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Abstract :  

                    In this paper, we introduce a new type of linear operator called (3,2)-jection operator on a linear 

space and then we find an innovative result. 
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Introduction : 

 It is well known that projection plays a pivatal role in functional analysis and linear algebra hereat to 

develop functional analysis and linear algebra, we take care of the tractable generalisation of this operator. 

 In this paper, we introduce a new type of linear operator called a (3, 2)-jection operator which is a 

generalisation of projection operator in the sense that every projection is a (3, 2)-jection operatior but a (3, 2)-

jection operator is not necessarily a projection. Here we study (3, 2)-jection on R2 or C2 and find an innovative 

result. 

 

Requisite : 

Linear operator : The operator T on a linear space L is said to be a linear operator if 

     T x y T x T y        for all x , y L  and for scalars   and  . 

Projection operator  : The operator T on a linear space L is a projection on some subspace M of L if 

T2=T. 

(3, 2)-jecion operator : The operator E on a linear space L is said to be a (3, 2)-jection operator if E3 = 

E2. 

Theorem : Let E be a (3, 2)-jection on R2 and C2 then either E is a projection or E2=0. 

Proof : Let E (x, y) = (ax + by, cx + dy) 

  where  
2 2

x , y R or C   

  and a, b, c, d are scalars. 

We have, 

  
2

E x , y  =   E E x , y  

  =  E ax by , cx dy   

  =         a ax b y b cx d y , c ax b y d cx d y       

  =         
2 2

a b c x ab b d y , ac cd x b c d y       
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  =  px qy , rx sy   

  where, 

   
2

p a b c  .....................................................................(1) 

   q ab b d  ....................................................................(2) 

   r ac cd  .....................................................................(3) 

   
2

s b c d  .....................................................................(4) 

and, 

  
3

E x , y    
2

E E x , y  

   E px qy , rx sy    

          a p x q y b rx sy , c p x q y d rx sy        

          ap b r x aq b s y , cp d r x cq d s y        

 For E to be a (3, 2)-jection, we have 

  E3 = E2 

 Comparing the co-efficients of like terms, we get 

   ap br p a 1 p br 0      ........................................................(5) 

   & aq bs q a 1 q bs 0      ....................................................(6) 

   & cp dr r cp d 1 r 0      .....................................................(7) 

   & cq ds s cq d 1 s 0      .....................................................(8) 

 Here we consider the following two cases: 

Case-1 : When a = 1 

  Then from (5) and (6), we get 

  br = 0 and bs = 0 

  Therefore, either b = 0 or r = s = 0. 

Case-1.1. : By taking b = 0, we get 

   p = 1..................................................................{from (1)} 

   q = 0   {from (2)} 

   r = c (1 + d)  {putting a = 1 in  (3)} 

   s = d2   {from (4)} 

 

 Putting p = 1 and r = c (1 + d) in (7), we get 

   c + (d – 1) c (1 + d) = 0 

       c 1 d 1 d 1 0      

    
2

c 1 d 1 0     
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2

cd 0   

 Thus, either c = 0 or d = 0 

 When taking c = 0, we get 

   (d–1) d2 = 0  {putting c = 0 and s = d2 in (8)} 

 Either d = 0 or d = 1. 

 By observing all the above, we get the following sub-cases: 

Subcase (1.1.1) : a = 1, b = 0, c = 0, d = 0 

 we find 

  E (x, y) = (x, 0) 

 and E2 (x, y) = E (x, 0) = (x, 0) 

Here, E2 = E 

Hence E is projection 

Sub-case (1.1.2) : a 1, b 0 , c 0 , d 1     

 So, we find 

     E x , y x , y  which is obviously a projection. 

Sub-case (1.1.3) : a 1, b 0 , c 0 , d 0     

 Here, we find 

     E x , y x , cx  

 and    
2

E x , y E x , cx  

                  x , cx  

 Hence, E2 = E 

  This means E is a projection 

Case 1.2 : When r = s = 0 i.e. b 0  

 From (3) and (4), we get 

 c (1 + d) = 0 and bc + d2 = 0 

  c 0 o r d 1     and bc + d2 = 0 

 By taking c = 0 and bc + d2 = 0, we get 

  d = 0 

 and by taking d = –1 and bc + d2 = 0, we get 

  bc = –1 

  
1

c
b


   

 Thus, we get the following sub-cases: 

Sub-case 1.2.1 : a = 1, c = 0, d = 0 

  then we find 

      E x , y x b y , 0   
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  and  
2

E x , y   E x b y , 0   

     x b y , 0   

 Here 
2

E E E   is a projection. 

