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Abstract
Let G(V, E)be a graph with p vertices and ¢ edges. A (p,q) graph G(V, E) is said to be a square
difference graph if there exists a bijection f :V(G) —>{0,12,..., p—2L}such that the induced function
f*:E(G) — N, N is a natural number, given by f *(uv) =| [f (u)]> =[f (V)]? | for every edges uv in
G and are all distinct and the function f is called a Square difference labeling of the graph G . In this paper, we
prove S, S, P,uL,,C,uC, , L,uS,, C, 6 uUS, arethe square difference graphs.
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1. INTRODUCTION

Throughout this paper, by a graph we mean a finite, undirected, simple graph. The vertex set and the edge set of a
graph G are denoted by V (G) and E(G) respectively. Let G( p,q) be a graph with p =[V/(G |) vertices and q =| E(G |)
edges. Graph labeling ,where the vertices and edges are assigned real values or subsets of a set are subject to certain
conditions. A detailed survey of graph labeling can be found in [ 2]. Terms not defined here are used in the sense of
Harary in [3].There are different kinds of labelings in the graph labeling such as Graceful, Harmonious, Cordial,
Fibonacci, Square sum, etc. The concept of square difference labeling was first introduced in [1] and some results on
square difference labeling of graphs are discussed in [1,4,6]. In this paper we investigate some more graphs for
square difference labeling. We use the following definitions in the subsequent sections.

Definition 1.1[1]: A graphG(p,q) is said to be a square difference graph if there exists a bijection
f:V(G) ->{0,12,..., p —1}such that the induced function f*:E(G) — N, Nis a natural number given by
f*(uv) = [f(u)]> =[f (v)]* |for every edges uv in G and are all distinct and the function f is called a

square difference labeling of the graph G .

Definition 1.2[2]: A complete bipartite graph KLn is called a star and it has N +1 vertices and N edges and also

it is denoted as S, .
2. Main Results

Theorem 2.1: All the graph C_, W C, is a square difference graph.
Proof: Let C,, be the cycle graph with m vertices and m edges. Let C, be the cycle graph

with n vertices and N edges. Let V(C,)={u, : 1<i<m}.Let V(C,)={v, : 1<i<n}.
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Therefore V(C,, UC )={u, : 1<i<m ; v, : 1<i<n}.

Let E(C,) ={uu,,,:1<i<m-1;uu,}. Let E(C,)={vV,

i+1

(1<i<n-1; vyv,}.

Uu,, - 1<i<m-1,uu,
Therefore E(C,, WC, )= . :
Vv, : 1<i<n-1,vyv,

i+l

Thenwe have |V(C,wC,)|=m+n and |E(C,, UC )|=m+n.

Case (i) m<n

Subcase (i) (Both m and N are odd)

Define a bijection f from the verticesof C,, UC, t0o {0,12,...., m+n-1}
asfollows: f(u,)=i—1 if 1<i<m; f(v,)=m-1+i if 1<i<n.

Let f * be the induced edge labeling of f . The induced edge labels by f * as follows:
f*(uu,,)=2i-1 if 1<i<m-1; f*(uu,)=(m-1)>
f*(vv,)=2m+2i—-1 if 1<i<n-1; f*(vv,)=(2m+n-1)(n-1)
Subcase (ii) (M isodd and N iseven)

Define a bijection f from the verticesof C,, wC, to {0,12,...., m+n—-1}

.. .. Nn
as follows: f (u;)=i—1 if 1<i<m; f(v;)=m-2+2i if 1SISE
.. .. Nn
f(Vin):m—lJr 2i if 1SISE. Let f * be the induced edge labeling of f .
2

The induced edge labels by f * as follows: f *(u,u,,, ) =2i—-1 if 1<i<m-1;

)

i+1

f*(uu,)=Mm-17% ; f*(vy,,)=4m+2i-1) if 1si§(n

2 2 2 2

f*(vyv,)=02m+n-1)(n-1)

f*(vﬂvﬂ):(2m+n_l)(n_3) DR (Vi Vi ) =AM+ 20) if 1Si£(—n;2j;

