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Abstract:

In this paper, We present the homotopy perturbation method (HPM) and Adomian De-
composition Method (ADM) to obtain a closed form solution of the (n+1)-dimensional Equal
Width wave equation with diffusion and dispersion term. These methods consider the use of the
initial or boundary conditions and find the solution without any discretization, transformation
or restrictive conditions and avoid the round-off errors. Few numerical examples are provided
to validate the reliability and efficiency of the three methods.
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Introduction

Many physical problems can be described by partial differential equations with variable co-
efficients in mathematical physics, and other areas of science and engineering. The investigation
of exact or approximate solutions to these partial differential equations will help us to under-
stand these physical phenomena better. There are some valuable efforts that focus on solving
the partial differential equations arising in engineering and scientific applications [2, 6, 7, 8, 12,
13, 24, 28]. Reviewing these improvements, the Adomian decomposition method [2, 12, 24],
the tanh method [6, 28], the extended tanh function method [7, 8] and other methods [13] are
proposed to solve the partial differential equations. Among these solution methods, Adomian
decomposition method is the most transparent method for solutions of thepartial differential
equations, however, this method is involved in the calculation of complicated Adomian poly-
nomials which narrows down its applications. To overcome this disadvantage of the Adomian
decomposition method, we consider the homotopy perturbation method to solve the partial
differential equations with variable coefficients. The homotopy perturbation method proposed
by J.H. He [14, 15] has been the subject of extensive studies, and applied to various linear and
nonlinear problems [1, 3, 4, 5, 9, 10, 11, 16, 17, 18, 19, 20, 21, 26, 27, 29]. Unlike analytical
perturbation methods, the significant feature of this method which doesnt depend on a small
parameter is that it provides the exact or approximate solutions to a wide range of nonlinear
problems without unrealistic assumptions, linearization, discretization and the computation of
the Adomian polynomials.
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The well-known Korteweg and de Vries (KdV) equation, u; + ut, + e = 0, is a nonlinear
partial differential equation (PDE) that models the time-dependent motion of shallow water
waves in one space dimension. Morrison et al. [26] proposed the one-dimensional PDE,u; +
Ul — Wz = 0, as an equally valid and accurate model for the same wave phenomena simulated
by the KdV equation. This PDE is called the equal width (EW) equation because the solutions
for solitary waves with a permanent form and speed, for a given value of the parameter u, are
waves with an equal width or wavelength for all wave amplitudes.

In this work, we have employed or the identification of HPM and ADM to solve (n+1)-
dimensional Equal Width wave equation with damping and damping term. Few numerical
examples are carried out to validate and illustrate the above two methods.

Let us consider the (n+1)-dimensional Equal Width Wave equation with damping term as,
Up = fi1Usyzt + f2Uagast + - -+ PnplUaye,t + VUG, + 0Us ey + B, (1)

under the initial condition
w(xy, Tay ..oy Tp,y 0) = ug(z1, T2y - . o, Tp), (2)

where p;,0 =1,2,...,n,5 and v are constants.

Homotopy Perturbation Method (HPM)
To describe the HPM, consider the following general nonlinear differential equation

A(u) — f(r)=0, reQ, (3)
under the boundary condition
ou
B(u,—) =20 0N 4
(1w 51) =0, reon 0

where A is a general differential operator, B is a boundary operator, f(r) is a known analytic
function and 0f2 is a boundary of the domain 2. The operator A can be divided into two parts
L and N, where L is a linear operator while NV is a nonlinear operator. Then Eq. (3) can be
rewrittten as

L(u) + N(u) — f(r) =0, (5)

Using the homotopy technique, we construct a homotopy: V(r,p): Q x [0,1] — R which
satisfies H(V.p)= (1-p) [L(V)-L(uo)] + p[A(V)) — f(r)] or

H(V,p) = L(V) — L(uo) + pL(uo) + p[N(V) — f(r)], r € Q, pe[0,1], (6)

where p € [0,1] is an embedding parameter, ug is the initial approximation of Eq. (3) which
satisfies the boundary conditions. Obviously, considering Eq. (6), we will have

