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ABSTRACT

The aim of the present paper is to evaluate four finite integrals involving the product of Jacobi polynomials and the generalized multivariable Gimel-
function with general arguments. These integrals have been utilized to derive the expansion formula for generalized multivariable Gimel-function in
series involving Jacobi polynomials.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ng = N U {0}.

In this paper, we establish four single Fourier-Jacobi expansions formulae for generalized multivariable Gimel-
function.

We define a generalized transcendental function of several complex variables.
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1) (475 75)]1,, stands for (i), -+, (D5 D).
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and verify :
0 < ma < qiy,0 < ng <Py, ,0<my < i, 0 <y < iy, 0 <M < gy, -+ ,0 <™ < gy

0<n® < payy -, 0 <™ < pio.

3)7i,(ia=1,--,Ry) eR*; 7y, eRY (i, =1,--- ,R.); Ty €RT(i=1,--- ,R®)) (k=1,---,r).

4) WJ(.k),CJ(.k) eRY: (=1, ,n®)(k=1,-- ,r); 5(’6) D(k) eRY(G=1,- ,mW)(k=1,-- 7).
Cy:()k) S RJr’(j = m(k) + 1> ?p(k))‘(k = 17 )T);

DI €Y, (j=n® 41,000, g®); (b =1, 7).
ak],Ak]€R+( 1,y ng);(k=2,---,r);(I=1,--- k).

B By € RY; (G =1, ymg)i (k=2 ,r); (1 =1,--- k).

akﬂk Apji, ERY (G =np+ 1, ,pi s (k=2,--,r);(I=1,--+ k).
B Brjs €RT (G =mu+ 1, ,q5);(k =2, ,r);(L=1,--- k).
6](.f()k) ERT:(i=1,- ,R(k));(j:m(k)+17~~ S ) (R=1,-- r).

](f()k) eRT;(i=1,---,R®);G=n® +1,--- . py0);(k=1,---,7).
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5l € G =1, )i (k=1 r)d €Ci=1 )i (k=1,- 7).

agji, € C;(j =nk + 1, p;,);(k=2,--+,
brji, €EC; (G =mp + 1, ,q:,); (k=2,--- 7).

d.glz()k) € C? (7‘ = 17 7R(k))1(.7 = m(k) + 17 7qi(k));(k = 17 77))'

Wi €Cii =1, BO): (G =n® + 1o py)i (k =1, 1),

Tjick
The contour Ly, is in the s (k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
loop, if necessary to ensure that the poles of I'*2/ | 1 — ay; + Z ag;)sk> (j=1,--- ,ng), [ (1 —as;j + Z g sk>
k=1 k=1

(] = 17 7”3)7"' 7FAT] (1 — Qrj +Za7(f])> (] = 17 7”7‘)’1—‘01“) (1_C§k) +7(k)sk> (] = 1> 7n(k))(k: 17 7T)t0
=1
2
the right of the contour Ly, and the poles of I'P2/ <b2j - Zﬁyj)s’k> (G=1,---,my), 1B ( Z/igj sk) ms)

L < Z[v’“’) j=1,--,my), ro;” (dgk) — 6]<.k)sk) G=1,---,m®)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zx)] < §A§k)7r where
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Jj=1 Jj=1 Jj=nr+1 j=m,+1

Following the lines of Braaksma ([3] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(’Zh'” 72"’) = 0( |z1|a17"' ,\zr|a"),ma:1:( |z1|7"' 7|Z7“| ) =0

N(Zh"' ,ZT):O( |z1|61,... ,]zr|ﬁf),min(|z1|,--- , ,ZT|)—> o0 where § = 1,--- ,7:
by o 0o 1
. . j i L 1) “j
R P LT S ) P o i
1<j<m<z> h=2 h/=1 1<J<n(l) h=2h'=1 J j
Remark 1.
If my=no=--=mMy_1 =Np_1 =Piy, =qiy, = = Di,_, = Gi,_, = 0and Ayj = Boj = Agjs, = Bojj, =+ =

A, = Brj = Ay, = By, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [2]).

Remark 2.
fmy=ne=-=mp=n,=pij, =¢qi, = =p;, =q¢, =0and 7, = =7, =T,0) = =Ty» = R =
=...=R,=RW =... = RU) =1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [5]).
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Remark 3.
IfAQj = ng = A2ji2 = BjSz = ZATj = Brj = Arjir = Brjir = land Tig = " = T4, = T;(0) = = = Ti(r) = R2
— =R, =RW =...= R =1, then the generalized multivariable Gimel-function reduces in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [4]).
Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and panda [7,8]).

In your investigation, we shall use the following notations.

