International Journal of Mathematics Trends and Technology (IJMTT) - Volume 57 Issue 1- May 2018

Growth Properties of Composition of
Two Meromorphic Functions

MONALISA MONDAL

Department of Mathematics, St. Xavier’s College, 30, Mother Teresa
Sarani, Kolkata 700016, India. Email : monalisa.iitg@gmail.com

Abstract

In this paper, we have proved few important results on relative growth prop-
erties of entire functions, meromorphic functions and their compositions.

Key Words : Entire function, Order of entire function, Meromorphic func-
tion, Order of meromorphic function, Relative order of entire function, Relative
order of meromorphic function.

Mathematics Subject Classification (2010) : Primary 30850, Secondary 30D99.

1 Introduction

Meromorphic function is a function whose singularities are only poles in the finite
plane and an entire function is a function which is analytic in the entire finite
complex plane.

The maximum modulus of an entire function f(z) is defined by

My(r) = sup{|f(2)| - [z] = r}

If f is non constant then My(r) is strictly increasing and continuous function
of r and the inverse function

Myt (1£(0)], 00) = (0, 00)

exists and lim Mf_l(r) =00
r—00

Definition 1.1 The order of an entire function f is defined as

log log M
py = limsup 20808 VA1) f(r)
00 logr
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Definition 1.2 If f and g are two entire functions then the relative order of f
with respect to g is defined as

pg(f) =1inf{p > 0: Ms(r) < My(r*) for allr > ro(p) >0}

_ log Mg_le (r)
= limsup ————
r—00 log

Now let A(z) be a non constant meromorphic function in the complex plane C.
Let us denote the number of roots of the equation h(z) = a in |z| < r, with due
count of multiplicity by n(r,a) for any complex number a and number of poles of
h(z) in |z| <7 by n(r,00) or n(r,h). Let us take

N(r,a) = /01“ In(t, a) = n(0, a)|dt +n(0,a)logr,

t
N(r,h):/ nth) g,
0 t
I Tn(t,%)
NG, 7) = /0 ) g
L[y i0
m(r,h) = 277/0 log™ |h(re'”)|dO

where log™ x = max{0,log z} for all z > 0
Now we write

Tyn(r) =T(r,h) = m(r,h) + N(r, h) (1.1)
Thus we understand that m(r,h) is a sort of averaged magnitude of log |h/|
on arcs of |z| = r where |h| is large. The term N(r,h) relates to the number of
poles. The function T}, (r) is called the characteristic function of the meromorphic
function h(z).
2 Definitions and Lemmas

In this section we state few important definitions and important lemmas.

Definition 2.1 The order of a meromorphic function h is defined as

: log T}(r)
pr = limsup —————
r—00 log r
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Definition 2.2 The relative order of a meromorphic function h with respect to
an entire function f is defined as [6]

pp(h) =inf{\ > 0:Tj,(r) < Tf(r*) for all v > ro(X) > 0}

log T; ' Ti(r)
=limsup ——
r—00 log

Definition 2.3 The relative order of meromorphic function f with respect to an-
other meromorphic function h ([1], [2]) is defined as

: log Ty (r)
—1 = lal NS
p(f) S T ()

Lemma 2.1 (P.18 [5]) Let g be an entire function then for all large r
Ty(r) <log My(r) < 3T4(2r) (2.2)
Lemma 2.2 ([8]) Let f and g be two entire functions. Then for a sequence of

values of r tending to infinity

r

4) +o(1)) (2.3)

1 1
Tfog(r) > g log Mf(gMg(

Lemma 2.3 ([4]) Let f and g be two entire functions. Then for all sufficiently
large values of r

SMy(5) ~19(0)]) < Myog(r) < My(M,(r) (24)

M
f(8

Lemma 2.4 [3] Let g be an entire function and a > 1, 0 < 8 < a.. Then for all

large r
Mg(ar) > BM,(r) (2.5)

Lemma 2.5 [3] Let g be an entire function with property (A). Then for any pos-
itive integer n and for all o > 1

{M(r)}" < My(r7) (2.6)
holds for all large T

Lemma 2.6 [10] Let f be meromorphic and let g be entire and suppose that 0 <
p < pg < oo. Then for a sequence of values of r tending to infinity,

Trog(r) = Ty(exp(r™)) (2.7)
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3 Theorems and results

In this section we have obtained theorems and results which we have proved.