H(V,0) = L(V) = L(uo) = 0,
H(V,1) = A(V) = f(r) = 0, (7)
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changing the process of p from zero to unity is just that V' (r, p) from ug(r) to u(r). In topology,
this is called the deformation also A(V')— f(r) and L(u) are called as homotopy. The homotopy
perturbation method uses the homotopy parameter p as an expanding parameter [23-25] to
obtain

V = v + poi + pva +P3U3+---=anvn- (8)
n=0

p — 1 results the approximate solution of eq (3) as
uz})i_r}r%V:vo—i—vl—l—vg%—...:?;)vn. (9)

A comparison of like powers of p gives the solutions of various orders.

Series (9) is convergent for most of the cases. However, convergence rate depends on the
nonlinear operator, N (V).

He [22] suggested the following opinions:

1. The second derivative of N (V') with respect to v must be small as the parameter p may
be relatively large.

2. The norm of L‘l%—jz must be smaller than one so that the series converges.

Now, we implement the HPM method to Eq.(1). According to HPM, we construct the
following simple homotopy

Ut +p[(_ﬂlux17x1t = M2Ugg ot — - T :unuzn,xnt) — VUlg, ] — OUgyq, — Bu = 0. (10)

With the initial approximation u(xy,...,z,,0) = ug(z1,xe, ..., x,), we suppose that the solu-
tion has the following form

w(zy,. .. T t) = u(1, ..., T, t) + pug (o1, ..o Ty t) + PPug(@y, .. T t) (11)

Insertion of eqn. (11) into eqn. (10) and equating the term with like powers of p, we get

6@6
0 0
p —= =VU. 12
ot 0 ( )
ou (93U (93/1,6 (93/1,6 ou
1 1 0 0 0 0
P — = + + ...+ — | T Vuo— + ﬁ . 1
b 9t (Ml ) %915 FLQa %9t Hn 91’%9t> 4 09 ) u 5ux1x1 ( 3)

8U2 @3100 33U0 83U0 E)ul (‘3u0
2 (O Puy o Py Qs 4y 20 14
T (“lax%at Thag gy o T gy | TV | togy, gy, | AUt (14)

and so on.
We solve Egs. (12)-(14), to get the values of ug, uq,us etc. Thus as considering Eq. (11) and
letting p = 1, we obtain the approximate analytic solution of Eq. (1) as

w(ry, .oy Ty t) = ug(xy, ooy Ty t) Fur (1, o Ty ) F un(Tr, -, X, )+ (15)
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Illustrations of HPM

In this section, we describe the above method by the following examples to validate the
efficiency of the HPM.
Example : 1
Consider the (n+1)-dimensional Equal Width wave equation with damping and diffusion term
and assuming the constants v = § = pu.s = 1 as,

Up = Ugyayt + Unpast + - - -+ Ugyont + Uy, + U+ Ugyay, (16)
under the initial condition
w(wy, o, . o 0, 0) = wg(w1, X2, ..., Tp) = 21+ To + ... + Ty (17)
Applying the homotopy perturbation method to Eq. (16), we have
Ut + Pl(—Uzy a1t — g zgt — - -+ — Uzyy znt) — Uy, — U — Ugyzy ] = 0. (18)
In the view of HPM, we use the homotopy parameter p to expand the solution
u(wy, g, ..., Ty, t) = U + puy + pPug + . .. (19)
The approximate solution can be obtained by taking p = 1 in Eq. (19) as
W1, oy . oo Ty, t) = ug +ug + ug + ... (20)

Now substituting from Eq. (18) into Eq. (17) and equating the terms with identical powers of
p, we obtain the series of linear equations, which can be easily solved. First few linear equations

are given as
ou
0. 0

o g, 21
P =0 (21)

ou u u Pu ou

1, Our 0 0 0 0
T (ax%at T T ax;z;at> gy, Tl teom. (22)

aUQ 83u0 83u0 83u0 8U1 aUO
2, QU2 _ o 4,2t . 2

P (ax%at ToZor T T amzar) T\ M0ae, T Mg, ) T T e (23)