Subcase (iii) (M iseven and N isodd)

Define a bijection f from the verticesof C,, wC,  to {0,12,...., m+n-1}
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asfollows: f(u;)=i—-1 if 1<i<m; f(v,)=m-2+2i if 1<i< (”;ﬂ

n-1
f(Vog ) =m-=1+2i if l<l<( > j Let f* be the induced edge labeling of f .
2

The induced edge labels by f * asfollows: f *(u.u,,,)=2i—-1 if 1<i<m-1;

f*(uu,)=M-17% ;f*(vy,)=4m+2i-1) if 1<i< (nzlj

i+1

f *(VLHVL*'B ) :(Zm + n)(n - 2) ; f *(Vn+1+2| n+3+2i
2 2 2 2

f*(vy,)=(2m+n-2)(n-2)

Subcase (iv) (Both m and N are even)

Define a bijection f from the verticesof C,, wC, to {0,12,..., m+n-1}

as follows: f(u;)=i—1 if 1<i<m; f(v,)=m—-2+2i if 1£i£g

f(v n+2.) m-1+2i if 1<i< et f* be the induced edge labeling of f .

2

NS

The induced edge labels by f * asfollows: f *(u,u;,,)=2i—-1 if 1<i<m-1;

(U, ) =M=D% :f*(vy,)=4m+2i-1) if 193[”;2);

f *(VEVL"'Z ) :(Zm +n _1)(n - 3) f *(Vn+2| n+2+2i
2 2 2 2

f*(vyv,)=(2m+n-1)(n-1)

)y=4(m+2i) if 1sis(n;2

Case (i) (m=n)

Subcase (i) (M=3 and n=3)

Define a bijection f from the verticesof C,, UC, to {0,12,...., m+n-1}
asfollows: f(u,)=i—1 if 1<i<3; f(v,)=2+i if 1<i<3.

Let f* be the induced edge labeling of f . The induced edge labels by f * as follows:

f*(uu,)=2i—-1 if 1<i<2; f*(uu,)=4;

y=4(m+2i) if 1sis(n;3j;

2018
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f*(vv,,)=2i+5 if 1<i<2; f*(vyv,)=16.

Subcase (i) (m>3 and n>3)

Define a bijection f from the verticesof C,, wC, to {0,12,...., m+n-1}
asfollows: f(u;)=21—2 if 1<i<m; f(v,)=2i-1 if 1<i<n.

Let T * be the induced edge labeling of f . The induced edge labels by f * as follows:
f*(uu,,)=81—4 if 1<i<(m-1); f*(uu,_ )=(m+n-2)%;
f*(vyv,,)=8 if 1<i<(n-1); f*(vyv,)=(M+n)(m+n-2).
Case (iii) (m>n)

Subcase (i) (Both m and N are odd)

Define a bijection f from the verticesof C,, U C, to {0,12,...., m+n-1}
asfollows: f(u;)=n+i-1 if 1<i<m; f(v,)=i-11if 1<i<n.

Let f* be the induced edge labeling of f . The induced edge labels by f * as follows:
f*(uu,,)=2n+2i-1 if 1<i<m-1; f*(uu,)=M-)@2n+m-1) ;
f*(vyv,,)=2i-1 if 1<i<n-1; f*(vyv,)=(n ~1?
Subcase (ii) (M isodd and N iseven)

Define a bijection f from the verticesof C, UC, to {0,1,2,...., m+n—-1}

as follows: f(u;)=n+2i—2 if 1<i<

N3

; (VL )=n-1+2i if 1<i<

N3

m+2i
2

f(v)=i-1 if 1<i<n.

