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|.Introduction

The notion of aT' —ring a concept more general than a ring was definedby Nobusawa [7]. As a
generalization of near rings, I' — rings were introduced by satyanarayana[8]. The derivation of a I' — near ring
has been introduced by Bell and Mason[2]. They obtained some basic properties of derivations in T" — near ring.
The recent literature contains numerous results on commutativity in prime and semiprime rings admitting
suitably constrained derivations and generalized derivations, and several authors have proved comparable results
on near-rings. Some of our results, which deal with conditions on (1,&) — derivations, extend earlier
commutativity results involving similar conditions on derivations and semi-derivations.

I1 .PRELIMINARIES
Throughout this paper, M stands for a zero symmetric right I’ — near ring.

Definition 2.1 [3] AT — near ring is a triple (M, +,T), where
1.(M,+) is a (not necessarily abelian) group
2.Tis a non- empty set of binary opeartions on M such that (M,+,¥) is a near ring for each
yerl.
3.(xBy)yz = xB(yyz) forallx,y,z€ M and B,y €T ..

Definition 2.2 [10] AT —near ring M is said to be semiprime I — near ring if xTMTx = {0} for x € M
implies x = 0 and prime I' — near ring if xTMTy = {0} for x, vy € M impliesx = 0 or y = 0.

Definition 2.3 [3] Let NV be a zero symmetric right T — near ring. An additive mapping d: N — N is said to be a
derivation on N if d(xay) = xad(y) + d(x)ay forall x, v € N,a €T.

Definition 2.4 [6] An additive endomorphism d:M — M of a T — near ring M is called a I — (a.f) —
derivation on M if there exist two functions &, §: M — M such that the following product holds:
d(xyy) = d(x)ya(y)+ B(x)yd(y)forallx,y € M,y €T.

In the previous definition if we take § = 1 then we get T — (e, 1) — derivation. Similarly if we take
a=1andf =a wegetT — (1, a) — derivation.

An additive mapping d:M — M is called a two sided I' — & — derivation ifdis a T —(a 1) —
derivation as well as T’ — (1, &) — derivation. Throughout this paper we denote I' — (1, &) derivation as (1, &)
derivation.

Definition 2.5 [5] The symbol € will denote the multiplicative centre of M,
ieC={xeM:xym=myxforallx € M,y €T}

Definition 2.6 [4] AT — near ring N is called a 2-torsion-free if (V,+) has no elements of order 2.

Definition 2.7 [1]For any x, ¥ € M and a € T, the notations [x, ¥] ; and (x = ¥) o will denote xay — yax and
xay + vax, respectively.
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Forall x, y,z € M and a, § € T, the following basic commutator identities hold:
(D) [xBy.z 1o =xBly.2] o + [x. 2] LBy + xfzay — xazfy,
@) [x,¥Bz] o = yBlx 2] o + [x,¥] Pz + yaxPz — yaxpz,
(iii) (xBy ° z) o = (x° 2) By + Bly.2] o +xazPy — xfzay , and
(iv)(x e ¥Bz) o =vB(x°2) o + [x.¥] ofz+ vfxaz —vaxfz.forall x,y,z€EManda €T,

Definition 2.8[9] AT — near ring N is said to be sub-commutative if ayN = Nya for all @ € N and for all
y €T,

111.(1, &) — derivations in prime T — near rings
In this section, we investigate some results of I' — near rings satisfying certain differential identities on prime
I' — near rings.

Lemma 3.1 Let d be a (1,a@)— derivation. Then M satisfies the following partial distributive law
a()u(d()yvt + a(yd(t)) = a(x)ud(y)yt + a(x)ua(y)yd(t) for all y,u € T, x, y,t € M.

Proof
By the definition of d we have
d(xuyyt) = d()uyyt + a()ud(yyt) =d(x)uyyt + a(x)u(dyt + a(y)yd(t)) @

forall x,y,t e Mandu,y €T.
On the other hand, d(xuyyt) = d((xuy)yt)
=d()uyyt + a(x)pd(¥)yt + a(x)pa(y)yd(t) )
forall x, v,t € M and u,¥ € I". Comparing (1) and (2) we have
a()p(dOyt + a@)yd(t)) = a(x)ud()yt + a(x)ua(y)yd(t)

Lemma 3.2
Let M be a ' — near ring. If M admits an additive mapping d. then the following statements are
equivalent:
(i) disa(1,a)— derivation
(i) d(xyy) =alx)yd(y)+d(x)yy forallx,yeE Mandy €T

Proof
(i) =(ii)
Since d is a (1, &) — derivation for all x, v € M we get,
d((x +x)yy) =d)yy +d(x)yy + a(x)yd(y) + alx)yd(y)
forall x,yEMandy €T
d((x +x)yy) = d@)yy + a(x)yd(y) + d(xX)yy + alx)yd(y)
forallx,yeEMandy €T
Comparing two expressions of d((x +x)yy) we get
d(xyy) = a(x)yd(y) +d(x)yy
Analogously, we can prove the other implication.

