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Abstract — In this paper we obtain new type of best proximity point theorems for new symmetric rational cyclic
contraction in metric space (X, d). These results generalize and improve some main results in Yadav et al.
(Best proximity point theorems for MT-K and MT-C rational cyclic contractions in metric spaces.)
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1. Introduction

Let (X, d) be a metric space and let A and B be nonempty subsets of X. A mapping T on A U E is called a
cyclic mapping if T(A) S B and T(B)SA. x€EAUBE is called a best proximity point if
d(x,Tx) = d(A, B) is satisfied, where d (A, B) = inf d (x,v):x € A, ¥ € B. In 2003 Kirk et al. [8]
gave the first result in cyclic contraction. After that several fixed point and best proximity point results have
been proved in cyclic contraction. Some of these works may be noted in [2,4,5,7]. Eldred, Kirk and VVeeramani

[1] proved the existence of a best proximity point for relatively non-expansive mappings using the notion of
proximal normal structure.

In 2006, Eldred and Veeramani [3] introduced the concept of cyclic contraction as follows.

Definition 1.1. [3] Let A and B be nonempty subsets of a metric space (X, d). AmapT:AUE = AU E is
called a cyclic contraction if the follow conditions hold:

(1) T(A) €SB and T(B) S A
(2) There exists k € (0,1) such that d(Tx, Ty) < kd(x,y¥) + (1 — k)dist(A, B) for all x € A and
VEBE.

Eldred and Veeramani [3] first established the following interesting best proximity point theorem.

Theorem 1.2. ([3], Proposition 3.2 ). Let A and B be nonempty closed subsets of a complete metric space X.
Let T:AUE —+ AUBF be a cyclic contraction map, let x5 € A and define x4,y =Tx,, nEN,
Suppose {5, } has a convergent subsequence in A. Then there exists x € A such that d(x, T x) = dist(A, B).

2. Preliminaries

We define MT-function which will be used throughout the paper to get the best proximity point theorems.

Definition 2.1 (See [9]) A function ¢: [0,c0) — [0,1) is said to be an MT-function if lim__.+ ¢ (5) < 1
forallt € [0,00) (Mizoguchi-Takahashi’s condition [11]).

It is obvious that if ¢: [0,007) — [0,1) is a non-decreasing function or a non-increasing function, then @ is
an MT-function. So, the set of MT-functions is a rich class, but it is worth to mention here that there exist
functions which are not MT-functions.

Example 2.2. (See [11]) @: [0,22) — [0,1) be defined by
sin (t) 0.1/2
—,te (U,
0 ,otherwise.
Since lim, .+ @ (5s) =1,¢ is not an MT-function. Very recently, Du. [11] first proved some
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characterizations of MT-functions.

Theorem 2.3. ¢: [0,c0) — [0,1) be a function. Then the following statements are equivalent.
(@) @ is an MT-function,

(b) For each € [0,02) , there exists T:I:

sE(tt+ Eiljj

(c) For each t € [0,00), there exists T‘:E} and slr::

SE(tt+ Eizjj.

1) 1) ]

and £, > 0 such that @(s) =:rr"1 for all

>0 such that @(s) ":T:L:} for all

(d) For each t Ee[D,Dﬁ], there exists ’.t“r"ﬂ:I and E;Ej = 0 such that @(s) -=:*rr"3} for all
SE(tt+ Ef}j.
(e) For each t € [0,00) , there exists Tr"q} and E:}} = 0 such that @(s) ":T:H} for all

sE (Lt

(f) For any non-increasing sequence {x, }, e in [0,20) we have 0 < sup, .y @ (x,) < 1.

(g) @ is a function of contractive factor [10]; that is, for any strictly decreasing sequence {x,, },.en in
[0,00), we have 0 < sup, @ (x,,) < 1.

In this paper, we will establish some best proximity point theorems for MT-K rational cyclic and MT-C rational
cyclic contractions.

