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Abstract — In this paper we obtain new type of best proximity point theorems for new symmetric rational cyclic 

contraction in metric space . These results generalize and improve some main results in Yadav et al. 

(Best proximity point theorems for MT-K and MT-C rational cyclic contractions in metric spaces.)    
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1. Introduction 

 

Let (X, d) be a metric space and let A and B be nonempty subsets of X. A mapping T on  is called a 

cyclic mapping if  and .  is called a best proximity point if 

 is satisfied, where . In 2003 Kirk et al. [8] 

gave the first result in cyclic contraction. After that several fixed point and best proximity point results have 

been proved in cyclic contraction. Some of these works may be noted in [2,4,5,7]. Eldred, Kirk and Veeramani 

[1] proved the existence of a best proximity point for relatively non-expansive mappings using the notion of 

proximal normal structure.  

 

In 2006, Eldred and Veeramani [3] introduced the concept of cyclic contraction as follows. 

  

Definition 1.1. [3] Let A and B be nonempty subsets of a metric space (X, d). A map  is 

called a cyclic contraction if the follow conditions hold: 

 

(1)   and  .  

(2) There exists  such that  for all  and 

.  

 

Eldred and Veeramani [3] first established the following interesting best proximity point theorem.  

 

Theorem 1.2. ([3], Proposition 3.2 ).  Let A and B be nonempty closed subsets of a complete metric space X. 

Let  be a cyclic contraction map, let  and define . 

Suppose  has a convergent subsequence in A. Then there exists  such that  d(x, T x)  =  dist(A, B).  

 

2. Preliminaries 

 

We define MT-function which will be used throughout the paper to get the best proximity point theorems.  

 

Definition 2.1 (See [9]) A function  is said to be an MT-function if  

for all   (Mizoguchi-Takahashi’s condition [11]). 

  

     It is obvious that if  is a non-decreasing function or a non-increasing function, then  is 

an MT-function. So, the set of MT-functions is a rich class, but it is worth to mention here that there exist 

functions which are not MT-functions.  

 

Example 2.2. (See [11])     be  defined by  

 
Since  is not an MT-function. Very recently, Du. [11] first proved some 
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characterizations of MT-functions.  

 

Theorem  2.3.   be a function. Then the following statements are equivalent.  

(a)  is an MT-function,  

(b) For each  , there exists  and  such that  for all 

.  

(c) For each , there exists  and  such that  for all 

.  

(d) For each , there exists  and  such that  for all 

.  

(e) For each , there exists  and  such that  for all 

.  

(f) For any non-increasing sequence  in  we have   

(g)  is a function of contractive factor [10]; that is, for any strictly decreasing sequence  in 

, we have   

 

In this paper, we will establish some best proximity point theorems for MT-K rational cyclic and MT-C rational 

cyclic contractions.  

 

3. Best proximity point theorems 

 

In this section, we first establish a convergence theorem which is one of the main results in this paper.  

 

Theorem 3.1.  Let A, B be nonempty subsets of a metric space  and  and  be maps. 

If there exists a non-decreasing function  and an MT-function  such 

that  

 

 

  
 

(1) 

for all  and  then there exists a sequence  in X such that  

 

 
 

Proof.  Let  be given. Define  and  for each . Then 

 and , for each . By (1), we have  

 

 

 

 

 

 



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 56 Issue 3- April 2018 

 

ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 203 

 

 

 

 
 

Since  is an MT-function, then from Theorem (2.3),  

 

 
 

So that we have    

Suppose     

Therefore  , since  we get 

  
 

(2) 

Similarly, from inequality (1), we have  

 

 

 

 

 

 

 

 
 

which implies that,  

 

 
 

(3) 

From (2) and (3), it follows that  

 

 

 

 

 
 

Hence inductively, we have  
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Since   we obtain   that is  

 

 
 

The following result is immediate from Theorem(3.1).  

 

Corollary 3.2. Let A, B be nonempty subsets of a metric space  and  and . If the 

pair of maps T and S satisfy MT-K condition, then there exists a sequence  in X such that  

 

 
Corollary 3.3.  Let A, B be nonempty subsets of a metric space. Suppose that the mapping   and  

 satisfies K-rational cyclic condition. For a fixed element  in A, let  and 

. Then  )  d(A, B). 

 

 

Theorem 3.4. Let A and B be a nonempty closed subsets of a metric space (X, d) and  and  

 be maps. Suppose that there exists a non-decreasing function  and an MT-

function  such that 

 

 

  
 

(4) 

for  all  and  .  If  , define  and  ,   , then 

the sequence  is bounded.  

 

Proof.  It follows from Theorem (3.1), that   is convergent and hence it is bounded. Suppose  

 be a subsequence of  which converges to some element x in A. Since the maps T and S satisfies 

MT-K rational cyclic condition, we get  

 



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 56 Issue 3- April 2018 

 

ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 205 

 
 

Hence from Theorem (3.1), } converges to d(A, B). So the last inequality implies that 

. Therefore the sequence is bounded. Hence the sequence  is also 

bounded.   

 

The following result is a special case of Theorem (3.4).  

 

Corollary 3.5. Let A and B be a nonempty closed subsets of a metric space (X, d) and   

and  be maps. If the pair of maps T and S satisfies MT-K rational cyclic condition. If , define 

 and ,  then the sequence   is bounded.  

 

Corollary 3.6. Let A and B be a nonempty closed subsets of a metric space. Suppose that the mappings 

  and  form a K-rational cyclic map between A and B. For a fixed element  in A, let 

and . Then the sequence   is bounded.  

 

Theorem 3.7.  Let A and B be a nonempty subsets of a metric space (X, d) and   and  be 

maps. If there exists a non-decreasing function   and an MT-function 

 such that 

 

 

  
 

(5) 

for  all  and  ,  then there exists a sequence  in X such that  

 
Proof.  Let  be given. Define   and  for each . Then 

 and   for each .  By (5), we have  
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Since  is an MT-function, then from Theorem (2.3),  

 

 
 

So that we have    

Suppose     

Therefore  , since  we get  

 

  
 

(6) 

Similarly, from inequality (5), we have  

 

 

 

 

 

 

 

 
 

which implies that,  

 

  
 

(7) 

 

From (6) and (7), it follows that  
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Hence inductively, we have  

 

 

 

 

 
 

Since   we obtain   that is  

 

 
 

Corollary 3.8. Let A, B be nonempty subsets of a metric space  and .  If the pair of maps 

T and S satisfies MT-C condition, then there exists a sequence  in X such that  

 
 

Corollary 3.9. Let A, B be nonempty subsets of a metric space. Suppose that the mapping  and 

 satisfy C-rational cyclic condition. For a fixed element  in A, let  

 and   .  Then .  
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