Using the initial condition (17), the solution of Eq. (21) is given by
w(zy, Toy .oy Tpy 0) = ug(x, 29, ..., @) = (21 + 22+ ... + Ty). (24)

Then the solution of Eq. (22) will be
t
(93U0 (93U0 83U0 8u0
) L Ll 40N g4 25
w(@, . T ) 0/ ((ax%at oot T T anzat) T Mo (25)
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ur (1, o, ..oy Ty t) = 2(x1 + 0 + ...+ )L (26)
Also, we can find the solution of Eq. (23) by using the following formula

¢
Ay Ay Pug ouy Oug
[P Ep— dt. (2
u2($17 y Tyt 0/<8m%8t 8m§8t +...+ 6x,%8t + an o +UI81‘ + UL+ Ugy oy ( 7)
Ug(T1, T, ..o Ty t) = 3(2) + 20 + ...+ 1)1 (28)

etc. Therefore, from Eq. (24), the approximate solution of Eq.(16) is given as
Wy, Ty t) = (21 4+ xp) F 2+ )3 ) (29)
Hence the exact solution can be expressed as

(l‘1+$2++$n)
(1-1)? ’

(30)

w(zy, xe, ..., Ty, t) =

provided that 0 <t < 1.

IMustration of HPM for (341)-dimensional Equal Width wave equation with damp-
ing and diffusion term
Consider the (1+3)-dimensional Equal Width wave equation with damping and diffusion term
as,

Ut = Uggt + Uyt + Uzt + Uy + U+ Ugy, (31)

under the initial condition
u(z,y,2,0) =up(z,y,2) =+ y + 2. (32)
Applying the homotopy perturbation method to Eq. (31), we have
Up + Pl(—Ugzt — Uyyr — Uszr) — WUy — U — Ugy] = 0. (33)
In the view of HPM, we use the homotopy parameter p to expand the solution
u(z,y, 2,t) = uo + puy + pug + . .. (34)
The approximate solution can be obtained by taking p = 1 in Eq. (34) as
u(z,y, z,t) = up +up +ug + ... (35)

Now, substituting Eq.(34) into Eq.(33) and equating the terms with identical powers of p, we
obtain the series of linear equations. First few linear equations are given as

0' 8”0
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1 8U1 . ( 63U0 83u0 83U0> 8u0 (37>

P T\ oot T oot T 92201) T gy T 0T Heoo

, Ouy [ ug N Pug N Py N (9u1 u Oy
P "o T \ox20t T 920t T 0220t or T Vor

Then the solution of Eq. (36) using the initial condition (32) is given by

) + Uy + Uy, gy - (38)

u(z,y,2,0) =up(x,y,2) = (x +y + 2). (39)

We derive the solution of Eq. (37) in the following form

t
Pug Py Py Oug
4
w(z,y, 2,t) = 0/<8x26’t 8y28t+8228t o + Uy + Uz 2o dL. (40)

Also, we can find the solution of Eq. (38) by using the following formula

t

3 ok 0 0
(z,y,2,t) / ( il il 2o > + (uoul +u u0> + Uy + Uy, o, dE. (42)
0

020t | oy20t | 9220t or ' Ox

us(z,y, 2,t) = 3(x +y + 2)t°. (43)
etc. Therefore, from Eq. (35), the approximate solution of Eq.(31) is given as
u(z,y,z,t) = (x+y+2)+2@+y+2)t+3@+y+ )2 +. .. (44)

The exact solution is ( )
rT+yt+z
u(z,y, z,t) = N (45)

provided that 0 <t < 1.

HPM for (2+41)-dimensional Equal Width wave equation with damping and dif-
fusion term
Consider the (2+1)-dimensional Equal Width wave equation as,

Up = Ugqt + Uyt + Uty + U+ Ugy, (46>

under the initial condition
u(z,y,0) = ug(z,y) =z +y. (47)
Applying the homotopy perturbation method to Eq. (46), we have

Ut + Pl(—Ugat — Uyyt) — WUy — U — Uy, = 0. (48)
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In the view of HPM, we use the homotopy parameter p to expand the solution
u(z,y,t) = uo + pus + pPug + . ..
The approximate solution can be obtained by taking p = 1 in Eq. (49) as

u(x,y,t):u0+u1+uQ—|—...