Theorem 3.1 Let f, h be two entire functions of respective finite orders py, py,
such that py # 0 and g be a polynomial of degree m. The relative order of h with

respect to fog satisfies the inequality: pgoqg(h) > %‘

The sign of equality occurs if |g(0)] = 0.
Proof: We know by the definition of order of entire function [3]

log log M
pf = limsup 0808 1) f(r)
r—00 logr

Therefore for any € > 0 there exists ro(€) > 0 such that

log log M(r)

log 7 < ps+e forall r>roe)

or Ms(r) <exp{r?**<} for all r > ro(e) (3.8)

Let exp{rf/™¢} =ry or rPiT¢ =logr;

or logr =

- loglog (3.9)

1

This implies, M (exp{,

loglogri}) < ri

or Mf_l(r) > exp{ loglogr} for all r > ro(e) (3.10)

pfte

Also there exists a sequence {r,} strictly increasing and increases to co such
that

M(rn) > exp{rn’ ™} (3.11)

Following the same steps as shown in equation(3.9) we get

Mf_l(rn) < exp{ loglogr,} (3.12)
pr—€
Similarly for the entire function h, for any € > 0 there exists r1(e) > 0 such
that
My, (r) < exp{rfr*t<} for all v > ry(e) (3.13)

and for strictly increasing sequence {u,,}, increasing to oo

My, (up,) > exp{ull—} (3.14)
Now let g(2) = ap + a1z + ... + amz™. Then My(r) ~ |ap|r™.
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Therefore for any € > 0 there exists r2(€) > 0 such that

lam|r™ (1 —€) < My(r) < |am|r™(1+€) for all r > ra(e) (3.15)

Hence for all r > ra(e)

1
- 1
M1 —_— " A
R e (el (3.16)
and
1 r 0
M, —_— " 3.17
0 <A ) (3.17)
By Lemma (2.3,[4]), for all sufficiently large values of r,
Myog(r) < Myp(Mgy(r)) (3.18)
That implies, for all large r
My (MG (r) < M (r) (3.19)

Now by definition of relative order of entire function with respect to another
entire function, we have

log M, (My(r))

h) = li fos
pfog( ) lgsogp log r
log MY (M7 ( M, (r
> lim sup g My (Mi(r))) [by equation (3.19)]
r—00 logr
log M (exp(=L= loglog My(r)))
> lim sup ! plf i [by equation (3.10)]
7—00 ogr
log M (exp(22=<log uy,))
> lim sup ! pite ! [by equation (3.14)]
1
Up,—00 og Unp
Ph;e
o log My t(u, )
= lim sup 1
Up —00 og Un,
pyTe L
: log (\aﬁ(lﬁ)) ,
> lim sup [by equation (3.16)]
Uy, —00 log u,,
— lim sup i{(ph — €, loguy, _ log |am|(1 + 6) }
un—oo M L pp+ € loguy, log uy,

= a7
- m pyte
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Since ¢ is arbitrarily small,

ph
Pfog(h) > mpr (3.20)

By Lemma (2.3,[4]), for all sufficiently large values of r,

My My(5) = 9(O)]) < Myoy(r)
If |g(0)| = 0 then
My(My(1)) < Myog(r)

8 2
That implies for all sufficiently large values of r,

M (r) < 2M ' (8M ' (r)) (3.21)

Now

log M, (Mhp(r))
: fog
Pfog(h) = 117{n sup og 7

: log(2M, 1 (8M ™ (My(r))))
< limsup
r—00 log

. log(]\/[g_l(86:1:]7(pfl_E log log Mp(ry))))
< lim sup
Ty —>00 log Tn

10g(Mg_1(8exp(ZhJ_“§ log(ry))))
< lim sup ! [by equation (3.13)]
Ty —>00 108; Tn
ppte

oMy 80) )
= lim sup

T —300 log ry,

ppte
py—€

8ry
 log (2
< lim sup
T —300 log ry,

1 {log8+ Z;‘—J_“Elogrn — log |am|(1 — e)}

[by equation (3.21)]

[by equation (3.12)]

) [by equation (3.17)]

= limsup —
rp—o0 1M

- Loy

logry,

m\pf —¢€
Since € is arbitrarily small,
Ph
h) < —— 3.22
Pfog(h) < mpy (3.22)