Sub-case 1.2.2 : When a 1, c 0 , b 0 , d 1      

 Here, we find 

   
1

E x , y x b y , x y
b

 
    
 

 

  and  
2

1
E x , y E x b y , x y

b

 
    

 
 

  = 
x x

x b y x b y , y y
b b

 
      

 
 

  = (0, 0) 

  i.e. 
2

E 0  

Hence, we conclude that when a = 1 then 

Either E is a projection or E2 = 0 

Similarly, we can deal with the case when d = 1 because equations are symmetrical in a and d. 

Case 2 : When a 1  

Now from (5), we get 

  (a–1)p = –br 

  
p b

r a 1


 


......................................................................................(2.1) 

 and, from (7), we get 

  cp = –(d–1)r 

  
 d 1p

r c

 
  .................................................................................(2.2) 

 from (2.1) and (2.2), we get 

  
 d 1b

a 1 c

 



 

     b c a 1 d 1     

  
b c

d 1
a 1

  


 

  
b c

d 1
a 1

  


 

  
b c a 1

d
a 1

 
 


...............................................................................(2.3) 

 Now, from (2), we get 
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  q = b (a + d) 

   
b c a 1

b a
a 1

  
  

 

   {using (2.3)} 

     
b

a a 1 b c a 1
a 1

    


 

    
2

b
a a b c a 1

a 1
     


 

    
2

b
a b c 1

a 1
  


 

    
b

p 1
a 1

 


   {using (1)}............................(2.4) 

Again, from (3), we get 

  r = c (a + d) 

    
c

p 1
a 1

 


.................................................................................(2.5) 

 Substituting the value of r from (2.5) in (5), we get 

     
c

a 1 p b p 1 0
a 1

 
    

 

 

     
2

a 1 p b c p 1 0      

       
2 2

a 1 p p a p 1 0       {putting bc = p–a2 from (1)} 

   
2 2 2 2

p a 2 a 1 p p a p a 0         

  
2 2 2 2

p a 2 a p p p p a p a 0         

  
2 2

p 2 a p a 0     

   
2

p a 0    

    p = a............................................................................................(2.6) 

 Putting the value of p = a from (2.6) in (2.4), we get, 

     
b

q a 1
a 1

 


 

  i.e. q = b..................................................................................... (2.7) 

 and, putting the value of p = a from (2.6) in (2.5), we get, 

     
c

r a 1
a 1

 


 

  i.e. r = c...................................................................................... (2.8) 

 Now, substituting bc = p – a2 from (1) in (2.3), we get 
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  d = 

2
p a a 1

a 1

  


 

   

2
a a a 1

a 1

  



  {putting p = a from (2.6)} 

   

2
a 2 a 1

a 1

  



 

   
 

2
a 2 a 1

a 1

  



 

   
 

2

a 1

a 1

 



 

   = – (a – 1) 

   = 1 – a 

  i.e d = 1 – a............................................................................... (2.9) 

 Putting d = 1 – a from (2.9) and q = b from (2.7) in (6), we get 

   s = 
 1 a q d b

d
b b


   

  i.e. s = d...........................................................................................(2.10) 

 Finally, we get 

  p = a, q = b, r = c, s = d 

 and then 

   
2

E x , y  =  p x q y , rx s y   

    =  a x b y , c x d y   

    = E (x, y) 

  i.e.   E2 = E 

      E is a projection. 

