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Abstract   
               The aim of this paper is to study about irreducible polynomials over finite field and to find irreducible 

polynomials of degree 2 and 3 over the field Z2 and  Z3. 
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Introduction 
                       Irreducible polynomial plays very important role in field theory. An irreducible polynomial is a 

non-constant polynomial that can’t factorised into the product of two non constant polynomials. A polynomial 

that is irreducible over any field containing coefficients is absolutely irreducible. 

 

Notations 

 Z2 = {0, 1} is field under addition modulo 2 and                        

                        multiplication modulo 2. 

  Z2 [x] is a polynomial ring. 

 Z3= {0, 1, 2} is a field under addition modulo 3 and multiplication modulo 3. 

  Z3 [x] is polynomial ring. 

Irreducible Polynomial 

 Let F be a field. Let f(x)єF[x] be a non zero, non-constant polynomial. Then f(x) is said to be 

irreducible if it can not be factorised into the product of two non-constant polynomial with 

coefficients in F. 

 

 

 

Theorem -  Reducibility test for degree 2 and 3. 

 Let f be a field. If f(x)єF[x] and deg f(x) = 2 or 3, then  

                 f(x) is reducible over F if and only if f(x) has a zero in field F. 

 

 

 

 Now we calculate number of irreducible polynomials of degree 2 over Z2 

                ax2 + bx + C over Z2 

 Clearly  a ≠ 0 ,  so a = 1,equation becomes 

 x2 + bx + C 

 Now we have two choice for c and two for b. 

Case – I If  C = 0 , then polynomial   x2 + bx  is reducible over Z2. 

Case – II If  C = 1 then polynomial becomes   

 x2 + bx + 1 Now we have two choice for b 

 If b = 0 , then polynomial  x2 + 1 is reducible over Z2.  

 If b = 1, then polynomial  x2 + x + 1 is irreducible over Z2.  

  Now we calculate number of irreducible polynomials of degree 2 over Z3 

  Now  ax2 + bx + C over Z3 

  Clearly  a ≠1, so a have two choices.  

Case – I If a = 1, then polynomial becomes x2 + bx + C, here C have three choices. 

Sub Case-(i)  If C = 0, then polynomial  x2+bx  is reducible over  

                      Z3.                                                                                                                                    

Sub Case-(ii) If C = 1, then polynomial becomes  x2 + bx + 1 

              Now b has three choices. 

       If b = 0, then polynomial x2 + 1 is irreducible over 

                      Z3. 
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       If b = 1, then polynomial x2 + x + 1 is reducible  

                     over Z3. 

       If b = 2, then polynomial x2+2x + 1 is reducible  

                     over Z3. 

 

Sub Case-(iii)  If C = 2, then polynomial becomes   x2 + bx + 2  Now  b has three choices. 

          If b = 0, then polynomial x2 +bx+ 2 is reducible  

                        Over Z3. 

          If b = 1, then polynomial  x2+x+ 2 is irreducible 

                        over Z3. 

          If b = 2, then polynomial  x2+2x+1 is irreducible  

                        over Z3. 

 

Case – II  If a = 2,  then the polynomial becomes 

  2x2 + bx + C  . Now C have again three choices. 

 

 

Sub Case-(i)   If C = 0, then polynomial  2x2 + bx , is reducible  

                        over Z3. 

 

Sub Case-(ii)   C = 1, then polynomial becomes 2x2 + bx + 1, here b has three choices. 

 If  b = 0, then polynomial  2x2 + 1 is reducible over Z3. 

 If b = 1, then polynomial 2x2+x + 1 is irreducible over Z3. 

 If b = 2, then polynomial 2x2 + 2x + 1 is irreducible over Z3. 

 

Sub Case-(iii)   C = 2, then polynomial becomes 2x2 + bx + 2 = 0, here b has three choices. 

 If b = 0, then polynomial 2x2 + 2 is irreducible over Z3. 

 If b = 1, then polynomial 2x2 + x + 2 is reducible over Z3. 

 If b = 2, then polynomial 2x2 + 2x + 2 is reducible over Z3. 

