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1. Introduction

In 2007, L.G Huang and X.Zhang [4] introduced cone metric space by replacing the real number set with an
ordered Banach space in co-domain. After that the concept of metric space is generalised and that is cone metric
space. Several authors [6, 7, 8, 9] worked on this space and proved many fixed point theorems for contractive
and expansive mappings.

Recently, M Abbas and B.E Rhoades [5] obtained some fixed point theorems for pair of map in cone metric
space. Later on K.Prudhvi [9] proved common fixed point theorem for three self maps in cone metric space. In
this paper, we study the existence of coincidence points and then prove some fixed point theorem for four self
maps in cone metric space.

2. Preliminaries

First we need the following definitions and results that will be used subsequently (see [4]).
Let E be the real Banach space with a given norm || . || and O be the zero vector of E.

Definition. 2.1.

Let E be the Real Banach space with a given norm || . || and 0 be the zero vector of E.
Then a non empty subset P of E is called a cone if and only if

(1) Pisnon-empty and P # {0}
(2) Pis closed.
(3) ax+by e Pforall x,ye Panda, b € R with a, b> 0 that is, P is convex.

(4) PN(-P) ={0}

Given a cone P = E, we define a partial ordering < with respect to P by x <y if and only if
y-xeP .We write x <y to indicate x <y but x # y and x<<y will stand for y-xeInt(P).

(Int(P) = interior of P).
Definition. 2.2.

The cone P < E is called normal if there is a number K such that for all x, y € E, 0 <x <y implies ||x|| < K||yll
where K is least positive number satisfying the above inequality and called normal constant of P.

Definition 2.3.

The cone P = E is called regular if every increasing sequence which is bounded above is convergent. That is if
{xn} is sequence such that X; < x; < X3 <............ <y forsomey e E, then there is x € E such that || x,, — x||
— 0 as n — oo. Equivalently the cone P is regular if and only if every decreasing sequence which is bounded
below is convergent.
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In the following, we suppose E is Banach space, P is cone in E with int P # ¢ and < is a partial ordering with
respect to P.

Definition 2.4.

Let X be non-empty set. Suppose the mapping d : X x X — E satisfies

(1) 0<d(x,y) forallx,y € Xand d(x,y) =0iff x=y.

(2) d(x,y)=d(y, x) forall x,y € X.

(3) d(x,y)< d(x,z)+d(y, z) forall x,y,z € X.
then d is called a cone metric on X and (X, d) is called a cone metric space.
Example 2.5.

LetE=R%P={(x,y) € E|x,y>0} = R, X=Rand d: X x X — E such that
d(x,y¥) =(Ix — y|,alx — y| ), where a > 0 is constant. Then (X, d) is a cone metric space.

Definition 2.6.

Let (X, d) be a cone metric space. Let {x,} be a sequence in X and x eX.
(1) Then {x,} is said to be convergent to x if every ¢ € E with 0 << ¢ there exist N such that
d(Xp, x) <<c for alln>N.
we denote this by lim,,_,, x,, = X Or X, — X as n — oo.
(2) If for every c € E with 0 <<, there is a positive integer N such that for all n, m > N, d(x,, Xn) << cC.
Then the sequence {x,} is called a Cauchy sequence in X.
(3) If every Cauchy sequence in X is convergent then (X, d) is called a complete cone metric space.
Lemma 2.7.

Let (X, d) be a cone metric space and P be a normal cone with normal constant K. Let {x,} be a sequence in X,
then {x,} converges to x if and only if d(x,, x) — 0 asn — o

Lemma2.8.

Let (X, d) be a cone metric space and P be a normal cone with normal constant K. Let {x,} be a sequence in X,
then {x,} is a Cauchy sequence if and only if d(X,, Xn) — 0 asn, m — oo

Lemmaz2.9.

Let (X, d) be a cone metric space and P be a normal cone with normal constant K. Let {x,} be a sequence in X,
then limit of {x,} is unique that is if {x,} is convergent to x and {x,} is convergent to y, then x = y.

Lemmaz2.10.

Let (X, d) be a cone metric space and P be a normal cone with normal constant K. Let {x,} and {y,} be two
sequences in X with X, — x and y,— y as n — o0.Then d(x,, Yn) — d(X, y) as n —o0.

Definition2.11[7]

Let f, g : X — X be mappings. If w=1(z) = g(z) forsome z € X, then ziscalleda coincidence point of f
and g and w is called a point of coincidence of f and g.

Definition2.12[6]
The mappings f, g : X — X are said to be weakly compatible if for every x e X holds

f(9(x)) =g(f(x)) whenever f(x) = g(x)
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Lemma2.13

Let X be a non-empty set and let f, g, h have a unique point of coincidence. If (f, h) and

(9, h) are weekly compatible self maps of X then f, g and h have a unique common fixed point.
Recently K. Prudhvi introduced the notion of (f-g) sequence in cone metric space.

