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Abstract 

         Let ),( EVG be a graph with p  vertices and q  edges. A ),( qp graph ),( EVG is said to be a square 

difference graph if there exists a bijection }1,...,2,1,0{)(:  pGVf such that the induced function 

NGEf )(:* , N is a natural number, given by |)]([)]([|)(* 22 vfufuvf   for every  edges uv   in 

G  and are all distinct and the function f  is called a Square difference labeling of the graph G . In this paper, we 

prove nm SS  , nm LP  , nm CC  , nm SL  , nm SC    are the  square difference graphs.  
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1. INTRODUCTION 

    Throughout this paper, by a graph we mean a finite, undirected, simple graph. The vertex set and the edge set of a 

graph G are denoted by V (G) and E(G) respectively. Let G( p,q) be a graph with p =|V(G |) vertices and q =| E(G |) 

edges. Graph labeling ,where the vertices and edges are assigned real values or subsets of a set are subject to certain 

conditions. A detailed survey of graph labeling can be found in [ 2]. Terms not defined here are used in the sense of 

Harary in [3].There are different kinds of labelings in the graph labeling such as Graceful, Harmonious, Cordial, 

Fibonacci, Square sum, etc. The concept of square difference labeling was first introduced in [1] and some results on 

square difference labeling of graphs are discussed in [1,4,6]. In this paper  we  investigate some more graphs for 

square difference labeling. We use the following definitions in the subsequent sections. 

Definition 1.1[1]: A graph ),( qpG  is said to be a square difference graph if there exists a bijection   

}1,...,2,1,0{)(:  pGVf such that the induced function NGEf )(:* ,  N is a natural number given by 

|)]([)]([|)(* 22 vfufuvf  for every edges uv  in G  and are all distinct and the function f  is called a 

square difference labeling of the graph G . 

Definition 1.2[2]: A complete bipartite graph  
nK ,1

 is called a star and it has 1n  vertices  and n   edges and also 

it is denoted as nS . 

2. Main Results 

Theorem 2.1: All the graph  nm CC   is a square difference graph. 

Proof: Let  mC  be the cycle graph with m  vertices and m  edges. Let  nC  be the cycle graph  

with n  vertices  and n  edges.  Let }1:{)( miuCV im  . Let }1:{)( nivCV in  . 
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Therefore  }1:;1:{)( nivmiuCCV iinm  . 

Let };11:{)( 11 miim uumiuuCE  
.  Let };11:{)( 11 niin vvnivvCE  

. 

Therefore 
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Then we have  nmCCV nm  |)(|   and   nmCCE nm  |)(| . 

Case (i)  nm   

Subcase (i) ( Both m  and  n   are odd ) 

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows: miifiuf i  11)(  ; niifimvf i  11)( . 

Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 

1112)(* 1  miifiuuf ii  ; 
2

1 )1()(*  muuf m ; 

11122)(* 1  niifimvvf ii ;  )1)(12()(* 1  nnmvvf n . 

 Subcase (ii) ( m  is odd  and  n   is even ) 

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows: miifiuf i  11)(  ; 
2

122)(
n

iifimvf i   

2
121)(

2

2

n
iifimvf in  .  Let *f   be the induced edge labeling of f .  

 The induced edge labels by *f  as follows: 1112)(* 1  miifiuuf ii  ; 

2

1 )1()(*  muuf m ; 






 


2

2
1)12(4)(* 1

n
iifimvvf ii

;  

)3)(12()(*
2

2

2

 nnmvvf nn  ; 






 


2

2
1)2(4)(*

2

22

2

2

n
iifimvvf inin

; 

)1)(12()(* 1  nnmvvf n . 

Subcase (iii) ( m  is even  and  n   is odd ) 

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  
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 as follows: miifiuf i  11)(  ; 






 


2

1
122)(

n
iifimvf i  








 


2

1
121)(

2

21

n
iifimvf in . Let *f   be the induced edge labeling of f .   

The induced edge labels by *f  as follows: 1112)(* 1  miifiuuf ii  ; 

2

1 )1()(*  muuf m ; 






 


2

1
1)12(4)(* 1

n
iifimvvf ii

;  

)2)(2()(*
2

3

2

1  nnmvvf nn  ; 






 


2

3
1)2(4)(*

2

23

2

21

n
iifimvvf inin

; 

)2)(22()(* 1  nnmvvf n
. 

