) =Y MANKxK (1.13)

where M is an arbitrary positive integer and the coeficients Ay g are arbitrary constants real or complex. On
specializing these coefficients An g, SA1.] yields a number of known polynomials as special cases. These include,
among others, Hermite polynomials, Jacobi polynomials, Laguerre polynomials, bessel polynomials and several

others([10], p. 158-161).
We shall note

-N
ANK = 7( K)!MK An
2. Main formula.

Theorem.

If 2F1 (a, b; ¢; 2)oF (a, b; cdz)

then

1 _
a, b c+d c+g 1
/0 o { a+b c, d
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a; | A; (--Khshy, -+ hs1), A A

U;0,n,.+1:V . .
jX?Pirzrlyqz‘TJrl,TiriRr:Y . (2.2)

a, | B; B,(--Kh-1;hy,--- ;A1) : B

provided

. W
hohi > 00 =1,--- 1), 1+Zhi min Re(D(,Z) J >0
i=1

1< <m® Y 6§i)
1
larg(a;z")| < §A§k)7r where Agk) is defined by (1.4) and the series on the right-hand side of (2.2) is absolutely
convergent.

Proof
To prove the above theorem, we use the following formula due to Slater ([5], p. 79, Eq. (2.5.27))

a, b)%) C+g_l _ - (C+d_1)l l
aF3 [ atb, e d 47z(1-z) |= ; et Ciz 2.3)

where C; is given by (2.1). Multiplying the both-sides of (2.3) by Sa*(z")3 (alzhl, e ,arz}“‘)and integrating with
respect to z between 0 to 1, we get

1 _ e}
a, b)%) C+g ! h h1 r _ (c+d_1)l l
/0 43 { ath, ¢, d 4z(1-z) | SN (") (a2, a,2") dz —Z; @10 Ciz
1
/ SN ("I (a2, ar2) dz 2.4
0

Substituting the expression of the multivariable Gimel-function in terms of Mellin-Barnes multiple integrals contour
with the help of (1.1) and S 11\”,] [zh] with the help of (1.13), interchanging the order of integrations and summation (which
is permissible under the conditions mentioned in (2.2)), now, evaluating the inner z-integral and interpreting the
Mellin-Barnes multiple integrals contour in terms of the multivariable Gimel-function, we get the desired result (2.2).

3. Particular cases.
Taking b = ¢ = d in the theorem, we get the following interesting integral :

Corollary 1.

1 1 oo [N/M]
a, C-3, M _h h Ry (2c — 1)1(2a);
F 2 47(1- S J Tooa., ") dz =
/0 ol'1 { ate ‘ z(1-z) } ~(2") ((112 arz ) Z ; 2 ANK (@t ol
a1 A? ('I_Kh;hla"' 7h7’;1>7A cA
U;0,n,+1:V . .
JX;IJ:.-H,ql,‘-i-l,nT:Rr:Y . . (CRY)
a, | B; B,(-I-Kh-1;hy,--- ,h,;1) : B
under the same existence conditions mentioned in (2.2).
Taking a = —e in the above corollary, it reduces to the interesting integral

Corollary 2.
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P e el o h h AT (2e - 1i(-2e)
oF { T2 4g(1- ]S' M3 (a12", -+ ,a,.2")dz = aNg ———
./o 1 coe (1-z) | SN (2" (an ) ; KZ:O NK (c—e)l!
aj Aa (_I_Kh;hla"' 7h?”;1)7A tA
U;0,n,-+1:V . .
jX;mTJrJrl,qz'TJrl,Tir:Rr:Y . 3.2)

a, | B; B,(-1-Kh-1;hy,--- A1) : B
under the same existence conditions mentioned in (2.2).
4. Conclusion.
The main integral (2.2) established here are unified and act as key formulae. Thus the multivariable Gimel-function
occurring in these integrals can be suitably specialized to a remarkably wide variety of special functions (or product of
several such special functions) which are expressible in terms of E, F, G, H, I, Aleph-functions of one or more variables.
Again the class of polynomials involved in the integral (2.2) reduces to a large number of polynomials listed by

Srivastava and Singh ([9], p.158-161), therefore, from the integral (2.2) we can further obtain various integrals
involving a number of simpler polynomials.
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