So, when |g(0)| = 0, from equation (3.20) and equation (3.22),
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Ph
h)=——
pfog( ) mo;
Theorem 3.2 Let f, hy be two entire functions of respective finite orders py and
Py such that py # 0 and g, ha be two polynomials of respective degree m, and m,
such that |h2(0)| = 0. The relative order of hiohg with respect to fog satisfies the

My Phy
mypf
The sign of equality occurs if |g(0)] = 0.

inequality: pfoqg(h1ohg) >

Proof:

Let g(z) =ap+ a1z + ... + am, 2™ and ho(z) = by + b1z + ... + bm, 22 be two
polynomials of degree m1 and msy respectively. By definition of relative order of
entire function with respect to another entire function we have

10g M0 (M, o (1))

Pfog(h10hs) = limsup

r—00 log
log My (M7 (Mpyon, (7
> lim sup B My (M; (Mhon, (1)) [by equation (3.19)]
r—o0 10g7“

[Since |h2(0)| = 0 by assumption, using Lemma (2.3), [4] we get]
. logMg;l(Mf_l(MM(éMM(%))))
> lim sup

00 log r

[Since hs is a polynomial of degree mo, using equation (3.15) we get]
log My (M (M, (§bmo| (1 = €)(5)™2)))

> limsup
r—00 logr
log M (M7 (exp(L by, [(1 — €)(tz)mz) ™
> lim sup g (M ( (81‘ il )8)™) by equation (3.14)
Uy —>00 0g Un
— phl o
. log Mg 1(693p(pfl+6 log log emp(%|bm2 |(1— e)(%”)”%)
> limsup
Up—r00 1Og Un
Phy—€
. log My (eap (4 10g (5lbm, [(1 = o) (*5)™2) )
= lim sup 0
Uy, —+00 og Up,
og M eap( G Tog (§1bm, (1 - €)(%5)™2)))
= lim sup 1
U —+00 og Unp,

Phy—€
pfte

log My (§1bm, (1 = )(%)™2)
= limsup
U —00 log up,

[Since g is a polynomial of degree my, wusing equation (3.16) we get]

by equation (3.10)
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Phy—€
pfte

1 (élme \(1—6)(“7”)m2>
- log [ [(14€)
> limsup —* L
Uy —r00 1Og Up,

Phy—€

1 5 (log%\bm2|(1 —¢) +m,(log “7")) —log ]aml |(1+4¢€)

= lim sup
un—voo My log u,,

:(M)@
pyte/m

Since € is arbitrarily small,

M5 Phy
P <h10h2) Z 2 (323)
Tos mypf
On the other hand, using similar steps as done in Theorem (3.1), we can prove
that
maph,
hiohy) < —=* 3.24
Pfog(h10hs) < mipy ( )
Combining equation(3.23)and equation (3.24) we get proq(hi0ha) = %ﬁp}?

Theorem 3.3 Let f be an entire function of finite non-zero order py, h be a
meromorphic function of finite non-zero order py and g be a polynomial of degree

m. The relative order of h with respect to fog satisfies the inequality psoq(h) >
_Ph_
mpg’

The sign of equality occurs if |g(0)] = 0.

Proof: From the definition of order of entire function, we have

) log log M(r)
lim sup —————=
r—00 log r r—00 log r
Also for the meromorphic function A we have
log Th(r)

limsup ————= = py,
r—00 log r

So, for any € > 0 there exists ro(e) > 0, r1(e) > 0 such that

Ty(r) < A for all r > ry(e) (3.25)
Th(r) < P for all v > r1(€) (3.26)

Let rPf+€ = rq. That implies logr = pf1+€ logry or r = rﬁ
Hence ijl(r) > P forall r > ro(e) (3.27)
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Also there exists sequence {r,} and {u,} strictly increasing and increases to
oo such that

Ty(ra) > 7, (3.28)
and — Th(up) > u,' (3.29)
If f and g are entire functions, then we have from [8] for all large r
Tfog(r) < 3T7(2M,(r)) (3.30)
This implies for all large r
Trhr) > MG () (3.31)
fogt'/ =g A9l f Ag )

Let g(z) = ap+ a1 + ... + a;p 2™ be a polynomial of degree m. By definition of
relative order of meromorphic function with respect to entire function [6],

log T, (Z(r))

