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Abstract: 

In this paper we obtain some results on fixed point theorem in cone rectangular metric space which extends 

some known results that are already proved in [8,14].  
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Introduction: 

Jungck [1] introduced the concept of commuting maps and proved the results that generalize the Banach 

contraction principle. Sessa [2] further gave the idea of weakly commuting maps thereby generalizing the 

commuting maps. Jungck [3] again extended this concept to compatible mappings. In 1998 [4] Jungck and Rhoades 

introduced the notion of weakly compatible maps. Compatible maps are weakly compatible but the converse is not 

true.  

It is during the year 2007 when Huang and Zhang [5] introduced the concept of cone metric space by 

replacing the range set of non negative real numbers of the metric d by the ordered Banach space. The existence of a 

common fixed point in cone metric space has been considered recently in [6-22] and references therein.  

In 2000 Branciari [6] introduced a class of generalized metric spaces by replacing triangular inequality by 

similar ones which involve four or more points instead of three and improved Banach contraction mapping principle.  

Recently, Azam et.al [7] introduced the notion of cone rectangular metric space and proved Banach 

contraction mapping principle in a cone rectangular metric space setting. 

  

Preliminaries 

We recall some definitions and other results that will be needed in the sequel. 

Definition 1.1 [5]: Let E be a real Banach space and EP  . Then P is said to be a cone if it satisfies the 

following condition: 

i) P is a non-empty closed subset of E and  P  . 

ii) If ,0,0,,,,  baRbaandPyx then Pbyax  . 

iii) If PxandPx  , then x . 

Cone induces a Partial order relation 

We can define a partial order relation on E  with respect to the cone P in the following way yx  if and only if

Pxy  . Also yx  if and only if Pxy int  and yx  implies yx  but yx  . If Pint  then 

the cone is a solid cone. 

 

 

 

Definition 1.2[5]: Let X be a set and EXXd : satisfying  

i) Xyxyxd  ,,),(  and ),( yxd if and only if yx  . 

ii) Xyxxydyxd  ,),,(),( . 

iii) Xzyxyzdzxdyxd  ,,),,(),(),( . 
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Then d is called the cone metric and the pair ),( dX is called the cone metric space. 

E.g. 1 [5]: Let
2

RE  and }0,0:),{(
2

 yxRyxP , RX  and 

.0,,),,(),(   Xyxyxyxyxd Then ),( dX is a cone metric space and P is a normal  

cone with normal constant 1. 

There are two different kinds of cones: normal (with a normal constant K ) and non-normal  

cones. Let E  be a real Banach space, EP  a cone and   the partial ordering defined by P .  

Then P is said to be normal if there exist positive real number K such that for all Pyx ,  

yx  implies yKx  .   

Or, equivalently if nzyx
nnn

 , and .limlimlim xyxzx
n

n
n

n
n

n




 

The least of all such constant K is known as normal constant. 

Definition 1.3 [7]: Let X be a set and EXXd : satisfying  

i) Xyxyxd  ,,),(  and ),( yxd if and only if yx  . 

ii) Xyxxydyxd  ,),,(),( . 

iii) },{\,,,,),,(),(),(),( yxXzwandXwzyxywdwzdzxdyxd  . 

Then d is called the cone rectangular metric and the pair ),( dX is called the cone rectangular metric space. Every 

cone metric space is a cone rectangular metric space but the converse is not true in general. 

Example 2 [7]: Let NX  and 
2

RE  and }.0,:),{(  yxEyxP  define EXXd : as follows: 

 















otherwise

yxbutinareyandxif

yxif

yxd

),3,1(

}2,1{),9,3(

),0,0(

),(  

Now ),( dX is a cone rectangular metric space but not cone metric space because it lacks triangular property: 

)6,2()3,1()3,1()2,3()3,1()2,1()9,3(  ddd as .)3,1()6,2()9,3( P  

Example 3 [10]: Let },,,{ ecbaX 
 
and 

2
RE  and }.0,:),{(  yxEyxP  define  

 

EXXd : as follows: 

 

 




























),,2(),(),(),(

),,1(),(),(

),,3(),(

,,),,(),(

,),0,0(),(







ecdebdead

cbdcad

bad

Xyxyxdxyd

Xxxxd

  

 

Where 0 is a constant. Then ),( dX is a cone rectangular metric space but not cone metric  

space since it lacks triangular property: 

),(),3( bad and )2,2(),1(),1(),(),(   bcdcad but  

Pbadbcdcad  ),1(),3()2,2(),(),(),(  therefore ),(),(),( bcdcadbad  is not  

true. 