Let f* be the induced edge labeling of f . The induced edge labels by f * as follows:

£ (U, ) =4(n+2i-1) if 1sis(”‘2‘2j: f*(Uplp,, ) =(2n+m-1)(m-3)

2 2

f* (Vi Vg ) =4N+2i) if 1<i s(mz_ 2); f*(uu,)=(M-)(2n+m-1)
2 2
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f*(vyv,)=2i-1 if 1<i<n-1; f*(vyv,)=(n-17°

Subcase (iii) (M iseven and N isodd)

Define a bijection f from the verticesof C,, wC, to{012,..., m+n-1}

asfollows:; f(u;)=n-2+2i if 1sis(m2+1); f(u

2

i )=N—1420 0f 1<i< (mz—lj.

f(v,)=1—1 if 1<i<n.Let f* betheinduced edge labeling of f .

The induced edge labels by f * as follows: f *(u,u;,, )=4(n+2i-1) if 1<i <(m -

[EEY
N—

F* (UpaVia ) =M+ 20) (M =2)5 £ % (v, L Vs ) =4(0+21) it 1<i< (mj’
2 2

2 2

N—

f*(uu,)=M-2)@2n+m-2) ; f*(vv,,)=2i—-1 if 1<i<n-1;

f*(wy,)=(n-1)°
Subcase (iv) (Both m and N are even)

Define a bijection f from the verticesof C,, wC, to {0,12,..., m+n-1}

o .m
as follows: f(u)=n—2+2i if 193%; f(u,,)=n-1+2i if 1<i<

5 2

f(v,)=1—1 if 1<i<n.. Let f* betheinduced edge labeling of f .

The induced edge labels by f * as follows: f *(u.u,,,)=4(n+2i-1) if 1£i<(m_

)
’

if 1<i<n-1;f*(vv,)=(n-1)>

f*(v v

N\B

)=(M+2n-1)(M-3); f=*(v

m+2
2

2 2

m+2| m+2+2|) 4(n+2|) If 1<| (m_
f*(uu,)=M-D2n+m-1) ; f*(vv, ,)=2i—

Example.2.2: A square difference labeling of C, U C,, is shown inthe Fig 2.1.
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Fig 2.1

Theorem 2.3: The graph S LS, is a square difference graph.

Proof: Let S, be the star graph with m+1 vertices and m edges. Let S, be the star graph with

n+1 verticesand N edges. Let V(S )={u, : 1<i<m+1}. Let V(S,)={v, : 1<i<n+1}.

Therefore V(S,, US,)={u; : 1<i<m+1; v, :1<i<n+1}.

Let E(S,)={uu, ., :1<i<m }. Let E(S,)={vv,,:1<i<n }.

m+1 n+1

Therefore E(S,, US,)={uu,,, : 1<i<m; v, :1<i<n}.

m+1 i

Thenwe have |V (S, US,)|=m+n+2 and |E(S,, US,)|=m+n.

Define a bijection f from the verticesof S_US, to {0,1,2,....,m+n+1} as follows:
fu)=i+1 if 1<i<m; f(u,,)=0 ; f(v,)=m+i+1 if 1<i<n; f(v,,)=1.
Let f* be the induced edge labeling of f . The induced edge labels by f * as follows:
f*(uu,,)=>0+D? if 1<i<m; f*(vv_,)=(m+i)(m+2+i) if 1<i<n.

Theorem 2.4: Any graph P, U L, admits a square difference labeling.

Proof: Let P, be the path graph with m vertices and m —1 edges.

Let L, be the Ladder graph with 2n vertices and 3n —2 edges.

Let V(P,)={u, : 1<i<m}.LetV(L,)={v,, w,: 1<i<n}.

Therefore V(P, U L,)={u; : 1<i<m; v;, w;: 1<i<n}.

