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ABSTRACT
The object of the present paper is to obtain unified integrals involving the multivariable Gimel-function and a general polynomial having general
arguments.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.

In this paper two finite integrals involving the generalized multivariable function noted J presented here and a general
polynomial having arguments of the type z'(b — )™ (z' + a')~* have been evaluated. These integrals, besides being of
very general character have been put in a compact form avoiding the occurrence of infinite series and thus making them
useful in applications. Our findings provide interesting unifications and extensions of a number of results. For the sake
of illustration, four new integrals two of which involve the Konhauser biorthogonal, Hermite and Laguerre polynomials
have been obtained as special cases of the second integral.

We define a generalized transcendental function of several complex variables noted J.
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A €Tl =1, , R); (= n® 41, )i (k= Lo+ 1),

J

The contour Ly, is in the sp(k = 1,--- ,7)- plane and run from 0 — 100 to o + ico where o if is a real number with

loop, if necessary to ensure that the poles of 427 [ 1 — ay; + Z aysi | (G=1,-- ng), 1487 (1 —ag; + Z a3] Sk
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the right of the contour Lj, and the poles of ros” (dg.k) - 6§k)sk) G=1,--- ,m"N(k=1,--- ) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < §A§k)7r where
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Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(Zh"' ,Zr):()( |Z1|a1’... ,\Zr|a"),maa:( |Zl|,"‘ ,|Zr|)—>0

R(z1,-++ o z) = 0( |l ™, el ) min(|zal, -+ 2] ) = 00 where 4 =1, 7

( ) _q
(z) —
Remark 1.

If Nog =+ =Nyp_| =Piy =iy = =DPip_, =Gi,_, = 0 and AQj = A2ji2 = B2ji2 — ... :AT] — A’r‘ji,\ = B’r’ji,- =1
Arj = Arji. = Brji,. =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

a; = min Re
1<j<m®

DY 4 R
(i) and #; = max , Rte
o) 1<j<n(®

J

Remark 2.

fng=-=n.=p;, =qi, = =p;, = =0and7, =---=7, =Ty =+ =Tyy =Ry =---=R, =RV =
.= R" =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[5].

Remark 3.

Ingj = Agjiz = BjSz = :Arj = Arjir = Brjir = land Tig =" =T, = Ty(1) = - = Ti(r) = R2 = Rr = R(l)

=...=R") =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [4].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the multivariable H-function defined by Srivastava and Panda [8,9].

In your investigation, we shall use the following notations.
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Srivastava ([6], p. 1, Eq. (1)) have introduced the general class of polynomials :

NN e
K=0

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)
(1.11)

(1.12)

(1.13)

where M is an arbitrary positive integer and the coeficients Ay g are arbitrary constants real or complex. On
specializing these coefficients Ay g, SNM(] yields a number of known polynomials as special cases. These include,
among others, Hermite polynomials, Jacobi polynomials, Laguerre polynomials, bessel polynomials and several

others([10], p. 158-161).
We shall note

—N)u
aNg = %AN,K
2. Main integrals.

In this section, we evaluate two unified integrals.
Theorem 1.

7212 (b — x)" (2 + at) ™1

(1.14)

b .
p—1l/p v—1/..t t\—A _ _—Atzptv—12U;0,n-+3:V;1,0
/0 2P (b —x)" " (2' +a") 7] : dz =a™"b X b 4800, + 2,71, RyY 50,1

22 (b — x)Vr (2t + ab)~wr
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zla_twl byt +v1

Aﬂ (1'P;u17"' auT‘7t;1)7(1_v;’U1a"' 7’07'70;1)7(1_)\;1017"' awT71;1)7A:A

. (2.1)
Zra—tw,‘ burJrv,‘ .
(b)t B; B,(1-p — v;uy + vy, yupr +0p, 1), (1 — Nwy, -+ ,wy,0;1) : B; (0,151)
a
provided
r L dW
Re(X), ug,vi,w; > 0(i =1,---,7), Re(p) + Eul min  Re Dy) o] >0.
— 1§j§m(i’) 6J(L)
r o d. i)
v) + ; v; 1<§'r21[711<1> Re (D] 6(1)> > 0.
1 b
larg(z"i (b — x)" (z' +a") "¥iz;)| < §A§k)77 where Af;k) is defined by (1.4). 'a’ <1
Proof
To prove the integral (2.1), we first express the multivariable Gimel function occurring on its left-hand side in terms of
Mellin-Barnes multiple integral contours and then interchange the order of = and (si,---,s,) integrals (which is

permissible under the conditions mentioned in (2.1)), the left-hand side of (2.1) (say I) takes the following form :