3. Best proximity point theorems
In this section, we first establish a convergence theorem which is one of the main results in this paper.
Theorem 3.1. Let A, B be nonempty subsets of a metric space (X, d) and T: 4 — E and 5: B — A be maps.
If there exists a non-decreasing function g: [0,227) — [0,22) and an MT-function ¢: [0,00) — [0,1) such

that

dx, Tx)d(x,5v) +d(v,5y)d(y, Tx
a2 e ) [LT 59 159t

+[1- 0 (u(dtx1))]da.B), &

forall x € Aand ¥ € B, then there exists a sequence {x,, } in X such that

lim d (x,.x,.,) = d(4,B).

n—roo

Proof. Letxy € A be given. Define X5,.1 = TX5, and X, = Sx,,_4 for each . € M U {0}, Then
X5, EAand x,,., € B, foreachn € M U {0}. By (1), we have

d(xy,x,) = d(Txp,5%,)
d(xg Txg)d(xg, 5%, ) + d 2y, Sxy)d(xy, Txg)
=@ (.u[d(xu,xlj)) [ d(xg Txg) +dl(xy,5%,)

+ [1 —e (;.L[d[xu,xlj))] d(4, B)
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[d (24,260 )d (g, x,) +d (24, 25)d (g, x4)
=¥ [“[dExDJJ)) L d[xurxij + d(xi.vxﬂj
- @[ﬂ(d[xl}’xl:!?ij(]d[ﬂ’ i)i[ ]
XX )d(xg,x,) +0
=@ (H[d[xu,xlj)) A0eqx,) l

+ [1 —e (;.L[d[xu,xlj))] d(4, B)
@ (Fv[dtxwxlj)) d(xg,xqy)+ [1 — @ (,u,[d (xu!xﬂ)}] d(A, B).

Since @ is an MT-function, then from Theorem (2.3),

0 < supo (d(x,.x,4,)) < 1.

nEM

So that we have 0 < sup, .y @ (p:[d (xu,xlj)} < 1.

Suppose Kk = Sup,.y @ (,u,[d[x[,,xlj)) < 1.
Therefore 0 = k << since @ (p:[d(x[,,xl])} = we get
dixqy,x,) = kd(xg,x,) + (1 — k)d(A, F).

(2)
Similarly, from inequality (1), we have
d(x,,x3) =d(5x,Tx,)
[d (x,,5%,)d(x,, Tx,) + d(x,, Tx,)d(x,,5%,)
= f_P (F’[d[xlrxzj)) | _ d(xlrsxlj + d[:x? Tx ]
+[1— o (u(dCxyx,)))| d(4,B)
[ (x,,,)d (2, x5) + d(x,,x5)d(x,,x,)
= f;J (L&[d[xl,xg])) — d(xy,x,) + d(x, %) l
+[1— o (u(dCxyx,)))| d(4,B)
[d(x,,%,)d Xy, Xg
=g (.u[d[xl,xgj)) (s r},:;x[ ) )+ 0] + [1 - @ (,u[d[xl,xgj))] d(4,B)
=@ (.u,[d[:xl,x:j)) d(xy,%;) + [1 - (p:(_d (xrx::]))] d(A, B),
which implies that,
dix,,3,) < kd(xy,x,) + (1 — k)d(A, F). 3)

From (2) and (3), it follows that
d(x,,%x5) = kd(xy,%,) + (1 —k)d(A,F)
< klkd(xgx,) +(1—k)d(A.B)]+(1—k)d(A E)
< k¥d(xgx,) +(k—k*)d(A,B)+ (1 —k)b(A,B)
= Iczd(xﬂ,xlj +(1— kzjd(ﬂ,ﬁj.

Hence inductively, we have

A (X Xper) < KA %py) + (1= K)d(A, B)
< KA (X g, %g) + (1 — k)d(4, B)
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<.
< k™d(xgx,) + (1 — k™)d(A, B).

Since 0 =< k < 1,weobtain lim_ ___ k™ = 0, thatis

lim d (x,,x,:,) = d(4,B).

1 —+0o

The following result is immediate from Theorem(3.1).

Corollary 3.2. Let A, B be nonempty subsets of a metric space (X, d)andT: 4 — Band5: B — A. If the
pair of maps T and S satisfy MT-K condition, then there exists a sequence {x,, } in X such that

lim d (x,.x,.,) = d(4,B).