ISSN: 2231-5373 http://www.ijmttjournal.org

Page 468



International Journal of Mathematics Trends and Technology (IJMTT) — Volume 56 Issue 7- April - 2018

V.V, A1<i<n-1

iVl

Let E(P,)={uu,,; : 1<i<m-1}. Let E(L)={ ww,

[ BN

1<i<n-1
<i<n

v,w, 1<
u.u 1<i<m-1

i+l
E(P. UL) vV, 1<i<
()] =
m " WWw., 1<i<n-1

Therefore

Thenwe have |V (P, UL,)|=m+2n and |E(P,wL,)|=m+3n-3.
Define a bijection f from the verticesof P, w L, to {0,1,2,....,m+2n}

asfollows: f(u,)=i—-1 if 1<i<m; f(v,)=m-1+i if 1<i<n;
f(w)=m+n-1+i if 1<i<n.Let f* betheinduced edge labeling of f .

The induced edge labels by f * as follows: f *(u;u,,, )=2i—-1 if 1<i<m-1
f*(viviy)=2m-1+2i if 1<i<n-1; f*(ww,,)=2m+2n-1+2i if 1<i<n-1;
f*(v,w,)=n2m+n-2+2i) if 1<i<n.

Theorem 2.5 Every graph L, U S, is asquare difference graph.
Proof: Let L, be the Ladder graph with 2m vertices and 3m — 2 edges.
Let S, be the star graph with n+1 vertices and N edges. Let V(L,,)={u,, v,: 1<i<m}.

Let V(S,)={w, : 1<i<n+1}. LEtV(LmUSn):{ui’Vi 21<i<m
W,

: c1<i<n+l
Ul,, :1<ism-1
Let E(L, )=qvyv,, :1<i<m-1
v, 1<i<m

Let E(S,)={w, w,,,: 1<i<n}

uu,, :1<i<m-1

YAVA 1<i<m-1
Therefore E(L)=1" i1 _

uy, 1<i<m

A :1<i<n

i+l

Thenwe have |V (L, vS,)|=2m+n+1 and |E(P, UL,)|=3m+n-2.
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Define a bijection f from the verticesof L, S, to{0,12,..., 2m+n+1}

asfollows: f(u,)=i if 1<i<m; f(v,)=m+i if 1<i<m;
f(w)=2m+i if 1<i<n; f(w,,)=0.

Let T * be the induced edge labeling of f . The induced edge labels by f * as follows:
f*(uu,,)=2i+1 if 1<i<m-1;f*(vyv,)=2m+1+2i if 1<i<m-1,
Cf*(uyv ) =m(m+2i) if 1<i<m; f*(ww_,)=m+i)*> if 1<i<n.

Example 2.6: A square difference labeling of L, UC,, is shown in the Fig 2.2.

31

30

29

28

27

Fig 2.1

Theorem 2.7: The graph C_ U S, is a square difference graph.
Proof: Let C,, be the cycle graph with m vertices and M edges. Let S be the star graph with n+1
verticesand N edges. Let V(C,)={ u, : 1<i<m}. Let V(S,)={v, : 1<i<n+1}.

Therefore V(C,, US,)={ u, : 1<i<m; v, : 1<i<n+1}. Let

ECC,)={ uu,, :1<i<m-1, uu,} Let E(S,)={vv,, :1<i<n}.
uu,, :1<i<m-1, uu,

Therefore E(C,, US,)= )
ViV, :1<i<n

ISSN: 2231-5373 http://www.ijmttjournal.org Page 470




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 56 Issue 7- April - 2018

Then |V(C,, US,)|=m+n+1land |[E(C,6US,)|=m+n.

Define a bijection f from the verticesof C S, to {0,12,...., m+n}

asfollows: f(u;)=i if 1<i<m ; f(v,)=m+i if 1<i<n;f(v,,)=0.

Let f* be the induced edge labeling of f . The induced edge labels by f * as follows:

f*(uu,,)=2+1if 1<i<m-1; f*(uu,)=m’-1; f*(vv,,)=(m+i)* if 1<i<n.
3.Conclusion

In this paper, we investigated the square difference labeling behavior of some union related graphs.
We have planned to investigate the square difference labeling of some more special graphs in the next paper.
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