Pfog(h) = limsup lz)ggr
r—00
IOg Mfl lT—l Th(r)
> lim sup s (2 ! (57) by equation (3.31)
r—00 logr
Ph—€
log MY (ATt (v —
> lim sup s Ty (% by equation (3.29)
Up—>00 log up,
. pp—e. 1
log M, (3 (45—) )
> lim sup by equation (3.27)
Uy, —00 lOg Un

[Since g is a polynomial of order m, by equation(3.16)]

3 {108 (5(57)77) ~toglan1 + 0}

> lim sup

Un—00 log uy,

) 1 /pn—e\logu, 1]loglan|(1+e¢)
= lim sup [—( ) - — ]

un—oo LM \py+e/logu, m log u,

- (250
m prte
[Since € > 0 is arbitrarily small,

Ph
Pfog(h) > mipf (3-32)

Since f is entire function and g is a polynomial, by Lemma (2.3,[4]) and Lemma
(2.1), if |g(0)] = 0, for all sufficiently large values of r,
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1 r
Mf(gMg§

1
that implies log(Mf(gMg

1,1 1
or Tfolg(glog(Mf(gMg

1 1
Let r = 3 log(Mf(gMg
1 r
or Mf(gMgi)
L, = M exp(3
or eMgz = M; (exp(3r1))

) < Moq(r)
5)) < log(Mjuy(r)) < 3Tj0,(2r)
)) <2

)

"
2
r
2
= exp(3r1)

or g = Mgl(SMf_I(eXp(g’ﬁ)))
or T = 2M;1(8Mf_1(exp(37“1)))

Therefore for all large r,

T} (r1) < AMy " (8M [ (exp(3r1)))

On the other hand

log T, (Ti(r))

Pfog(h) = limsup

(3.33)

r—00 log r
log(4M 1 (8M 7 (exp(3T,r
< lim sup (M, (8M; " (exp(3Tir)))) [by equation(3.33)]
r—00 10g7"
1
log (M 1(8(1 3Th(ry)))) o7
< lim sup o8 (M, " (8(log(exp(37h(rn)))) ) [by equation(3.12)]
Ty —00 log 7y,
1
log (M1 (8(3T (1)) 77~
oy 2 O 6 6T0) 7))
00 log
1
log (M1 (8(3(ry)Prte)rr—e
< limsup o8 (M, (8(3(ra)™) ) [by equation(3.26)]
T —s00 log ry,
1
& 1og (8(3(r)+) 7777) — log |am|(1 — €)
< lim sup [by equation(3.17)]
T —s00 logry,
1 onte
1 [log(8.3”f_e) + log (rgf )}
= lim sup
T —00 logrn
ISSN: 2231-5373 http://www.ijmttjournal.org
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Ppte
1 Pf=e
‘ o {log (rn )]
= lim sup I
T —+00 og Ty

_l(ﬂh-i-e)
 m\ps—e

Since € is arbitrarily small,

_Ph

mpg
Combining equation (3.32) and equation (3.34) we get

Prog(h) < (3.34)

_Ph_

Pfog(h) = v

Theorem 3.4 Let f , h be two meromorphic functions of finite non-zero orders
pf » pn such that py # 0 and g be a polynomial of degree m. The relative order of
h with respect to fog satisfies the inequality ptoq(h) > #Zf.

The sign of equality occurs if |g(0)] = 0.

Proof:Let g(z) = agp+ a1 + ... + @ 2™ be a polynomial of degree m. We know

by ([1] ,[2])

. log T (r)
og(h) = limsup ——————
psos(h) r—>oop log T'yo4(r)

> limsup M
T rooo loglog Myog(r)
> limsup log Ti(r)
T oo loglog My(Mgr)
> limsup log Ti(r)
T oo log(3T¢(2Mr))
> lim sup log Ti(r)
T oo log3 4 log(Tr(2Mgr))
: log Th(r)
= P log (T, @2,7)
> lim sup log Tj(r)
T oo log(T(2]am|(1+ €)r™))
: (pn — €) log uy,
= o 3o ToB (T 2l (1 -+ )
> limsup (pn — €)logun
un—oo (pf +€)log(2|am|(1+ e)uy)

[by Lemma(2.1)]