Lemma 2.1[17]: Let P a cone and .,, Ezyx  . We have the following properties 

i) .intint PPP   in particular we have .intintint PPP   

ii) .intint PP  where .0  
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Remark 2.2[19]: Let P a cone and .,, Ezyx 
 

i) If yx  and zy  then .zx     

ii) If yx  and zy  then .zx   

Definition 2.3 [7]: Let  dX , be a cone rectangular metric space. Let }{
n

x be a sequence in X  

and Xx  . If for every Ec  with c there is N such that for all Nn  , cxxd
n

),( . Then  

}{
n

x is said to be convergent to x  and x is the limit of }{
n

x . We denote this by   

)(,lim 


nxxorxx
nn

n

. 

Definition 2.4 [7]: Let  dX , be a cone rectangular metric space. Let }{
n

x be a sequence in X . If  

for any Ec   with c  there is N such that for all Nn  , cxxd
mnn




),( . Then }{
n

x is said  

to be a Cauchy sequence in X . 

Lemma 2.5[7]: Let  dX , be a cone rectangular metric space and P be a normal cone with  

normal constant K . Let }{
n

x be a sequence in X . Then }{
n

x converges to x  if and only if  

0),( 
n

xxd  as n . 

Lemma 2.6[7]: Let  dX , be a cone rectangular metric space and P be a normal cone with  

normal constant K . Let }{
n

x be a sequence in X . Then }{
n

x is a Cauchy sequence if and only if  

0),( 
 mnn

xxd  as n . 

Lemma 2.7[5]: Let  dX , be a cone metric space and P be a normal cone with normal constant  

K . Let }{
n

x be a sequence in X . If }{
n

x converges to x  and }{
n

x converges to y  then yx  . 

Lemma 2.8 [5]: Let  dX , be a cone metric space. Let }{
n

x be a sequence in X . If }{
n

x
 

Converges to x  and }{
n

x is a Cauchy sequence. 

But the above two lemma‟s, namely lemma 2.7 and lemma 2.8 is not true in general in case of  

cone rectangular metric space. Consider the following example 

Example 4[10]: Let RE  and }.0:{  xRxP  let }{
n

x be a sequence in Q  and  

.,\, baQRba  We put },{,.......},........,,{
21

baxxxX
n

 and we consider EXXd : as  

follows: 

 

 






































.1),(

,,
1

),(

,,
1

),(

,,,,1),(

,,),,(),(

,),0,0(),(

bad

Nn
n

axd

Nn
n

bxd

mnNmnxxd

Xyxyxdxyd

Xxxxd

n

n

mn

 

We see that  dX , is not a cone metric space because we have 

.
6

5

3

1

2

1
),(),(),(

3232
 xbdbxdxxd
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However,  dX , is a cone rectangular metric space. Now since  nas
n

axd
n

,0
1

),( we obtain that 

.,  nasax
n

 Also   nas
n

bxd
n

,0
1

),(  then .,  nasbx
n  

Although the sequence }{
n

x is convergent but we have 1),( 
mn

xxd which means that }{
n

x is not  

Cauchy. 

Definition 2.9[7]: If every Cauchy sequence is convergent in  dX , , then  dX ,
 
is called a  

complete cone rectangular metric space. 

Definition 2.10 [11]: Let f and g be two self maps on X . If vgwfw  for some Xw   then 

w is the coincidence point of f and g and v is the point of coincidence of f and g . 

Definition 2.11[11]: Let  dX , be a cone metric space. If every Cauchy sequence is convergent  

then X is said to be complete cone metric space 

Let  dX , be a cone metric space.  

i) If vu  and wv  then wu  . 

ii) If cu  for each Pc int , then u . 

iii) If E is a real Banach space with cone P and if aa  where 10    and Pa  , then a . 

Definition 2.12 [4]: Let S  and T  be two self-mappings of a cone metric space  dX , .The pair  

 TS , is said to be weakly compatible if TSuSTu  whenever TuSu  for some Xu  . 

The following proposition is proved in [11]. 

Proposition 2.13 [11]:  If f and g be two weakly compatible maps on X. If f and g have unique  

point of coincidence vgwfw   then v is the unique common fixed point of f and .g  

Definition2.14 [8]: 

Let be a cone and   be the set of all continuous non decreasing function PP : such that  

i) tt  )( for all }.{\ Pt   

ii) the series 
 0

)(

n

n
t

  

converges for all }.{\ Pt   

Theorem 2.15[8]: Let  dX , be complete cone rectangular metric space let XXT :  satisfy  

the following:  

,,)),,((),( XyxyxdTyTxd  
 

Where 
 

 

Then T has a unique fixed point in X . 

The following result have been proved by M. Jleli, and B. Samet [10] 

Theorem 2.16[10]: Let  dX , be cone rectangular metric space and P be a normal cone with  

normal constant K . Suppose that a mapping  XXT :  satisfies the contractive conditions   

,,)),,(),((),( XyxyTydxTxdTyTxd  
  

for all Xyx , Where ).
2

1,0[  Then 

i) T has a unique fixed point in .X  

ii) For any ,Xx  the iterative sequence }{ xT
n

converges to the fixed point. 