Subcase (iv) (Both m  and  n   are even ) 

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows: miifiuf i  11)(  ; 
2

122)(
n

iifimvf i   

2
121)(

2

2

n
iifimvf in  .  Let *f   be the induced edge labeling of f .   

The induced edge  labels by *f  as follows: 1112)(* 1  miifiuuf ii  ; 

2

1 )1()(*  muuf m ; 






 


2

2
1)12(4)(* 1

n
iifimvvf ii

;  

)3)(12()(*
2

2

2

 nnmvvf nn  ; 






 


2

2
1)2(4)(*

2

22

2

2

n
iifimvvf inin

; 

)1)(12()(* 1  nnmvvf n . 

Case (ii)   )( nm   

 Subcase (i)  )33(  nandm  

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows: 311)(  iifiuf i  ; 312)(  iifivf i . 

Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 

2112)(* 1  iifiuuf ii  ; 4)(* 31 uuf ; 
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2152)(* 1  iifivvf ii ;  16)(* 31 vvf . 

Subcase (ii)  )33(  nandm  

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows: miifiuf i  122)(  ; niifivf i  112)( . 

Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 

)1(148)(* 1  miifiuuf ii  ; 
2

1 )2()(*  nmuuf m
; 

)1(18)(* 1  niifivvf ii ;  )2)(()(* 1  nmnmvvf n . 

Case (iii)  )( nm   

Subcase (i) ( Both m  and  n   are odd ) 

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows: miifinuf i  11)(  ; niifivf i  11)( . 

Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 

11122)(* 1  miifinuuf ii  ; )12()1()(* 1  mnmuuf m ; 

1112)(* 1  niifivvf ii ;  
2

1 )1()(*  nvvf n . 

 Subcase (ii) ( m  is odd  and  n   is even ) 

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows:
2

122)(
m

iifinuf i   ; 
2

121)(
2

2

m
iifinvf im 

 

niifivf i  11)( . 

Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 






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2

2
1)12(4)(* 1

m
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 ;  )3)(12()(*
2

2

2

 mmnuuf mm  






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 


2

2
1)2(4)(*

2

22

2

2

m
iifinvvf imim

; )12)(1()(* 1  mnmuuf m ; 
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1112)(* 1  niifivvf ii ;    
2

1 )1()(*  nvvf n . 

Subcase (iii) ( m  is even  and  n   is odd ) 

Define a bijection f  from the vertices of  nm CC    to }1,....,2,1,0{  nm  

 as follows: ; 






 


2

1
122)(

m
iifinuf i

; 






 


2

1
121)(

2

21

m
iifinuf im

.  

niifivf i  11)( . Let *f   be the induced edge labeling of f .   

The induced edge labels by *f  as follows: 






 


2

1
1)12(4)(* 1

m
iifinuuf ii

; 

)2)(2()(*
2

3

2

1  mnmvuf mm ; 






 


2

3
1)2(4)(*

2

23

2

21

m
iifinvvf imim

; 

)22)(2()(* 1  mnmuuf m ;  1112)(* 1  niifivvf ii  ;  

2

1 )1()(*  nvvf n . 

Subcase (iv) (Both m  and  n   are even ) 

Define a bijection f  from the vertices of  nm CC   to }1,....,2,1,0{  nm  

 as follows: 
2

122)(
m

iifinuf i  ; 
2

121)(
2

2

m
iifinuf im  ; 

niifivf i  11)(  . .  Let *f   be the induced edge labeling of f .  

 The induced edge labels by *f  as follows: 






 


2

2
1)12(4)(* 1

m
iifinuuf ii

 

)3)(12()(*
2

2

2

 mnmvvf mm ;  






 


2

2
1)2(4)(*

2

22

2

2

m
iifinvvf imim

 

)12)(1()(* 1  mnmuuf m ; 1112)(* 1  niifivvf ii ;
2

1 )1()(*  nvvf n . 

Example.2.2: A square difference labeling of  
156 CC    is shown in the Fig 2.1. 
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Fig 2.1 

Theorem 2.3: The graph  nm SS   is a square difference graph. 