 Furthermore, we observe that equation (5), (6) (7) and (8) are satisfied by  

 p = q = r = s = 0 

  In this case, we get 

       
2

E x , y 0 , 0  

  i.e. E2 = 0 

 So, we need to show that this case exists also, 

 By setting p = 0, we get 

  
2

a b c 0     {from (1)}.........................................(3.1) 

 By setting s = o, we get 

  
2

d b c 0     {from (4)} ........................................(3.2) 

 Subtracting (3.2) from (3.1), we get 
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2 2

a d 0   

     a d a d 0     

  a d    

 Considering a = d, we get 

    q b a a     {putting d = a in (2)} 

  or q 2 ab  

   0 2ab     {providing q = 0} 

     Either a = 0 or b = 0 

 Taking a = 0, we get 

  d = 0    {as a = d} 

 From (3.1), we get 

  bc = 0 

    Either b = 0 or c = 0 

 Thus, we consider the following cases : 

Case [3.1.1] : 

 Taking a 0 , b 0 , c 0 , d 0     

 In this case, we get 

     E x , y b y , 0  

 and    
2

E x , y E b y , 0  

       = (0, 0) 

  i.e. 
2

E 0  

Case [3.1.2] : 

 Taking a 0 , b 0 , c 0 , d 0     

 In this case, we get 

     E x , y o , c x
 

 and E2 (x, y) = E(0, cx)
 

    
   = (0, 0)

 

  i.e 
2

E 0  

Case [3.1.3] : 

 Taking a 0 , b 0 , c 0 , d 0     

 In this case, we get 

     E x , y 0 , 0  

 and    
2

E x , y 0 , 0  

 i.e. 
2

E 0  

Case [3.2.1] : 
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 Taking a 0 an d b 0   

 Then from equation (3.1), we get 

  
2

a 0  

  a 0   which contradicts our assumption that a ≠ 0 

 so we take b 0  

 Therefore, from equation (3.1), we get 

  

2
a

c
b


  

 and from equation (2), we get 

   q b a d   

   0 b a d     {because q = 0} 

  a d 0    

  d a   ..........................................................................................(3.3) 

 In this case, we observe also that 

  r = c (a + d)   {from (3)} 

   = c (a – a)   {from (3.3)} 

   = 0 

 and  s = bc + d2   {from (4)} 

   = bc + a2   {from (3.3)} 

   = 0    {from (3.1)} 

 Thus from the above observation, we get 

  

2
a

c a n d d a
b


    

 Hence,  

2
a

E x , y ax b y , x ay
b

 
  
 
 

 

 and  

2

2
a

E x , y E ax b y , x ay
b

 
  

 
 

 

      

2 2 2
a a a

a a x b y b x a y , a x b y a x a y
b b b

      
      
    

    

 

        
3 3

2 2 2 2
a a

a a x a b a b y , x a a y
b b

  
      
  

  

 

   = (0, 0) 

  i.e. E2 = 0 

 Thus non-trivial cases also exist when E2 = 0. 

 Hence, we conclude that a (3, 2)-jection E on R2 or C2 is either a projection or 

 E2 = 0. 



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 56 Issue 4 – April 2018 

 

ISSN: 2231-5373                                  http://www.ijmttjournal.org                             Page 302 

 

References : 

1. CHEVALLEY, C : Fundamental concept of Algebra; Academic Press Inc., New York, 1956. 

2. DUNFORD, N. AND SCHWARTZ, J.: Linear operators, Part I; Interscience Publications. Inc. New York, 1967. 

3. EDWARDS, R.E. : Functional Analysis; Holt Rinehart and Winston, Inc., New York, 1965. 

4. HALMOS, P.R. : Finite-dimensional vector spaces; Van Nostrand, Princeton, N.J., 1958. 

5. KELLEY, J.L. Namioka, I. and others : Linear Topological space; (Van Nostrand), East-West Student Edition, India, 1968. 

6. LUSTERNIK, L.A. AND SOBOLEW, V.J. : Element of Functional Analysis; (Hindustan Publishing Corporation), India, 1961. 

7. PALEY, H. AND WEICHSEL, P.M.: A first course in Abstract Algebra; Holt. Rinehart and Winston, Inc., New York, 1966. 

8. RICKART, C.E. : General theory of Banach algebras; Van Nostrand, Princeton, N.J. 1960. 

9. RIESZ, F. AND NAGY, B. : Functional Analysis; Frederick Ungar, New York, 1955. 

10. ROYDEN, H.L.; Real analysis; The Macmillan Company, New York, 1964. 

11. RUDIN, W. : Functional Analysis : McGraw-Hill Book Company, Inc., New. York, 1973. 


