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Abstract

Let N be a near —ring and e is a mapping on N .In this paper we introduce the concept of left
generalized (o,6)--4-derivation in near-ring N and we show that prime near-ring N satisfying some identities
involving left generalized (e,0)--4-derivation and semigroup ideals is a commutative ring .

Keywords
near-ring , prime near-ring , semigroup ideal , (8, &)-4-derivation , left generalized (8, &)-4-
derivation .

I. INTRODUCTION

Let N be a near —ring and & is a mapping on N . This paper consists of two sections . In section one , we recall
some basic definitions and other concepts , which be used in our paper , we explain these concepts by examples

and remarks . In section two , we introduce the notion of left generalized (&, &)-4-derivation in near-ring N and

we determine some conditions of left generalized (8, 8)-4-derivation and semigroup ideals which make prime
near-ring commutative ring .

I1. BAsiCc CONCEPTS

Definition 2.1:[1] A right near-ring (resp. a left near-ring ) is a nonempty set N equipped with two binary
operations + and . such that
(i)(N, +) is a group ( not necessarily abelian )
(i(N, .) is a semigroup .
(iii) For all x,y,z €N, we have
(x+y)z = xz +yz (resp. z(x+y) =zx + zy)

Example 2.2:[1] Let G be a group ( not necessarily abelian ) then all mapping of G into itself form a right
near-ring M(G) with regard to point wise addition and multiplication by composite .

Lemma 2.3:[1] Let N be left ( resp. right ) near-ring , then
(i()x0=0 (resp.0x=0) forall x EN .
(i) — (xy) = x(-y) (resp. — (xy) = (-x)y ) for all x,y EN .

Definition 2.4:[1] A right near-ring (resp. left near-ring ) is called zero symmetric right near-ring ( resp. zero
symmetric left near-ring ) if X0 =0 (resp. 0x=0), forall x EN .

Definition 2.5:[2] Let {N; } be a family of near-rings (i€l , | is an indexing set ) . N = N;x Nox...x N, with
regard to component wise addition and multiplication , N is called the direct product of near-rings N; .

Definition 2.6:[2] A near-ring N is called a prime near-ring if aNb = {0}, where a,b €N, implies that either
a=0orb=0.

Definition 2.7:[2] Let N be a near-ring . The symbol Z will denote the multiplicative center of N , that is
Z={xEN/xy=yx forall y EN}.
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Definition 2.8:[2] Let R be aring . Define a Lie product [, ] on R as follows
[x,y]l=xy —yx, forall x,y €R.

Properties 2.9:[2] Let R be aring , then for all x,y,z €R, we have :
1-[x,yz] = y[x.z] + [xy]z

2-[xy,z] = x[y.z] + [x,z]y

3-[xty,z] = [x,z] + [y.Z]

4-[xy+z] = [xy] + [x.2]

Definition 2.10:[2] A nonempty subset U of N will be called a semigroup right ideal ( resp. semigroup left
ideal ) if UN = U (resp. NUS U ) and if U is both semigroup right ideal and semigroup left ideal , it be called
a semigroup ideal .

Remark 2.11:[3] Let N be a near-ring

(N x N x ...x N forms a near-ring with regard to component wise addition and component wise
multiplication .

@i)f U;, Uy, .....U, be nonzero semigroup right ideals ( resp. semigroup left ideals ) of N, then U; x U,
X ....x U, forms a nonzero semigroup right ideals ( resp. semigroup left ideas ) of Nx N x ...x N.

Definition 2.12:[3] Let R be a ring . Define a Jordan product on R as follows :
adb=ab+ba , forallabER.

Properties 2.13 :[3] Let R be aring, then for all x,y,z €R, we have :
1- x2(yz2) = (x2y)z-y[xz] =y(x @ 2) +[x.y]z
2- (xy)ez=x(y=2)- [xzly=(x°2)y+x[yz]

Lemma 2.14:[4] Let N be a prime near-ring. If z £2%{0} and x is an element of N such that xz €Z or zx €Z ,
then x EZ.

Lemma 2.15:[4] Let N be a prime near-ring and U be a nonzero semigroup ideal of N . If x,y EN and xUy =
{0}, thenx=00ry=0.