[by Lemma(2.3)]

[by Lemma(2.1)]

[by equation(3.15)]

[by equation(3.29)]

[by equation(3.26)]
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_ 1 (pn — €) log un
= lim sup
un—oo (Pf 1 €)10g(2am|(1 + €)) + (pf + €)mlogun
_ (pn — €) log up,
= lim sup
un—oo (P + €)mloguy,
Ph— €

Since € > 0 is arbitrarily small,

Ph
h) > ——
pfog( ) = mp;

: log T}(r)
oo(h) = limsup ——————
Ps g( ) r%oop log Tfog (T)

log T,
< lim sup 1og ) T
r—oo log(3log Myeg(3))
i log Th ()
= 1msup ———————=+
e’ 1og 1og Mio(5)
log T,
< lim sup o8 hfr) T
r—oo loglog My($Mgy(%))
0]

[by Lemma(2.1)]

[by Lemma(2.3), since |g(0)

log T,
< lim sup 08 lh(r) -
r—00 1Ong(§M9(Z))
< limsup T log Th(r)
r—oo 10g(Ty(glam|(1 4 €)d=mrm))
1
< lim sup l(Ph +¢)logr
r—oo 10g(Tt(glam|(1 + €)4=mrm))
1
< limsup (Ph1+ €) log uy,
S Ty — N log(Haml (1 + 94 mu)
1
_ Jim sup (pn + €) log tn_
un—oo (py — €)mloguy, + (py — €)log(glam|(1 +€)4=™)
pn + €

Since € > 0 is arbitrarily small,

[by Lemma(2.1)]

[by equation(3.15)]

[by equation(3.26)]

[by equation(3.29)]

_Ph_
mpg
Combining equation (3.35) and equation (3.36) we get

Pfog(h) <
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_Ph_

og(h) =
Pfg() mo;

Theorem 3.5 Let f, h be meromorphic functions and g be entire such that fog
is meromorphic and

1
(i) liminf Lﬁ =A
e (log Th(r)>
log Ty (exp )

(ii) ligg ggf — 1 =
( log 7“)

where A and B are positive real numbers and «, £, i are any arbitrary real numbers
satisfying 0 < o < 1,8 > 0,a(f+1) > 1and 0 < p < py < 0o then pp(fog) = oo

Proof: By (i) we have for any arbitrary € > 0 there exists ro(e) > 0 such
that

logr > (A — e)(log Th(r)>a for all 7> ro(e) (3.37)

By (ii) we have for any arbitrary € > 0 there exists 71 (€) > 0 such that

B+1
log T¢(exprt) > (B — e)(log r) for all r > r1(e) (3.38)

By definition of relative order of meromorphic function with respect to another
meromorphic function given by D. Banerjee ( [1], [2] ) we have

. log T'poq(r)
0] = hm sup ————
pr(fog) D T (1)

i log Ty (exp ™)
> log Ty (expr*)
= R log Th(r)

— B+1

> lim inf (B —¢)(logr)

r—00 ]Og Th(T)
> Jiminf B A €)3+1 (log Ty, (r))(B+D)
- r—ooo log Th (’I")

[by Lemma(2.6)]

[by equation (3.38)]

[by equation(3.37)]

We know by Hayman [5] that Tj(r) is a convex increasing function of logr.
Since a8 + 1) > 1, by the above inequality we get that for any arbitrarily small
€ > 0, A, B constants

pr(fog) = oo

Theorem 3.6 Let f, h be meromorphic functions and g be entire such that fog
is meromorphic and
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n
i) liminf ! =A
(i) a
roee ( log log Ty, (r))
log T (exp r*
e
(i) Tlim in ()P =

where A and B are positive real numbers and «, 3, u are any arbitrary real numbers
satisfying 0 < B < 1,a > 1,uf > 1 and 0 < p < pg < oo then p,(fog) = oo
Proof: From (i) we have for any arbitrary € > 0 there exists ro(€) > 0 such

that

rt > (A-— e)(log log Th(r))a for all 7> rg(e) (3.39)

From (ii) we have for any arbitrary € > 0 there exists r1(€) > 0 such that

logT H
log [ngjfpﬂ] > (B forall 7> ri(e)

logT "
That implies %};}{pr) > exp ((B - e)(r)“ﬁ) (3.40)
T

By definition of relative order of meromorphic function with respect to another
meromorphic function given by D. Banerjee ( [1], [2] ) we have