Definition 2.14

Let (X, d) be a cone metric space and f, g, h be self mappings of X such that

f(x) U g(x) = h(x) suppose x, € X and x; € X is chosen such that hx; = X, and x, € X is chosen such that hx,
= gxy.continuing in this way, the sequence {hx,} such that

Yon = NXonea = fXop

Vonsr = NXonsz = OXons1, N=0,1,2.....

is called a (f-g) sequence with initial point X,.

Further K.Prudhvi proved the following results in cone metric space.
Lemma 2.15[9]

Let (X, d) be a cone matrix space, and P be a normal cone with normal constant K. Suppose that the mappings f
, g and h are three self maps of X such that

f(x) U g(x) = h(x) satisfying

d(fx, gy) < o d(hx, hy) + B [d(hx, fx) + d(hy, gy)] + v [d(hx, gy) + d(hy, £x)]
forallx,y € X where a, B, y>0and o+ 2B + 2y <1

Then every (f, g) sequence with initial point X, € X is a cauchy sequence.
Theorem 2.16[9]

Let (X, d) be cone metric space and P be a normal cone with normal constant K. Suppose f, g, h are three self
maps of X such that

f(x) U g(x) = h(x) satisfying
d(fx, gy) < a d(hx, hy) + B [d(hx, fx) + d(hy, gy)] + v [d(hx, gy) + d(hy, fx)]
forallx,y € X wherea, B,y>0and o +2p +2y <1

If f(x), g(x) or h(x) is a complete subspace of x then f, g and h have a unique point of coincidence. Moreover if
(f, h) and (g, h) a weekly compatible then f, g and h have a unique common fixed point.

Now we prove these two results to obtain coincidence and common fixed point for four self- maps in cone
metric space.

3.Main Results
Lemma3.1.

Let (X, d) be a cone metric space and P be a normal cone with normal constant K. Suppose A, B, S, T be self
mappings of X such that AX < TX, BX < SX satisfying
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d(Ax, By) < a d(Sx, Ty) + B [d(Ax, Sx) + d(By, Ty)] + v [d(Sx, By) + d(Ax, Ty)] (3.1)
forall x,y € Xwhere o, B, y>0and o + 2 +2y <1
then for each x, € X, the sequence {y,} in X is defined by the rule
Yan = AXon = TXons1
Yons1 = BXons1 = SXons2 i @ Cauchy sequence. (3.2
Proof :- Let X, be an arbitrary point of X and {y,} be a sequence used in (3.2).
Assume AX, # Axy+1 for all n e N then X, # x4 for all n.
Now using (3.1), we have
d(Yan, Yan+1) = d(TX2n+1, SXone2)
= d(AXan, BXzn+1)
< o d(SXan, TXzn+1) + B [A(AX2n,SXan) + d(BXzn+1, TX2n+1)]
+ v [d(SX2n,BXon+1) + d(AXzn, TXan+1)]
< o d(SXon, TXone1) + B [A(TXon+1,SX2n) + d(SXon+2, TXon+1)]
+ 7 [d(SXon,SXon+2) + A(TXone1, TXon+1)]
< (o + B) d(SXan, TXan+1) + B d(SXan+2, TXon+1)
+ v [d(SXan ,SXan+1) + d(SXan+1,SXan+2)]
< (o + B) d(Sx2n, TX2n+1) T B d(SXon+2, TXon4+1)
+ v [d(SXzn s TXon+1) + A(TXan+1,SXon+2)]
< (o + B +7v) d(Sxzn, TXane) + (B +v) d(SXzne2, TXzn+1)
<(a+B+7y)d(Yan1, Yan) + (B +7) d(yane1,Yan)
Hence,

(1-(B + 7)) d(yan, Yans1) < (a+ B +7y) d(Yan1, Yan)

(a+B+y)
(A=(B+r))

d(yZn: y2n+1) < d(y2n-1: y2n)

Let =) o n < 1.
a—p-n

S0, d(Yzn, Yon+1) < A d(yan, Yon-1) (3.3)
Similarly it can be shown that
d(Yan+1s Yone2) < A d(yan, Yane1)

Therefore for all n,

d(yn+1, yn+2) <A d(yn, yn+1) S < 7\,n+1 d(yo, yl)
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Now for any m > n,

d(Yn, ym) < d(Yn, yn+1) + d(yn+1, yn+2) F o + d(ym-lx ym)

IA

A"+ A+ ™ d(Yo, Vi)
< {5 dey)
- 1-2

Now [[d(y, ym)ll < 25 lld(ya,yo)ll

Since A <1, % — 0 as n—oo which implies that d(yy, Ym) — o as n, m — c.Hence {y,} is a Cauchy
sequence.