(49)

(50)

Now, substituting Eq.(49) into Eq.(48) and equating the terms with identical powers of p, we

obtain the series of linear equations. First few linear equations are given as

1 8%1 83U0 83U()
P = +
ot 0x20t  Jy?0t

2 aUQ ( 83U0 83u0 ) < 8u1 8u0
— —'— 0

P T \owrar T arar) T\ "0 T ul@:c) UL Uy

Then the solution of Eq. (51) using the initial condition (47) is given by

Jug
+u08 +u0+um0m0

U(ZL’,y,O) = Uo(l’,y) = (ZL’ +y)

We derive the solution of Eq. (52) in the following form

t
o3u o3 Oug
1(z,y,t) /( 0 0>+u0 + Ug F Ugy g AL
0

8952825 dy?ot ox

uy(z,y,t) = 2(x + y)t.
Also, we can find the solution of Eq. (53) by using the following formula

¢
Pu Pu ou ou
x y, / < 0 0 ) + <’U,O; —{—Ul;) —|—u1 +Ux1’x1.dt.
0

83:2815 oy?0t

us(x,5,t) = 3(z + y)t*.
etc. Therefore, from Eq. (50), the approximate solution of Eq.(46) is given as
u(z,y,t) = (x+y)+2@+y)t+3x+y)t* +....

The exact solution can be expressed as

u(z,y,t) = T

ISSN: 2231-5373 http://www.ijmttjournal.org Page 386

(51)

(52)

(53)

(54)


SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 56 Issue 6  - April 2018


SSRG
Text Box
ISSN: 2231-5373                                  http://www.ijmttjournal.org                             Page 386


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 56 Issue 6 - April 2018

provided that 0 <t < 1.

Adomian Decomposition Method (ADM)

Consider the following linear operator and their inverse operators: L; = Ly, git = LR -

8t’ ox2ot?
t x; t

L,2,...,n. Li' = [()dt, Ly o.c = [ [()drdrdy, i = 1,2,...,n. Using the above notations,
0 00

Eq.() becomes

Lufu) = (Z aiLw,xu)) o AL (61)

i=1

operating the inverse operators L; ' to eqn. (61) and using the initial condition gives

ou

w(y, .oy Ty t) = up(1, ..oy Tyt (Z Ly, 2t >+VL ua—+ﬁL Yu)+6 L u(wy, zy).

(62)

The decomposition method consists of representing the solution u(xq, s, ..., z,,t) by the de-
composition series

w(zy, 9, ..., Ty, t) :Zuq(:vl,xg,...,xn,t). (63)

The nonlinear term u 5)“ is represented by a series of the so called Adomian polynomials, given

by
=> Ay(z1,70,...,2,1). 64
o = X Al ) (64
The component u,(x1, Za, . .., &y, t) of the solution u(zy,zs, ..., x,,t) is determined in a recur-

sive manner. Replacing the decomposition series (63) and (64) for u into eqn. (62) gives

Z Ug(1, 2, - Ty t) = U1, .., T, t) + L <Z aiin@ht(u))

—{—VLt_l Z Aq(ilj'l, T2y,...,Tnp, t) + 5L_1(U) + +5ZL(1€)_1$7,, [L’Z(U) (65)

q=0
According to ADM the zero-th component wug(x1,...,x,,t) is identified from the initial or
boundary conditions and from the source terms. The remaining components of u(zy, ..., x,,t)

are determined in a recursion manner as follows

UO(xlv-“axnat) :U()(I'l,...,xn), (66)

n

uk(‘xlv <oy T, t) = I/t_1 (Z aiin,wi,t<u>> +VL25_1(A/€)+7L_1(uk)—i_ﬁL_l(uk)+5L_1<urz,l"z>7 k 2 07
=1
(67)
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where the Adomian polynomials for the nonlinear term ug—x"l are derived from the following

recursive formulation,

A= ——— “u, "u, k=0.1,2....
BT Ak ((;m) (gAM))H’ oL (98)