) log Tfoq(r)
=1 o7 Jogh /
pa(fog) = timsup 1 sl

r—00
) log T'¢(exp r*
log Tt (exp ) rH
r—00 rH log Ty (r)
(A—e¢) ( log log Th(r))a
log T (7)

[by Lemma(2.6)]

> liminf exp <(B - e)(r)“ﬂ>.

r—00

[By equation (3.39) and (3.40)]

We know by Hayman [5] that T} (r) is a convex increasing function of logr.
Since puf3, a > 1, by the above inequality we get that for any arbitrarily small € > 0,
A, B constants

pr(fog) = oo

Theorem 3.7 Let f and h be two meromorphic functions and g be an entire
functions such that fog is meromorphic, 0 < p, < oo and A\p(f) > 0. Then

pr(fog) = o0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 44



SSRG
Text Box
ISSN: 2231-5373                                http://www.ijmttjournal.org                                 Page 44


SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 57 Issue 1- May 2018



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 57 Issue 1- May 2018

Proof: By definition of relative order of meromorphic function with respect

to another meromorphic function given by D. Banerjee ( [1], [2] ) we have

) log T (7)
=1 o S/
pn(f) S T ()

Therefore the lower order

. log Ty(r)
= liminf ——J-~
An(f) = limint )

That implies for all arbitrary € > 0 there exists 79(e) > 0 such that

log Ts(r)

log Th(r) > M(f) —€ for all v > ro(e)

Hence ()
n(f)—e
Ty(r) > (Th(r))

By Lemma (2.6) for a sequence of values of r tending to infinity

Tfog(r) > Tt(exprt)
An(f)—e .
> (Th(exp r“)) [by equation(3.41)

That implies, for a sequence of values of r tending to infinity

log Tfog(r) > (An(f) —€) log (Th(exp 7’“))

Therefore
. log T'poq(r)
= 1 _—
pr(fog) S T (1)
logT K
> limsup log Ty(exp ™) [by Lemma(2.6)]

r—00 log Th (T)

_wl) = 9 log (Th(expr))
> lim inf
=00 log Ty ()

Since Tj(r) is convex increasing function of logr,

log (Th(exp r“))
hggggf log Th (1) — 00

Hence pp(fog) = oo
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Theorem 3.8 Let f and h be two meromorphic functions and g be an entire
function such that 0 < A\p(g) < pp(g) < co. If for any real positive constant k

i sup 28 T (0 (1))

=k <>
00 log Ty (r)

then Ap(fog) < kAn(g) < pn(fog) < pn(g). Where a is any real positive constant.

Proof: By definition of relative order of meromorphic function with respect
to another meromorphic function given by D. Banerjee ( [1], [2] ) we have

) log T'poq(r)
0g) = limsup ———~~
pr(fog) MSUD T ()

Therefore the lower order

. log Tfog(T)
An(fog) =liminf Sty

.. o log3Tr(2My(r))
= hgggolf log Ty, (7) 8]
g Tr2M,(0)) | los(T ()

<1 .
e Tl O
= k.M\(9)
Therefore
An(fog) < kAn(g) (3.42)
Again
108 Tyoq(r)

og) = lim su
pr(fog) S T (1)

log (% log Mf(%Mg(i) + 0(1)))

> i by L 2.2
> lim sup g Th (1) [by Lemma(2.2)]
_log (3los My (1 ()
R log T (r)
Ll (T (M) by Lo (01)
> 1&3{};p Tog Th(r) y Lemma (2.
log Ty (: M, (% log T,
> limsup 8 f(g 9(4)).liminf70g o(r)
r—00 log T () r—oo log Th(r)
= k.n(9)

Therefore
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kAn(g) < pn(fog) (3.43)
Finally

. log T'poq(r)
0] = hm sup ———
pr(fog) S T (1)

. log 37°s(2M (1))
<1
< lmsup == ) [by [8]]

. log Tr(2My(r)) . log T,(r)
<1 — I 7] —_—
- lﬂgp log Ty () lfis:.}p log Tj,(7)
= kpn(g)

Hence
p(fog) < kpn(g) (3.44)

From equation (3.42 ), equation(3.43), and (3.44) the theorem follows.
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