Theorem3.2

Let (X, d) be a cone metric space. P be a normal cone with a normal constant K. Suppose A, B, S, T be self
mappings of X such that

AX<c TXand BX< SX satisfying

d( Ax, By) < ad( Sx, Ty) + B [d(Ax, Sx) + d(By, Ty)]
+y [ d(Sx, By) + d(AXx,Ty)]

Forallx,y e Xanda,B,y>0and a+2p+2y <1

If one of A(x), B(X), S(x) & T(x) is a complete subspace of X, then A, B, S, T have unique point of
coincidence. Moreover, if (A, S) and (B, T) are weakly compatible, then A, B, S, T have unique common fixed
point.

Proof:  Let xq be any arbitrary point in X. Define a sequence {y,} in X defined by the rule
Yan= AXon = TXonu
Yonr1= BXons1 = SXsna

Now by above lemma (3.1), {y,} is a Cauchy sequence in X.

Now suppose Sx is acomplete subspace of X. Then y,, = Sx,n.q IS also a Cauchy sequence in X. So there
exist u, v e X, such that y,,— v = Su.

Now,
d(Su, Au) < d(Su, Sxz) + d(Sxzn, Au)
<d(v, Sxzn) + d(Au, Bx,n1)
<d(V, SXan) + o [d(Su, TX2n.1)] + B [d(Au, Su) + d(BXzn.1, TXon1)]
+ 7 [d(Su, BXzn.1) + d(AU, TXzn.1)]
< d(v, SXon) + a [d(V, TXzn-1)] + B [d(Au, Su) + d(SXzn , TXon-1)]
+ 7 [d(v, BXan.1) + d(Au, TX2n.1)]

< d(v, Sxzn) + a [d(v, SXzn.1)] + P [d(Au, Su) + d(SXzn, SX2n.1)]
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+ v [d(v, SXan) + d(AU, Sxzn1)]

IN

d(v, Sxan) + o [d(V, Sxan1)] + B [d(Au, Su) + d(Sxzn, Su) + d(SU, Sxan1)]

+ v [d(v, SXz,) + d(Au, Su) + d(Su, SXon.1)]

IA

d(v, SXan) + o [d(V, SXzn-1)] + B [d(Au, Su) + d(SXan, V) + d(V, SXan.1)]
+ v [d(v, SXzn) + d(Au, Su) + d(V, SXzn.1)]
<L +B+7y)d(v, SXan) + (a0 + B+ 7) d(v, SXan1) + (B +7) d(Au, Su)
Implies, (1- (B +v)) d(Au, Su) < (1 + B +y) d(v, SXzn) + (a0 + B +v) d(V,SXzn1)

Therefore,

144+ +B+
d(Au, Su) < % d(V, Sxa1) + % d(V, SXon1)

— (+8+y) _ (a+B+y)
d(AU, SU) <M d(V, SXZn) +A d(V, SXZn—l)y where A; = m and A, = m

Taking norm on both sides,
ld(Au, Swll <K (A lld(, Sxz0) Il + A2 [|d (W, Sxz0-1)I)
Taking limit as n — oo, we have
|ld(Au, Su)|| — 0 and Au=Su=v

Similarly by using the inequality
d(Tu, Au) < d(Tu, TXzn) +d(TXzn, Au)
we can show that Tu = Au=v
and also similarly using
d(Bu, Au) < d(Bu, Bxzp) + d(Bxan, Au)
we can show Bu = Au=v
Thusv=Au=Bu=Su=Tu
And hence we conclude that v is coincidence point of A, B, S, T.

Now, we show that the point of coincidence is unique.
Assume that there is another point v that is coincidence point of A, B, S, T. So
V' =Au =Bu =Su"=Tu forsomeu” e X
Now by (3.1),

d(v, v) = d(Au, Bu*)

< a d(Su, Tu") + B [d(Au, Su) + d(Bu",Tu")] + y [d(Su, Bu") + d(Au, Tu")]

<ad(v, V) +B[d(v, v) +d(v V)] + v [d(v, V) + d(v, v)]
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<ad(v,V)+2ydv,y)
<(o+2y) d(v, V)
Therefore ,
(1- a- 2y) d(v, V) <0
Since (1- o.- 2y) >0, So d(v, v) <0
Impliesv =Vv"

Since the pairs (A, S) and (B, T) are weakly compatible and by assumption v is unique point of coincidence of
AB,ST.

Then by lemma (2.10), we get v is unique common fixed point of A, B, S, T.

Remark.

If we choose T = I, and S = I, are identity map in above theorem then we deduce the following theorem.
Theorem 3.3.

Let (X, d) be a cone metric space and P be a normal cone with normal constant K. Suppose that the mapping A
and B are two self maps of X satisfying

d( Ax, By) < ad(x,y)+ B [d(Ax, X) +d(By, y)]
+y [d(x, By) + d(Ax, y)]
forall X,y € X where a, B,y>0 and a+2p+2y <1

If A(X) or B(X) is complete subspace of X, then A and B have a unique point of coincidence. Moreover if A
and B are weakly compatible then A and B have a unique common fixed point.
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