1 r b e s s
- - Ce S1,°° , Sy 92 S; 51 / $P+Zi:1 uisi—1 b—2x v visi—1 mt + at —A=>Ti Wisiqq
i [, v Tt | b—) (@t + a

dsy---ds, 2.2)

Now if we express the term (2" + at)—A—Z’{:l Wwisi gccurring in the z integral of the equation given in terms of Mellin-
Barnes multiple integrals contour ([7], p. 18, Eq. (2.6.4); p. 10, Eq. (2.1.1)) the equation (2.2) takes the following form

T b
- Sr) Hei(si)zfi / g TRz vasil(h — g)Utiicy visim]
L i=1 0
—(AHimwis)t r tsrq1
a 1 T +
7 — T w;S; + Sp I'(—s, (—) ds, dzds; - - - ds, 2.
TN+, wis;) 27w /LT+1 (; +1> (=sr41) 4 +1] 1 (2.3)

Interchanging the order of = and S, 1 integrals (which is permissible under the conditions mentioned in (2.1)), and
evaluating the x integral thus obtained we get after algebraic manipulations

b/H—U ! 9 —tw; pu; +v bt i
1= gy [, [ vt TIeoss (o ()

Llp+ > wisi +tspp)D(v+ D0 visi) TN+ D0 wis; + Sr+1)r(—8r+1)ds
Clp+v+ Y (u +v)s; +tsr41) PN+ Y w;si)

1" dsrd8r+1 (24)

On reinterpreting the multiple Mellin-barnes integrals contour occurring in (2.4) in term of the Gimel-function of
(r 4 1)-variables, we get the desired integral (2.1).

Theorem 2.
b ’ /7 !’ ’
/ 2P o — ) (2t + at)fAS% (x“(b — )Y (2 + a‘)*w) S, (a:“ (b—2)" (2* +a")™" )
0
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712 (b — 2)v (2t + o)~
. [N/M][N'/M']
J ] do = a—)\tbp+v—1 Z Z a—(wK—}—w/K/)b(u-i—v)K-‘r(u'-‘rv/)K'
. K=0 K'=0
72 (b — )V (2t + at)~vr

zla_twl bu1+U1

A; Ay, A A

/ U;0,n,4+3:V;1,0 .
ANk I Xipi, +3.4iy +2,71, Ry Y0,1 : . (2.5)

—tw, bu,,Jrv,,,
rdt B; B,By: B;(0,1;1)

OF

!
d¥ ek

where

Ay=(1—-p—uK —uK'uy, - ,upt;1),(1 —v—vK =0 K501, 0,05 1), (1 = A = wK —w K';wy, -+ w0y, 1;1) (2.6)

Bo=(1-p—v—(u+v)K —(u +0)K'jus +v1,- yur + 0,51, (1 =X —wK —w K';wq, -+ ,w,,0;1)(2.7)

provided

r L d
1o, / s . : (i) %
Re(A\), u,v,w,u’, v, w',ui, v5,w; > 000 =1,---,7), Re(p) + Zuz 1<?22<i> Re <D]- - ) > 0.

d(l)
Pl
+Z“1<?251<> ( ; 5(Z)>>0.

larg(z®i (b — x)% (2" +a') " Viz)| <

1 b
iAEk)w where Al(-k) is defined by (1.4). ‘E’ <1

Proof

We first express both the general class of polynomials occurring in the integrand (2.5) in the series form with the help of
(1.13) and then interchange the order of summations and integration (which is permissible under the conditions stated in
(2.5)) so that the left-hand side of the integral (2.5) (say J) assume the following form :

(/M N/ /
J = Z Z d¥e K’ / IP‘*‘“K‘*‘“,K,—l(bf m)v+vK+V’K —1(1,15 + at)—)\—wK—w’K'
K=0 K’'=0

212 (b — ) (2t + at) ™1

I : dr 2.8)
22 (b — )" (t + at) =

Evaluating the z-integral occurring in the above formula with the help of the theorem 1, wa get the desired result.