Theorem 2.17 [14]: Let  dX , be cone rectangular metric space and suppose XXhgf :,,   

be three functions satisfying   

,,),,(),( Xyxhyhxdgyfxd  
  

Where ).1,0[ . If )()()( XhXgXf   and )( Xh is a complete subspace of X . Then gf , and  

h have a unique point of coincidence. Moreover, if ),( hf and ),( hg are weakly compatible, then  
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gf , and h have a unique common fixed point. 

 

Main result 

First we present few results whose proofs are similar to D.Türkoglu, M. Abuloha [19, Lemma 2,  

Lemma 3, Proposition 1]. 

Lemma 3.1: Let  dX , be Cone rectangular metric space. Then for each ,,0 Ecc  there exist  

0 such that Pxc int)(  whenever ., Exx     

Lemma 3.2: Let  dX , be Cone rectangular metric space. Then for each 0
1
c and  

,,,0
212

Eccc  there exist Ecc  ,0 such that 
1

cc  and 
2

cc  .  

For ,,0 Ecc  let }),(|{),( cyxdXycxB   and }0,|),({ cXxcxB  . Then, the  

collection },,:{ UBxBXxXU
c

  is a topology on .X  

Proposition 3.3: Every cone rectangular metric space is a topological space. 

But here we show that Cone rectangular metric space need not be a Hausdorff space. Consider the following 

example.   

Let RE  and }.0:{  xRxP  let }{
n

x be a sequence in Q  and .,\, baQRba  we put  

},{,.......},........,,{
21

baxxxX
n

 and we consider EXXd : as follows: 

 






































.1),(

,,
1

),(

,,
1

),(

,,,,1),(

,,),,(),(

,),0,0(),(

bad

Nn
n

axd

Nn
n

bxd

mnNmnxxd

Xyxyxdxyd

Xxxxd

n

n

mn

,  

Then }.0|{int  xRxP  Now .,, Xbaba   also we have 1),( bad  .  

 

Consider }
3

1
),(|{)

3

1
,(  xadXxaB and }

3

1
),(|{)

3

1
,(  xbdXxbB .  

Now consider Xx 
4

then
4

1
),(

4
xad  and .0

12

1

4

1

3

1
   

Therefore Pint
4

1

3

1
 i.e.,  

)
3

1
,(

3

1
),(int),(

3

1

444
aBxxadPxad  .  

Again }
3

1
),(|{)

3

1
,(  xadXxbB

 

We obtain that ).
3

1
,(

4
bBx   which implies that .)

3

1
,()

3

1
,(  bBaB  

Theorem 3.4: Let  dX , be cone rectangular metric space. Let XXhgf :,,  be three  

functions satisfying  

,,)),,((),( Xyxhyhxdgyfxd  
  

Where  . If )()()( XhXgXf   and )( Xh is a complete subspace of X . Then gf , and h  
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have a unique point of coincidence. Moreover, if ),( hf and ),( hg are weakly compatible, then  

gf , and h have a unique common fixed point. 

Proof: Let Xx 
0

be an arbitrary point of X . Since )()( XhXf  then there exist Xx 
1

such  

that )()(
10

xhxf  . Again for Xx 
1

and since )()( XhXg   there exist Xx 
2

 such that )()(
21

xhxg   

and so on. Therefore, we have )()(
1 nn

xfxh 


and )()(
12 


nn

xgxh ,...3,2,1,0n  

Then  

                                             

)),((

.......

)),((

)),((

)),((

),(),(

10

12

2

12

1

11

hxhxd

hxhxd

gxfxd

hxhxd

gxfxdhxhxd

n

nn

nn

nn

nnnn





























      

Similarly for ,...3,2,1,0k  we get, 

 

       
)),((),(

)),((),(

12012

202









k

n

knn

k

n

knn

hxhxdhxhxd

hxhxdhxhxd





   (2)

 

 

By using rectangular property and (2) we get, 

 

 

),(),(),(),(
42211040

hxhxdhxhxdhxhxdhxhxd 
 

)),(()),((),(
20

2

1010
hxhxdhxhxdhxhxd  

 

),(),(),(),(),(),(
644332211060

hxhxdhxhxdhxhxdhxhxdhxhxdhxhxd 
 

)).,(()),((

)),(()),(()),(()),((),(

20

4

3

0

10

20

4

10

3

10

2

1010

hxhxdhxhxd

hxhxdhxhxdhxhxdhxhxdhxhxd

i

i









  

By induction we have for each ,........4,3,2k
 

)).,(()),((),(
20

22

32

0

1020
hxhxdhxhxdhxhxd

k

k

i

i

k







        (3) 

Also by using rectangular inequality and (2) we get, 

 