1 =00
Corollary 3.3. Let A, B be nonempty subsets of a metric space. Suppose that the mapping T: A =+ E and
5: B — A satisfies K-rational cyclic condition. For a fixed element x5 in A, let X5,,21 = T'X4, and
Xy = Sxppy. Then d (X, 2,44) = d(A, B).

Theorem 3.4. Let A and B be a nonempty closed subsets of a metric space (X, d) and T: A — E and
5: B — A be maps. Suppose that there exists a non-decreasing function gtz [0,c0) — [0,20) and an MT-
function g: [0,00) — [0,1) such that

dix, Tx)d(x,5yv)+dlyv.S5y)d(y, Tx
s =0 i) LT d 59t 7

+11— o (u(d(x,3)))1d(4,B), @

for allx € Aand ¥ €EB. If x5 € A define X5,,41 = TX,, and X5, = 5%x5, 4
the sequence {x,, } is bounded.

n € N U {0} then

Proof. It follows from Theorem (3.1), that {d (x5, _1, 3,7 is convergent and hence it is bounded. Suppose
{xin;{} be a subsequence of x5, which converges to some element x in A. Since the maps T and S satisfies
MT-K rational cyclic condition, we get
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d[:x:nk,TxD) = d[SxEnk_l, Tx, )
< ( (d[x ))) -d[‘xin;{—irTxﬂ)d[:xﬂnk—lrsxzn;{—l) + d(xﬁ’sxﬂnk—l)d(xD!TxDj
A ekl d(xq, Tx) + d[xink—irsxzn;{—i)

+ [1 —@ (p: {d(xznk_l,x[;)))] d(4,B)
( (d[x . _Pxﬂ))) 'd[x:n;{—px« )d[x,.n 1 Txc,)—l- d(xg,Txﬁ]d[:xD,xznk)]

L d [x"n -0 X ) + d(xg, Txp)
+ [1 —@ (p: {d[xzn;{—rxu)))] d(4,B)

d[xnn X )r:i[xf.?2 1 Txg)]
= Q@ (Fﬂ (d(xﬂn;{—l’xﬁ))) d(x,,n —1s X )‘l‘ d(xg.; Txl]'j

+ [1 —@ (p: {d[xzn;{—rxu)))] d(4, Es‘]

d[xﬂn 1% )d[xzn —1r Txu)
=@ (F* (d[xﬂn;;—l’xﬂ))) | d [xzn;‘_.—l’ Tx,}) + d[xurxzn;{) i

+ [1 —@ (.ﬂl {d[xzn;{—rxu)))] d(4, B)
< cp(,u:(d[xznk_l,xﬁ)))d[xhk_l,x:nk)—|- [1— ( (d(tam-1x ﬁ)))]d(.q,sj.

Hence from Theorem (3.1), fd(%5,_1,%4,)} converges to d(A, B). So the last inequality implies that
d[:x:nk,i"xﬂ) < d(A, B). Therefore the sequence {x,} is bounded. Hence the sequence {x, } is also
bounded.

The following result is a special case of Theorem (3.4).

Corollary 3.5. Let A and B be a nonempty closed subsets of a metric space (X, d) and T:4A — B
and 5: A — E be maps. If the pair of maps T and S satisfies MT-K rational cyclic condition. If x5 € A, define
Xops1 = TXpyand Xp, = Sxo,_q, 1 € N then the sequence {x,,} is bounded.

Corollary 3.6. Let A and B be a nonempty closed subsets of a metric space. Suppose that the mappings
T:A— F and5: 4 — E form a K-rational cyclic map between A and B. For a fixed element X in A, let
Xgp3q = T, and X4, = S%5,_;. Then the sequence {x,,} is bounded.

Theorem 3.7. Let A and B be a nonempty subsets of a metric space (X, d)and T: 4 =+ B and 5: 4 — B be
maps. If there exists a non-decreasing function g:[0,00) — [0,00) and an MT-function
@:[0,00) — [0,1) such that

dix,Tx)d(x,5v)+dlv,5yv)d(y, Tx
WSO 15 Y PO YCA.