Proof: Let  mS be the star graph with 1m  vertices and m  edges. Let  nS be the star graph with 

 1n  vertices and n  edges. Let }11:{)(  miuSV im . Let }11:{)(  nivSV in . 

 Therefore }11:;11:{)(  nivmiuSSV iinm .  

Let }1:{)( 1 miuuSE mim   . Let }1:{)( 1 nivvSE nin   .  

Therefore }1:;1:{)( 11 nivvmiuuSSE niminm   . 

Then we have  2|)(|  nmSSV nm   and   nmSSE nm  |)(| . 

Define a bijection f  from the vertices of  nm SS   to }1,....,2,1,0{  nm  as follows: 

miifiuf i  11)(  ;  0)( 1 muf ; niifimvf i  11)(  ;   1)( 1 nvf .   

Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 

miifiuuf mi  1)1()(* 2

1 ; niifimimvvf ni  1)2)(()(* 1
. 

Theorem 2.4: Any graph  nm LP   admits a square difference labeling. 

Proof: Let  mP  be the path graph with m  vertices and 1m  edges.  

Let  nL be the Ladder  graph with n2  vertices and 23 n  edges.  

Let }1:{)( miuPV im  . Let }1:,{)( niwvLV iin  . 

 Therefore }1:,;1:{)( niwvmiuLPV iiinm  .  
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Let }11:{)( 1   miuuPE iim . Let 
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Then we have  nmLPV nm 2|)(|    and   33|)(|  nmLPE nm . 

Define a bijection f  from the vertices of  nm LP   to }2,....,2,1,0{ nm  

 as follows: miifiuf i  11)(  ; niifimvf i  11)( ;  

niifinmwf i  11)( . Let *f   be the induced edge labeling of f .  

 The induced edge labels by *f  as follows: 1112)(* 1  miifiuuf ii  

11212)(* 1  niifimvvf ii ; 112122)(* 1  niifinmwwf ii
; 

niifinmnwvf ii  1)222()(* . 

Theorem 2.5: Every graph  nm SL    is a square difference graph. 

Proof: Let  mL   be the Ladder graph with m2  vertices and 23 m   edges.  

Let  nS  be the star graph with 1n  vertices and n  edges. Let }1:,{)( mivuLV iim  .  

Let }11:{)(  niwSV in .  Let 
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Let }1:{)( 1 niwwSE nin    

Therefore 
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Then we have  12|)(|  nmSLV nm   and   23|)(|  nmLPE nm . 
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Define a bijection f  from the vertices of  nm SL    to }12,....,2,1,0{  nm  

 as follows: miifiuf i  1)(  ; miifimvf i  1)( ;  

niifimwf i  12)( ;  0)( 1 nwf . 

Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 

1112)(* 1  miifiuuf ii  ; 11212)(* 1  miifimvvf ii ; 

. miifimmvuf ii  1)2()(* ; niifimwwf ni  1)2()(* 2

1 . 

Example 2.6: A square difference labeling of  
167 CL    is shown in the Fig 2.2. 

 

 

 

 

 

 

 

 

 

Fig 2.1 

 

Theorem 2.7: The graph  nm SC    is a square difference graph. 

Proof: Let mC  be the cycle graph with m  vertices and m  edges. Let  nS  be the star graph with 1n  

 vertices and n  edges. Let }1:{)( miuCV im  .  Let }11:{)(  nivSV in . 

Therefore  }11:;1:{)(  nivmiuSCV iinm . Let 

},11:{)( 11 miim uumiuuCE   . Let }1:{)( 1 nivvSE nin   . 

Therefore  
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Then 1|)(|  nmSCV nm  and  nmSCE nm  |)(| . 

Define a bijection  f  from the vertices of  nm SC    to  },....,2,1,0{ nm    

as follows: miifiuf i  1)(   ; niifimvf i  1)(  ; 0)( 1 nvf .  

 Let *f   be the induced edge labeling of f .  The induced edge labels by *f  as follows: 

1112)(* 1  miifiuuf ii
 ; 1)(* 2

1  muuf m
; niifimvvf ni  1)()(* 2

1
. 

3.Conclusion 

 

In this paper, we investigated the square difference labeling behavior of some union related graphs.  

We  have planned to investigate the square difference labeling of some more special graphs in the next paper. 
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