Lemma 2.16:[4] Let N be a prime near-ring and Z contains a nonzero semigroup left ideal or nonzero
semigroup right ideal , then N is a commutative ring .

Lemma 2.17:[4] Let d be n-derivation of anear-ring N , then

d(ZN,...N)E7Z.
Lemma 2.18:[4] Let N be a prime near-ring and d be a nonzero n-derivation of N . Let U;, U,, ....,U,bea
nonzero semigroup right ideals ( resp. semigroup left ideals ) of N, if d(U;, U,,....U,) =Z then N isa
commutative ring .

Lemma 2.19:[4] Let N be a prime near-ring admitting a generalized n- derivation f with associated n-
derivation d of N , then

(d(X1. X, .o Xn) X1’ + Xy FX Xas . X0) ) Y = (X0, Xo . .sXn) Xi'Y + X1 F(X Xas. .. X0)Y

(d(X1. X, ... Xn) X2 + X F(X0, X 5. . Xn) )Y = A(X1,Xo, ... Xn) X2V + Xo F(Xe X ... Xn)Y

(d(X2, X2, - osXn) Xn + Xy F X1 X 5 esXd ) )Y = A(X1. Xy ooesXn) XeY + Xn F(X1 Xo, .. Xn| )Y
hold for all X3 )/ X5 X7 ,...,xq, X, , Y EN..

Definition 2.20:[4] Let N be a near-ring and n be a fixed positive integer . An n- additive mapping d : N x N
x...x N —* N is said to be n-derivation if the relations
d( XX Xo,.....Xn) = A(X1,Xa,...,Xn) X' + X3 d(X(' Xa,.....Xp)
d(Xl,X2X2/,.. ...,Xn) = d(Xl,Xz,....,Xn) X2/ + X, d(Xl,le,...,Xn)

N — / /
d(XlIXZa""aann) - d(Xl,Xz,. . ~~9Xn) Xn + Xn d(XlIXZa"an)
hold for all Xy Xy X, X2’ ,......xn, Xo EN.
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Definition 2.21:[4] Let N be a near-ring and d be n-derivation of N . An n-additive mapping f: N x N x...x N
—+ N is said to be left generalized n- derivation d of N with associated n- derivation d if the relations :

f( X1X1/,X2,. . ..,Xn) = d(Xl,Xz,. . .,Xn) Xll + X3 f(Xll,Xz,. . ..,Xn)

f (Xl,XQXZ/,. . ...,Xn) = d(Xl,Xg,. . ..,Xn) X2/ + Xy f(Xl,le,. . .,Xn)

N — / /
F(X1,X2,- .- sXnXn ) = A(X1,X2,....0nXn) Xn + Xy F(X1,X2,...,Xn)
hold for all x; Xy %, X7 ,.....xn X/ EN.

I1l. MAIN RESULTS
First we introduce the basic definition in this paper

Definition 3.1: Let N be a near-ring and & is a mappingon N . Let d: Nx N x N x N —*N be a (&, &)- 4-
derivation of N . An 4-additive mapping f : N x N x N x N —*N is said to be left generalized (&, &)- 4-
derivation of N with associated (£, &)- 4- derivation d if the relations :

f (XXt X2 X3, Xa) = d(X0, Xz Xa Xa) B(x1)+ B(x1) F(xi/ X2 X3 Xa)

f (X1 ,XoX2 Xz, Xa) = d(X0,X0 X3 Xa) B+ B(xo) F(X0, %2 X3 ,Xa)

£ (X1,X2 XX, Xa) = d(Xe, X2 X3 ,Xa) B (x5)+ B(x3) F(X1, X0 X5 Xa)

f (X1 X2 Xa, XaXd ) = d(Xe, Xz X3 Xa) B(Xd)+ B(X) F(X1. %2 X5 X4)

hold for all X, ,xy',X; X' X3, X3, X4 x4 EN .

we now explain this definition by the following example

Example 3.2 : Let S be a zero symmetric commutative near-ring .
Let us define

0 x v
N=410 0 0]:x,vz,0E5;.
0 0 =

It can be easily see that N is a non commutative zero symmetric left near-ring with respect to matrix addition
and matrix multiplication .