+[1- ¢ (#(dCx1))1d(4, B), ©

for allx € Aand ¥ € B, then there exists a sequence {x,, } in X such that
lim d (x,,x,4,) = d(4, B).

1 —*oo
Proof. Letx, € A be given. Define X5,5; = TX5, and X5, = Sx,,_4 for each 7t € W U {0}. Then
an EAand x,,., € B foreachn € N U {0}. By (5), we have
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d(xy,%,) = d(Txp,5%,)

[d (x0, Txg)d (g Sx,) + di(x,,Sx,)d(x,, Tx,y)
=@ (.Hl[d[xg,xlj)) _ d(stxlj ¥ d(xl, Txc,:] ]
+ [1 —o (p[d[xu,xlj))] d(4, B)

E! (g2 )d (g, x5) +d 2y, 2,)d (2, x4)

Z @ (.H[d[xu,xlj)) _ d(xgx,) +d(xy,xy) ]

+ :1 —o (p[d(xu,x_l:])): d(4, B)

< ¢ (u(d(xex0)) d(xwxijr;;;:j - nl

+ :1 — @ (p[d(xu,xij)): d(4, B)

=@ (.u[d[x[,,xlj)) d(xg,%1) + [1 - {ﬁ[d (xurxﬂ))] d(A, B).

Since ¢ is an MT-function, then from Theorem (2.3),

0 < supg (d(x,,%,24)) < 1.

neEM

So that we have 0 = sup,,-y @ (p,[d (xc,,xlj)} < 1.

Suppose k = sup,.y @ (p[d(xn,xlj)) < 1.
Therefore 0 < k << 1, since @@ (_Lt[d[x[,,xlj)) < k, we get

dixy,x,) = kd(xg,x,) + (11— k)d(A, B). ©)
Similarly, from inequality (5), we have
d(x5,%x3) = d(Sx,,Tx,)
[d(x,,5x,)d(x,, Tx,) + d(x,,Tx,)d(x,,5%,)
= dlx,,x, = = = =
=9 (,u:( (s x‘j)) d(xy,Tx,) +d(x,,5x,)

+ :1 — e (,u[d[xl,x;])) d(A,B)

=g (-“'(d [xl,xzj))

E! (xy.25)d (2, x5) + d(xzr-x:a]d(x:rxzjl
. L d(xy,%5) +d(x5,x;)
+ _1 — @ (ﬂ[d[xlrxzj))_
< o (u(dGer)) [d[xl,xiix;;cﬂ - 0] +[1- o (u(dCex))]d(a,B)

d(4,B)
=@ (ﬂ[d[xirxzj)) d(x, %) + [1 - @ (.ﬂ[d (xirxzj))] d(A,B),

which implies that,

dixq,%,) < kd(xy,x,) + (1 —k)d(A, B). @)

From (6) and (7), it follows that

d(x,,x5) < kd(xy,%,) + (1 — k)d(4, B)
< k[kd(xgx,) + (1 — K)d(A,B)] + (1 — k)d(A, B)
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k2d(xg %)+ (k —k*)d(A B)+ (1 —Kk)b(A,B)

<
< k*d(xg%,) + (1 — k*)d(A, B).

Hence inductively, we have

d (X Xnsy) € kd(2y,%,1) + (1= k)d(4, B)
< K2d (X, Xnes) + (1 — K?)d(4, B)

Ta

< k™d(x,%,) + (1 — k™)d(4, B).

Since 0 =< k < 1,weobtain lim, . k™ = 0, thatis

lim d (x,,x,4,) = d(4, B).

1 —+00

Corollary 3.8. Let A, B be nonempty subsets of a metric space T: A = B and 5: A — E. If the pair of maps
T and S satisfies MT-C condition, then there exists a sequence {xn} in X such that
lim d (x,,x,:,) = d(4,B).

—oa

Corollary 3.9. Let A, B be nonempty subsets of a metric space. Suppose that the mapping T: 4 — B and
5: A — F satisfy C-rational cyclic condition. For a fixed element x in A, let
Xopsq = Tx5, and X5, = Sxo,_g . Thend(x,,x,:,) = d(4,F).
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