Theorem 3.3
Let M be a prime I' — near ring satisfying aacbfc = apbac forall a,b,ce M and a,p € T and
d be a non-zero (1, &) — derivation associated with a homomorphism &. Then the following assertions are
equivalent
Q) dM)ycc
(ii) d([x,y],)=0forallx,ye Mandy €T
(iii) M is commutative .

Proof
i = (iii)
Assume that d(M) € € Then
d(xyy)ua(t) = a(t)ud(xyy) forallt,x,y € Mandy, i €T
Using Lemma 3.1, we get
d)ya(xpt) + d(x)yypa(t) = a(t)p alx)yd(y) + a(t)ud(x)yy @)
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Replacing v by d(x) in (3) we get
a(xut)yd®(x) = a(tp a(x)yd*(x)
= (a(xut) — a(t)pa(x))Td*(x) =0 forallt,x,y EMandy,u €T 4)
If (xut) = a(t)ua(x), acontradiction to the hypothesis.
Therefore consider the case d*(x) =0
Suppose d%(x) = 0 forall x € M. Then by the definition of d we have

d(d(xyy)) = d?(X)yy + a(d(x))yd(y) + d(a(x))yd(v) + a(a(x))yd > (v) ®)
= a(d(x))}fd(y) + d[:cr[x)]yd(y} =0
= a(d(x))yd ()= d[:—cr[x)]}fd (v)
Replace —a(x) by x we get
a(d(X) yd(y) = d(x)yd(»)
= (a(d(x)) — d(x)) yd(y) = 0 (6)
= (a(d®)-d(x))=0or d(y) =0
Sinced = 0, a(d(x)) = d(x)
In this case substituting xyy for x, and using the Lemma 3.2 we have
a(d(xyy)) = d(xyy)
= a(d()yy) + a(a(x)yd()) = a(x)yd(y) +dx)yy
Replace a(d (x)) by d(x)
d(x)yy +a(a()lyd(y) = a(x)yd(y)+d(x)yy

= d(x)yy + &’ (yd(y) = a(®)yd(y) +dx)yy (7

= (a®(x) — a(x)) yd(y) =0 forally €T
Sinced #0, a?(x)= a(x) = a=Idy
Since (M) C € , xud(yyt) = d(yyt)ux
By the above expression and by the Lemma 3.1 we have

xpd(¥)yt +xpa(y)yd(t) = dy)ytux + a(ylyd(t)pux (8)

Substituting x for t and @(¥) for ¥ in (8) we get

xpyyd(x) = y pxyd(x)
=[x, y],[dx) =0 )
Since M is prime,

[x,y],=0 (or) d(x) =0

Sinced # 0, [x,y], =0 = M is commutative
(i) = (iii)
Assume that
d([xy],)=0forallx,y € Mandy €T (10)
Substituting xuy for x in (10) and using [xuy,y], = [x,y] ,u
a([x ], )ud(y) =0 = a(X)ya()ud(y) = a()ya(=x)ud(y)
= x, ¥y ud(y) = vy pd(y) forall xy,y, E Mandy,u €T (11)
Replace x4 by xny; in (11), we get
Gy ¥y ud(y) = yyyamypd(y)
=[xy, ],TMTd(y) =0 forall x,y,y; EM

=[xy, ], =00rdy)=0forallx,y €M

If d(v) = 0forall v € M then d = 0, a contradiction.

Hence [x,y;],=0= xyy, = yyyxforall x,y, €M

Therefore M is commutative .

(i) = (i)

Since M is a commutative, M = C Sinced(M)c M =C,d(M)Cc C
(i) = (ii)

Since M is commutative forallx, yeE Mandy €T

xyy =yyx = d(xyy) =dyyx) = d([xy],) =0
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Theorem 3.4
Let M be a Prime I’ — near ring. If M admits a (1, @) — derivation d associated with a homomorphism
a such that d([x,y] ) = [x,¥] , forall x, ¥ € M,u € T then M is commutative.

Proof

Supposethat d([x,y] ,) = [x.v], forallx,y € M (12)
Substituting ¥y for ¥ in (12), one can easily verify that

d([x,y] #)‘}fx+ a([xy] u]yd[x} = [x,y] ,yx forallx,y E Mand y €T. (13)

Replace x by [x,t] , in (13) we obtain

a[[x, t] )yl t] , = yulx, t] },)y[x, t], forallx,y,t EMy,u€r

= a([xt] Duyyylxtl, = viua([x, ], )y[x.t], (14)
Substituting zny for y4 in (14) we get