Defined ,f: NXN XN xN —+N such that

(ﬂ Xy }’1) (D Xq }’2) (l:l g }’3) (D Xy }’4) 0 x;x;, x3x, 0O
d o o o},fo o 0},l0 O O]|,O 0O O =0 0 0
0 0 =z 0 0 =z 0 0 =z 0 0 =z, ([j 0 g)
0 9 x;, » 0 = w 0 x; ¥ 0 x; ¥ 0 0 0
f (IJ 0 D),(D 0 D),(D 0 D),(D 0 EI) :(n 0 n)
0 0 =z 0 0 =z 0 0 =z 0 0 =z, 0O 0 0

And &:N—=N such that
0 x ¥ 0 x vy
g (l] 0 l:l) = (l:l 0 l:l)
0 0 = 0 0 =

It can be easily verified that d is (&, 6)- 4-derivation of N and fis a left generalized (8, &)- 4- derivation of N
with associated (&, &)- 4- derivation d .
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Theorem 3.3 : Let N be a prime near-ring admitting a nonzero left generalized (£, )- 4- derivation f with
associated (&, )- 4- derivation d of N , where & is an automorphism on N . Let U, , U, , U;, U, be nonzero
semigroup ideals of N.If f(Uy,U,,Us,Us) S Z,then N isacommutative ring .

Proof : By our hypothesis , we get
f (U, Uy, Us, Us ) = d(Ug,Up ,Us U ) B(u)+ B(uy) f(uy up uz ug) EZ
forall up u/ €U, u, EU,, us E Uz, uy EU, . (3.1)
Now commuting equation (3.1) with the element &(u;) we have
(d(uy,uz Us us) Buy)+ B(uy) f(uiup us us) ) B(uy)
= B(uy) (d(uy,uz Uz ug) Bu)+ Buy) f(uyuz us ug) )
forall uy u/ €U;,u, €U, us €Uz, uy EU, .
Using Lemma 2.19 in previous equation , we get
d(uy,U Uz ,Us) B(ur) B(ur) + B(uy) f(uy,up Uz us) B(uy) =
B(ur) duguz 3 ug) B(ur)+ Bur) B(uy) f(uruz us ug)
forall uy u/ EU;, U, EU,, U3 E U3, us EU, .
Using hypothesis in previous equation implies that
d(ug,Uz Us u4) B(ur) Buy) =B(uy) d(ugu, us,ug) B(uy)
forall up u/ EU;, U, EU, U E Uz, us EU, .
Replacing u' by u,'y, wherey €N , in previous equation and using it again we get
d(up,Uz Uz ,u4) B(ur) ( B(ury) - B(yus)) =0
forall up u/ EU;, U, EU,,us EUs, us EU, ,yEN .
i.e.; d(usuz U ug) Us ( B(ury) - B(yus)) = {0}
forall uuEU;,u, €U,,u3EU;s,us EUs , yEN | using Lemma 2.15 , we conclude that for each u; € U,
either u; € Z or d(uy,u, ,uz,ug) =0 forall u, ©U,,us €Uz, u; €U, .But using Lemma 2.17 lastly we get
d(ug,u Uz, uy) EZ forall uy EU;,u, €U, ,u3E Uz, uy EU,
ie, d(Uy,U,,Us,Us) S Z L If d =0, then by using Lemma 2.18 we find that N is commutative ring . On
the other hand if d =0, then equation (3.1) takes the form  f (uuy’, Uy, Uz, us ) = E(uy) f(uy,uy \us ,ug) for
all ul,ul’ EU;,u,EU,,u3 £Us, uy EU, , by hypothesis and Lemma 2.14 , we get u; € Z forall u; E U, .
Thus by Lemma 2.16 we conclude that N is a commutative ring .

Theorem 3.4 : Let N be a prime near-ring admitting a left generalized (8, 8)- 4- derivation f with associated
nonzero (E, 6')- 4- derivation d of N, where & is an automorphism on N . Let U; , U, , Uz, Uy be nonzero

semigroup ideals of N.If f([uy,u’],u;,us,u,)=0 forall u; u/EU;, u, EU,, usEU;, Uy EU,
then N isacommutative ring .