 

.)),((

),(),(),(),(),(),(

4

0

10

544332211050








i

i
hxhxd

hxhxdhxhxdhxhxdhxhxdhxhxdhxhxd

  

By induction we have for each ,........4,3,2,1,0k
 

.)),((),(

2

0

10120 





k

i

i

k
hxhxdhxhxd         (4) 
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Using (3) in (2) we get, 

)),((),(
202 k

n

knn
hxhxdhxhxd 
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22

0

2010

2010

22

32

0
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22

32

0

10

)),(),(((

.)),(),(((

)).,(),(()),(),(((

)).,(()),(((

i

in

k

i

in

k

k

i

in

k

k

i

in

hxhxdhxhxd

hxhxdhxhxd

hxhxdhxhxdhxhxdhxhxd

hxhxdhxhxd









 

 

Using (4) in (2) we get, 

 

.)),(),(((

.)),(),(((

)),(((

)),((),(

0

2010

2

0

2010

2

0

10

12012

























i

in

k

i

in

k

i

in

k

n

knn

hxhxdhxhxd

hxhxdhxhxd

hxhxd

hxhxdhxhxd









 

Hence for each m we conclude  









0

2010
)),(),(((),(

i

in

mnn
hxhxdhxhxdhxhxd  .        (4) 

Since 






0

2010
)),(),((

i

i
hxhxdhxhxd converges, where  \),(),(

2010
Phxhxdhxhxd  and P is 

closed, then  .\)),(),((

0

2010
 Phxhxdhxhxd

i

i






 hence  

 


 0

2010
)),(),(((

i

in
hxhxdhxhxd  as n . 

Hence given c there exist a natural number Nn 
0

such that  

0

0

2010
,)),(),((( nnchxhxdhxhxd

i

in






 .            (5) 

Hence from (4) and (5), we get, 

.,),(
0

nnchxhxd
mnn




 

This implies that }{
n

hx is a Cauchy sequence in X . Since )( Xh is a complete subspace of X , there exist a point 

Xv  such that vhx
n
 . Also, we can have a point Xu  such that vuh )(  

We will prove ).()( ufuh   

Given c , we choose natural numbers 
21

, kk such that  
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.
3

),(,
3

),(
211

kn
c

hxhxdkn
c

vhxd
nnn




 

By rectangular property we have, 

..
333

)),(),(),(

)),((),(),(

),(),(),(

),(),(),(),(

1

1

1

11

knc
ccc

huhxdhxhxdhxvd

huhxdhxhxdhxvd

fugxdhxhxdhxvd

fuhxdhxhxdhxhudfuhud

nnnn

nnnn

nnnn

nnnn




















 

 
Where }.,max{

21
kkk 

 
Since c  is arbitrary we have ),( fuhud  therefore we get .)()( vufuh   

Similarly, we can prove that )()( uguh   so that we get vugufuh  )()()( . Which implies that v point of 

coincidence of gf , and .h Now we show that the point of coincidence is unique, if not let 


v be another point of 

coincidence of gf , and .h that is 


 vugufuh )()()( for some Xu 


. 

Then,  

 

)).,((

)).,((

).,(),(













vvd

huhud

gufudvvd



  

This implies that .vv 


 which proves the uniqueness of point of coincidence. Now since ),( hf and ),( hg are 

weakly compatible, then by the proposition 2.1 we conclude that gf , and h have a unique common fixed point.   

The following corollaries are the main result in [8] 

Corollary 3.5: Let  dX , be cone rectangular metric space. Let XXT :  satisfying  

,,)),,((),( XyxyxdTyTxd  
  

Where  . Then T  has a unique fixed point in .X  

Proof: Consider )()()( uTuguf  and )(uh identity mapping in the theorem 3.4, we get the  

desired result. 

Corollary 3.6: Let  dX , be cone rectangular metric space. Let XXhf :,  be three functions  

satisfying  

,,)),,((),( Xyxhyhxdfyfxd  
  

Where  . If )()( XhXf   and )( Xh is a complete subspace of X . Then f and h have a  

unique point of coincidence. Moreover, if ),( hf is weakly compatible, then f and h have a  

unique common fixed point in .X  

Proof: Consider )()( uguf   in the theorem 3.4, we get the desired result. 

The following corollary is the main result in [14] 

Corollary 3.7: Let  dX , be cone rectangular metric space. Let XXhgf :,,  be three  

functions satisfying  

,,)),,((),( Xyxhyhxdgyfxd  
  

Where ).1,0[  If )()()( XhXgXf   and )( Xh is a complete subspace of X . Then gf , and  

h have a unique point of coincidence. Moreover, if ),( hf and ),( hg are weakly compatible, then  

gf , and h have a unique common fixed point. 
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Proof: Consider tt  )(  in the theorem 3.4, we get the desired result 
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