[a([x.t] ). 2] ,TM[[xt] , =0 (15)
By the primeness of M, (15) implies
a([x,t] )ECOr[xt],=0 forallx,t EM y €T
If a([x,t] ) € C for all x,t € M,y €T then replacing t by tux and using the primeness of M, we find that
[x,t] , = 0. Therefore M is a commutative ring.
Assume that there exist x, t € M such that a([x,t] ) € C. In particular @([x,t] ,) # 0 and [x,t] , = 0 so that

d([x t] ,uzny) = [x,t] ,uzny forall 2,y € M and y,u €T (16)
On the other hand
d([x. €] yuzny) = d([x,t] yuz)ny
= ([x.t] yuz)ny + a(lx.t] yuz)nd(y) (17)
Comparing (16) and (17) we get
[x,t] yuzny = ([x, t] yuz)ny + a([x.t] ,uz)nd(y) (18)

Substituting [u, v] , for y in (18), we get

a([x, t] y)na(z)p,d([u, V] y) =0

= a[xt] },]FMI‘[u,v] ,=0 (19)
By the primeness of M, [u,v] = 0 forallu,veM
= M is commutative.

Theorem 3.5

Let M be a 2- torsion free prime T — near ring. There is no non zero (1, a) —derivation d associated
with a homomorphism @ such that d(x = y) , = 0forall x,y € Mand p € T.

Proof

Assume that M admits a non zero (1, &) — derivation d such that
d(xey),=0 for allx,y € M. (20)
Replace x by xyy in (20) we get

a(xey), yd(y) =0
= x4y ¥d(y) + yypxgyd(y) = 0 (21)
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Substituting z#1x4 for x4 and —v 4 for ¥ 1 in (21) we obtain
Znxyp(—y 1 yd(y) = yypuznx,yd(y)
= [yy,2] ,IMTd(y) =0 forall y;,z €€
=y, ECor d(y)=0
Let v, € Csince M is a 2- torsion free, and using (20)
d(x)yy; + a(x)yd(y,) =0 forallx,y ; E Mandy €T 22)
Substituting (x © z ) ,for x in (22) we get
(x1°21) ,yd(y1) =0 (23)
Replace zy by tnz and x4 by —x in (23), one can easily see that
[—x,t] ,TMTd(y) =0 (24)
= [-xt], =0 ord(y)=0forall x,y,t €M
We get either d(y) = 0 or M is a commutative ring .
But in the latter case, our hypothesis reduces to
d(xyy)=0forallx, yE Mandy €T
Replacing x by xpz in above equation, we get
xypzyyd(v) = 0forall x;,z, EM and y,u €T
=d=0
Hence in both cases, we have d = 0 a contradiction.
Theorem 3.6

Let M be a subcommutative 2-torsion free prime I' — near ring admitting a two sided @ — derivation d
associated with homomorphism a. If d(x = y) , = (x°y) ,forallx,y € Mandy € Tthen d = —a +Id.

Proof

We assume that
dxey),=xe°y), (25)
Replace ¥ by xny in (25), we get
d(xoxny) , = (xoxmy)
d ((x":v} #nx) =dlxey) mx+alxey) nd(x)
=(xeoy) #nxforall x,yEMandy,n €T (26)

Substituting (x = t) ,, for x in (26), we obtain
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a((xot)},ﬂ ¥ )M?}[xﬂt)},=0

#a[[xot)y}pyln[th)P.—I—jfl,ticr[[xot)y}n(xot)y:(l

Putting vy ¥z instead of v, in (27), we find that

(—xot) yymyua((xot) ) =zy(—xot) mysua((xot) )

= [z,(xot)],] P.I‘MFcr([xot)P.)= 0
Let u=(x°t),EC
By the hypothesis,
d(uck) ,=(u°k), forallu,k € M
= al(wud(k) + d(w)pk + a(wud(k) = kpu forall w€T
By using Lemma 3.2 we get,
d(upk) + a(w)pd(k) = kpu = 2a(w)pd(k) =0
Since M is 2-torsion free prime I' — near ring
a(wud(k) =0forallu, k€ M,u €T
= a(u)=0
Suppose that a ((x ot) ],) =0 thensetu= (x°t), weget
d(uykpv) = d(uy(kuv))
=uykuv forallke Mandy €T
On other hand
dluykur) = uykpa(v) + wykpd(v)
Comparing the last two expressions we get
(a(v) +d(v) —v)uuyk =0 forallk,v E M,y,u €T

= (a(v) + d(v) —v)TMTu =10

By the primeness of M, u =0 or a(v) + d(v) —v=0forallv € M

If u=0 then(x=t) , = 0forally,t €M
Therefore (x°t) = 0or a(v) +d(v) —v=0forallveM
Now assume that (x = t) ;= Oforally,teM

Since M is a 2-torsion free , xyt =0 forallx,t €M

And hence (x°t) Y=0 =xyt+tyx =0

May 2018

(27)

(28)

(29)

(30)
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= (xyt + tyx)ut =0
=tyyut=10

= tTMT't = 0 for all t € M which forces that M = {0} a contradiction. Consequently
we have

dv)=—alv)+ v = d=—a+ld.
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