Proof : By our hypothesis , we have

f([up,u’],up,uz,us)=0 forall uy u/EU;, U, EU, U3 EUs,us EU, . (3.2)
Replacing u;’ by u; uy in (3.2) and using it again we get

d(Ul,Uz ,uz ,u 4) [E(Ul) , H(Ull)] =0 forall Ul,Ull = Ui, u (= U, us (= Uz, Uy = U, .

Therefore
diugu, us u 4 & ) 8 ) = diugu, u3 u 4 & @) @ ()
for all Ul,U1/EU1,UZEU2,U3EU3,U4 EU4 . (33)

Replacing u;’ by uy'r, where r EN |, in equation (3.3) and using it again we get

d(uy,Uz ,Us U 4) Us [B(uy) , 8()] ={0} forall uuEU,, u, €U, ,u;EU;, us EU, , rEN . By using
Lemma 2.15 , we conclude that for each u; & U, either u; © Z or d(uy,u, ,us ,ug) =0 forall u, EU,, us €U,
us; €U, . But using Lemma 2.17 lastly we get d(u;,uy Uz ,ug) SZ forall uy SEU;, U, E U, Uz EUs, Uy €
U, , so we get

d(U;,U,,U;,U;) S Z .ByLemma2.18, we find that N is a commutative ring .

Theorem 3.5 : Let N be a prime near-ring admitting a left generalized (&, 8)- 4- derivation f associated with
nonzero (&, 8)- 4- derivation d of N, where & is an automorphism on N . Let U; , U, , U3, U, be nonzero
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semigroup ideals of N.If f([uy,u’],uz,us,us) =2 [Buy), )] forall uy u/ EU;, U, EU,, us
=U;,us EU,, then N isacommutative ring .

Proof : By our hypothesis , we have

f(luru'], up,us,u) =2 [B(uy), Bu)] forall up u/ EUL, U, EU,,u3EUs,uy EU, .
Replacing u’ by u; uy, in preceding equation and using it again we get

d(Ul,Uz ,Uz ,u 4) [E(Ul) , E(Ull)] =0 forall Ul,Ull (= Uy, u = U, us (= Uz, Uy (= U, .

Therefore
duu, Uz U o) 8 () 8 () = dlugu,  us u o) 8 ) & (u)
for all Ul,U1/EU1,UZEU2,U3EU3,U4 EU4 . (34)

Which is identical with the equation (3.3) in Theorem 3.4 . Now arguing in the same way in the Theorem 3.4
we conclude that N is a commutative ring .

Theorem 3.6 : Let N be a prime near-ring admitting a left generalized (&, 8)- 4- derivation f associated with
nonzero (8, 8)- 4- derivation d of N, where & is an automorphism on N . Let U; , U, , U;, U, be nonzero
semigroup ideals of N.If f([u;,u/],uz,us,us) =2 (Buy)2Euy)) forall uy u/ EU;, U, EU,, us
€ U;z,us EU,, then N isacommutative ring .

Proof : By our hypothesis , we have ,
f([u,ur’ ], Uz, U3, ug) = (Buy) @ B(uy))
forall up u/ EU;, U, EU, , us E Uz, uy EU, . (3.5)
Substituting u; u;’ for uy in (3.5), we obtain
f (U [us,u) T, Uz, Us, Us) = 2 8(u) (B(uy) @ B(uy)) forall up u/ EUs,u, EU, U3 EUs, Uy EU, .
Therefore
d(uy,Uz Us ,Us) [Bu) , B(us)] + ) F([ug,uy'], Uz, us, Us)
= 16(u) (Bu) e B(uy)) forall up u/ EU;, U, €U, u; €Uz, U EU, .
Using (3.5) in previous equation , we get
d(ug,Uz Uz ,u4) Bur) B(us) = d(uuy uz ug) Buy) E(uy)  forall upu/ €U, u, EU,, U3 EUs, us E U, .
Which is identical with the equation (3.3) in Theorem 3.4 . Now arguing in the same way in the Theorem 3.4
we conclude that N is a commutative ring .

IV.CONCLUSIONS

In present paper we introduce the notion of left generalized (&, &)- 4- derivation in near-ring

and we see that a near-ring can be make commutative with the help of left generalized (£, 8)- 4- derivation
and other conditions .
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