First few Adomian polynomials are given as

GUJQ 8U1 8u0

Ay = uO@Tcl’ A= anixl + UlaTgl + BL™ (o) + 6L (g a0,
ou ou ou _ _
AZ = U2 895(1) + up 833'1 + ug axj + 5[1 1(u1) + 0L l(um,xl)? (69)

using eq.(67) for the adomian polynomials Ay, we get

u(](xly-“axnut) :U()(I'l,...,xn), (70)

M=

U (21, ..., Ty, t) = L;l ( aiin@i:t(uO)) + VL;l(AO) + 'YLil(UO) + (5L71(u10’10), (71)

)

i

u2<x1,...,xn,t>=Lgl( aiLx,.,x,.,twl))+uL;I<A1>+7L-1<ul>5L-1<u$17x1>+, (72)

1

1

and so on. Then the ¢-th term, u, can be determined from

q—1
uq:Zuk(xl,...,xn,t). (73)
0
Knowing the components of u, the analytical solution follows immediately.

Computations of ADM for (n+1)-dimensional Equal Width Wave equaion with
damping and diffusion term
Using Eqns.(68) and (69), first few components of the decomposition series are given by

wo(xy, ..y xy, t) = (x1 4+ ... + xp), (74)
(1, .oy Ty t) = 2(21 + .o+ 1), (75)
Ug (21, .., T, t) = 3(wy + ...+ 1)1, (76)
uz(21, ..., T, t) = 4(zy + ..+ 1)t (77)

Then by the decomposition series, we get the solution

o
u(zy, ... 20, t) = Y wp(w1,..., 20, 1),
k=0

Uz, ooy Ty t) Fur(xy, .oy Ty t) +ug(1, ooy, ) oo
= (o 4. +x)1+2t+ 37+ ..) (78)
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Hence, the exact solution is

(14 ...+ )
(1—1)?

(79)

w(xy, ..., xp,,t) =

Adomian Decomposition Method for (3+1)-dimensional Equal Width wave equa-
tion with damping and diffusion term

Using Eqns.(68) and (69), first few components of the decomposition series are given by
uo(z,y,2,t) = (x+y + 2), (80

u(x,y, z,t) = 2(x + y + 2)t, (
uy(w,y, 2,t) = 3(x +y + 2)t2, (82

us(z,y, 2,t) = 4(x +y + 2)t3, (

and so on. By the decomposition series, we obtain the solution

u(z,y, z,t) = Z ug(x,y, 2, t),
k=0

uo(z,y, z,t) + ur(z,y, 2, t) + us(x,y, 2,t) + ...,

= (x4+y+2)(1+2t+32+43+..) (84)
Therefore the exact solution is
(z+y+2)
u(z,y, 2,t) = RO (85)

provided that 0 <t < 1.

Adomian Decomposition Method for (2+1)-dimensional Equal Width wave equa-
tion
Using Eqns.(68) and (69), first few components of the decomposition series are given by
u0<l’,y,t> = (l'—l—y)a (
ua(,y,t) = 3(z + y)t*, (
U3(£L', Y, t) = 4(‘T + y)tga (

and so on. By the decomposition series, we get the solution

U(%?/J) = Z uk(xvya t)a
k=0

= uo(z,y,t) + wr(z,y, 1) + ua(2,y,t) + ...,
= (z4y)(1+2t+3°+4°+..)) (90)
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Therefore the exact solution can be expressed as

(z+y)
(1—1)%

u(z,y,t) =

provided that 0 <t < 1.

Conclusion

In this chapter, homotopy perturbation method and adomian decomposition method have
been successfully applied for solving (n+1)-dimensional Equal Width wave equation with damp-
ing and diffusion term. The solutions obtained by these methods are an infinite power series
for an appropriate initial condition, which can, in turn, be expressed in a closed form, the exact
solution. The results reveal that the methods are very effective, convenient and quite accurate
mathematical tools for solving (n+1)-dimensional Equal Width wave equation with damping
and diffusion. These methods, which can be used without any need to complex computations
except simple and elementary operations, are also promising techniques for solving other non-
linear problems.
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