3. Special cases.

If we take N’ = 0, we get the following integral

Corollary 1.
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7212 (b — z)1 (2t + at) "
b .
/ 2?7 b — )" ot + ah) TSN (2 (b — 2) (2" +af)T™)] . de = a=Mprtv-t
0

zp 27 (b — z)Vr (xt + at)~%r

Zla—twl bu1+vl

A;ALACA
[N/M]
—w u+tv U;0,n-+3:V;1,0 .
Y a I e T im0 : G.1
K=0 Zpa~Wr pUiror o
(g)t B; BB, : B;(0,1;1)
where
Ay =01 —p—uK;uy, - ,unt;1), (1 —v—vK—;v1, - ,0:,0;1), (1 = X — wK;wy, - ,w,, 151) (3.2)
Bé - (1 —p U= (U+U)Kau1 + U1, 7ur+Ur7t;1)7(1_/\_wK;w17"' 7wr50;1) (33)
under the same existence conditions that (2.5).
If we take v =w =0 =wv; = w;(i = 1,--- ,r), and reinterpreting the new multivariable Gimel-function occurring on
its right-hand side, we arrive at the following result :
Corollary 2.
VA
b . (v) [N/M]
/ 2"~ (b — 2)" (2" + ") TGN (da)] C de =Mt s Y dR e KR ank
0 I'(A)
K=0
ZpHT
716"t
A7 (1_p_ ’LLK,Ul, T U, T 1)aA : Aﬂ (A715 1)
U;0,n-+1:V;1,1 .
Xipor tLuy 4 Lrgy By Y511 ' 3.2)
Zrbu"

B; B,(1-p — v —uK;uy, - ,urt;1) : B;(0,1;1)

byt
(<)
under the same existence conditions that (2.5).

I'(l14+ a+ BN)

NIT(1+a+ K
1

Zy (fv_* ; ﬁ) (Konhauser biorthogonal polynomials ([3], p. 304)), we obtain the following integral

If wetaked=u=1,M =1 and An,x =

] in the above integral, the polynomial sk [.] reduces to

Corollary 3.

Z1$u1

V) = W (—=N) T (1 + a + BN)
\) KZ KINIT(1 + a + K)

b . : I'(
/ 2P b —2) Nt a2 (xﬁ>:l : dz = a Mprtot
) ) 2
Zp XU

Zlbul

A; (1-p—uK;uy, - yupt;1), A A (A 151)

U;0,n,-+1:V;1,1 .
Xipip+1,qi,+1,73,: R Y511 ’ (3.3)

Z(f;; B; B,(1-p—v — uK;ul,'o < up,t;1) 2 B;(0,1;1)
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under the same existence conditions that (2.5).

Taking /3 = 1, the konhauser polynomial reduces in Laguerre polynomials Lg\?‘) (z) and we obtain

Corollary 4.
Zl.’ll'ul
b . N K
_ _ _ _ I'(v) b*(—N)g['(1+ a+ N)
p—1 b— v—1/_.t t /\La J . dr = )\tbp+v 1
/o”“‘ (b—2)"" (@' +a)) L () r—a AKZZO s
Zp XU
Zlbu1
A; (1-p—uK;uy, -+ yup,t;1), A Ay (N 151)
U;0,n,+1:V;1 .
J 7p::+1 Qiy +1 sTig ‘RY51,1 ' (3‘4)
zbbr )

B; Bv(l'p_U_UK;ulv"' 7UT7t;]—):B;(0a]—;]—)

under the same existence conditions that (2.5).

N + a> 1

N (Oz + 1)K
o' =w =0,An g = (=)%', S¥(2) occurring therein breaks into the Laguerre polynomials ([10], p.159, Eq. (1.8))
and S%l (z) reduces to the Hermite polynomials ([10], p.158, Eq. (1.4)) and the integral (2.5) takes the following form :

IfwetakeviZWi:O:UZW(i:1,~~~ 7T)7d:u:1:m,AN,K:( ande:ulzlvm/:2,

Corollary 5.
Zl.’,Eul
b . N N’/Q] ’
- - - 1 - I'(v) DEHE (N e (—N")ager
p=1¢p _ Nv=1/_1 t\—ATa , — Atpp+v—1 2K
/03: (b—2)" (2" +a") L (z) Hy <2\/E>J . dz = a "' o) Z e
. K:O K'=0
Zp "
Zlbu1

Aa (1_p_UK7u17 7u7'1t71)7AA5(>‘7171)

/

<N+a> (_)K jU;O,nr-i-l:V;l,l
(

N o+ I)K X5pip+1,qi.+1,7, R, Y511 bu (35)
VA "
(byt | B Bllp—v—uKiun, o un 1) B0, 1)
a
under the same existence conditions that (2.5).

4. Conclusion.

The integrals (2.1) and (2.5) established here are unified and act as key formulae. Thus the multivariable Gimel-
function occurring in these integrals can be suitably specialized to a remarkably wide variety of special functions (or
product of several such special functions) which are expressible in terms of E, F, G, H, I, Aleph-functions of one or
more variables. Again the class of polynomials involved in the integral (2.5) reduces to a large number of polynomials
listed by Srivastava and Singh ([10], p.158-161), therefore, from the integral (2.5) we can further obtain various
integrals involving a number of simpler polynomials.
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