Now we calculate irreducible polynomials of degree 3 over Z2. 

 Now ax3 + bx2 + cx + d   over Z2 

Clearly a≠0, so a = 1, then the polynomial becomes  x3 + bx2 + cn + d. Here d have two 

choices. 

 

Case – I If d = 0, then polynomial   x3 + bx2 + cx,   is reducible over Z2. 

 

Case – II If d = 1, then polynomial becomes   x3 + bx2 + cx + 1 here C has two choices. 

 

Sub Case (i) If C = 0, then polynomial becomes x3 + bx2 + 1, here b has two choices. 

If  b = 0, then polynomial x3 + 1 is reducible over Z2. 

  If  b = 1, then polynomial x3 + x + 1 is irreducible  

over Z2. 

 

Sub Case (ii) If C =1, then polynomial x3 + bx2 + x + 1, here b has  two choices. 

          If  b = 0, then polynomial x3 + x +1 is reducible  

        over Z2. 

 If  b = 1, then polynomial x3+ x2 + x + 1 is irreducible over Z2. 

 

Now we calculate irreducible polynomials of degree 3 over Z3. 

 Now ax3 + bx2 + cx + d = 0   over Z3 

Clearly a≠0  clearly a has two choices. 

Case – I  If a = 1, then polynomial becomes x3 + bx2 + cx + d, here d has three choices. 

 

Sub Case (i)    If  d = 0, then polynomial becomes x3 + bx2 + cx   reducible over Z3 

 

Sub Case (ii)   If d = 1, then polynomial becomes x3 + bx2+cx+1 here C has three choices. 

 

(A) 

 If C = 0, then polynomial becomes   x3 + bx2 + 1, here b has three choices. 

   If b = 0, then polynomial x3 + 1 is reducible over Z3. 
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 If b = 1, then polynomial x3 + x2 + 1 is reducible over Z3. 

 If b = 2, then polynomial x3 + 2x2 + 1 is irreducible over Z3 

(B) 

 If C = 1, then polynomial becomes   x3 + bx2 + x + 1, here b has three choices. 

  If b = 0, then polynomial x3+x+1 is reducible over Z3. 

 If b = 1, then polynomial x3 + x2 + x + 1 is reducible over Z3. 

 If b = 2, then polynomial x3 + 2x2 + x + 1 is irreducible over Z3. 

(C) 

               If C = 2, then polynomial becomes   x3 + bx2 + 2x + 1, here b has three choices. 

If b = 0, then polynomial x3 + x2 + 2x + 1 is irreducible over Z3. 

 If b = 1, then polynomial x3 + x2 + 2x + 1 is irreducible over Z3. 

 If b = 2, then polynomial x3 + 2x2 +2x + 1 is reducible over Z3. 

Sub Case (iii)  If d = 2, then polynomial    

                       x3 + bx2 + cx + 2 here C has three choices. 

(A) 

 If C = 0, then polynomial   x3 + bx2 + 2, here b has three choices. 

   If b = 0, then polynomial x3 + 2 is reducible over Z3. 

 If b = 1, then polynomial x3 + x2 + 2 is irreducible over Z3. 

 If b = 2, then polynomial x3 + 2x2 + 2 is reducible over Z3. 

(B) 

 If C = 1, then polynomial   x3 + bx2 + x + 2, here b has three choices. 

If b = 0, then polynomial x3 + x + 2 is reducible over Z3. 

 If b = 1, then polynomial x3 + x2 + x + 2 is irreducible over Z3. 

 If b = 2, then polynomial x3 + 2x2 + x + 2 is reducible over Z3. 

(C) 

 If C = 2, then polynomial becomes   x3 + bx2 + 2x +2 here b has three choices. 

If b = 0, then polynomial x3 + 2x + 2 is irreducible over Z3. 

 If b = 1, then polynomial x3 + x2 + 2x + 2 is reducible over Z3. 

 If b = 2, then polynomial x3 + 2x2 + 2x + 2 is irreducible over Z3. 

Case – II  If a = 2, then poly. becomes 2x3 + bx2 + cx + d = 0, here d has three choices. 

Sub Case (i)    If  d = 0 , then polynomial 2x3 + bx2 + cx  is  

                      reducible over Z3 

Sub Case (ii)   If d = 1, then polynomial becomes 2x3+bx2+cx+1  

here C has three choices. 

(A) 

 If C = 0, then polynomial becomes  2x3 + bx2 + 1, here b has three choices. 

                If b = 0, then polynomial 2x3 + 1 is reducible  

over Z3. 

 If b = 1, then polynomial 2x3 + x2 + 1 is reducible over Z3. 

 If b = 2, then polynomial 2x3 + 2x2 + 1 is irreducible over Z3. 

 

(B) 

 If C = 1, then polynomial   2x3 + bx2 + x +1, here b has three choices. 

If b = 0, then polynomial 2x3 + x + 1 is irreducible over Z3. 

 If b = 1, then polynomial 2x3 + x2 + x +1 is irreducible over Z3. 

 If b = 2, then polynomial 2x3 + 2x2 + x +1 is reducible over Z3  

(C) 

 If C = 2, then polynomial   2x3 + bx2 + 2x +1, here b has 3 choices. 

If b = 0, then polynomial 2x3 + 2x + 1 is reducible over Z3. 

 If b = 1, then polynomial 2x3 + x2 + 2x + 1 is reducible over Z3. 

 If b = 2, then polynomial 2x3 + 2x2 + 2x+ 1 is irreducible over Z3. 

 

Sub Case (iii)  If d = 2, then polynomial becomes  

                       2x3 + bx2 + cx + 2, here C has 3 choices. 

(A) 

                If C = 0, then polynomial becomes   2x3 + bx2 + 2, here b has three choices. 

   If b = 0, then polynomial 2x3 + 2 is reducible over Z3. 

 If b = 1, then polynomial 2x3 + x2 + 2 is reducible over Z3. 

 If b = 2, then polynomial 2x3 + 2x2 + 2 is irreducible over Z3. 

 



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 57 Issue 1- May 2018 

 

ISSN: 2231-5373                                http://www.ijmttjournal.org                                 Page 62 

 

         

(B) 

 If C =1,then polynomial becomes 2x3 + bx2 + x + 2, here b has three choices. 

  If b = 0,then polynomial  2x3 + x + 2 is irreducible over Z3. 

 If b = 1,then polynomial  2x3 + x2 + x + 2 is reducible over Z3. 

 If b = 2,then polynomial 2x3+2x2+x + 2 is irreducible over Z3. 

 

(C) 

 If C = 2, then polynomial becomes  2x3 + bx2 + 2x +2, here b has 3 choices. 

If b = 0, then polynomial 2x3 + 2x + 2 is reducible over Z3. 

 If b = 1, then polynomial 2x3 + x2 + 2x + 2 is reducible over Z3. 

 If b = 2, then polynomial 2x3 + 2x2 + 2x+ 2 is irreducible over Z3. 

 

 

CONCLUSION 

  Irreducible polynomial of degree 2 over Z2 is  

x2 + x +1 

  Irreducible polynomials of degree 2 over Z3 are 

  x2 + 1, x2 + x + 2, x2 + 2x + 2, 2x2 + x + 1, 2x2 + 2x +1 

 Irreducible polynomials of degree 3 over Z2 are 

 x3 + x2 + 1,  x3 + x + 1 

 Irreducible polynomials of degree 3 over Z3 are 

                x3 + 2x2 + 1, x3 + 2x2 + x + 1, x3 + 2x + 1, x3 + x2 + 1,  x3 + x2 + 2, x3 + x2 + x + 2, x3 + 2x + 2,   x3 + 

2x2 + 2x +1,  2x3 + 2x2 + 1, 2x3 + x + 1,   2x3 + x2 + x + 1, 2x3 + 2x2 + 2x + 1, 2x3 + x2 + 2,   

2x3 + x + 2, x3 + 2x3 2x2+ x + 2, x3 + 2x3 + x2 + 2x + 2, 
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