1 1 (2
A [(3‘2]’ a(Qj)7 a23) A2J )]1 n2s [le (a2J227 04(2])22 ’ aé])m ) A2]12)]n2+1,1712 ’ [((Ig], ai(ij)’ a3])7 aé])7 A3J)]1 ngs
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1 r 1 r
A = [(ag3al), ol A ), [ (e sal o all) s A Jnsip, ) (1.6)
1 1 1 1 1 1
A= [(C§ )7 'Y](' )§ C](' ))1,n(1)}7 [T (C§i21) ) 'VJ(-i()l) ) Cj(l()1))n(1)+1 p(l)] T
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= [(b2y3 B, B Boj)ltmas [Tz (bagin: By BSihy Bojialma 1,0,y (b33 85, B85, 8575 Baj)] s
(i (033 B B Bty Bajis ms t1.0iy 5 3 [(0G—1)55 By 1o+ B0 5 Blrenyi) 1)
[Tir_l(b(r—l)jh.,1;B((i)_l)jir_la"' 75((: 11))]“ S Be-ji ) mea+ 1, ] (1.8)
B = [(by: 8, B Bej)im, ), [, (i s B0+ 0B Brji Yy 1,00, (19)

B = [(d{", 67 D)y ], [ (43,833 D) oy g ]

J jz(l)7 ]z(l)’

(457, 8575 DY) 1 o s [ (530 850003 DS ) 41,6 (1.10)
U=ma,na;ms,ng; - ;Mp_1,Np_1;V = m(l),n(l); m(Q),n(2); cee ;m(T),n(T) (1.11)
X = Pigy i Tins Roy+ iDin 1 @iy 15 Tiny 2 Ree13Y = Dy, s Ty R+ 5 pacoy, gy Ty s R (1.12)

2. Required results.

In this section, we give four finite integrals involving Jacobi polynomials, see Anandani and Shrivastava [1].

Lemmal.
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1
/ M1 —2)7(1+ x)ﬁP,(La’ﬁ)(:E)dx = (=)ot

-1

ANo—pB+1,0+1
3k . 2 2.1
c—a—n+l,c+a+n+2

Na+n+1I'a-+1)I'(c+1)
nl'c—B8—-—n+1Il'(c+a+n+2)

Lemma2.

1
/ :(:>\(1 —2)P(1+ x)BPr(La’B) (z)dz = (_)n2p+,6+1

-1

'A7p_6+1ap+]-
3k . 2 (2.2)
p—a—nm+lLp+8+n+2

PB+n+1l(p— B+l (p—B+1I(p+1)
nl(p—a—n+1)T(p+B8+n+2)

3. Main integrals.

In this section, we prove the following four finite integrals.

Theorem 1.

/1 21— 2)*(1 + )7 PP ()] <21M7 . ’ZTM) dxr =

_1 v xrvr

2“121 A;A],A’AQ A

Usmy+2,n,+3:V . .
X iDiy+5,qi, +5,7i, RptY ) ) (3.1)

2ury | B;By,B,By: B

(— )"20+a+1r 1+a+n) Z2
!

where
Ay = =Koy, 051, (B8 —0 —kug, - up 1), (=0 — kyug, - up; 1) (3.2)
Ay = (Livg, - v 1), (T4+ A =Esvr,- -+ 03 1) (3.3)
By =(1—=kjvy, - ,vo51),(14+ Ao, 003 1) (3.4)
By = (Liv, -+ ,vp51),(n+ B =0 —kjuy, -+ yup; 1), (=1 =0 —k —a—njur, - u;1) (3.5)
provided
Re(a+ B),us,v; > 0(i =1, ,7), Re(1+ \) — Zvl min  Re <Z > By, bhﬂ +D(‘)d§l)> > 0.

=1 1<\f<\ﬂ‘> h=2h=1 ' ’ 51('2)

r i)
: th (i )d
_ E_l v; lgrglglw Re ( E E th + D 50 > 0.

1< <m® h=2h'=1 i

r (1)
bn; ()d7
Re(oc+k—a)+ g U, 1<r§11rinl Re(E E Bh]ﬁh' D; 5@ >0 and

) — ’—
=l Cem® h=2h'=1

Vi

1—x)% 1
arg (Zz%) ‘ < §A§k)7r where AE’“) is defined by (1.4).

Proof
To prove (2.1), expressing the generalized multivariable Gimel-function with the help of (1.1), interchanging the order
of integration which is justified under the conditions mentioned above, evaluating the inner integral with the help of the
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lemma 1, and interpreting the Mellin-Barnes multiple integrals contour in terms of the multivariable Gimel-function,
we get the desired result (3.1).

Theorem 2.

1
/ 21— 2)*(1 + )7 P ()T (2 (1 + )%, - zpz (14 2)V7) da =
—1

1 oo
( )n20+a+ I‘(l + o+ Tl Z 2_ Usmrd1,mp42:V
nl e k! X iPip+3,qi +3,Ti,  RrtY

2’11121 A,(ﬁ*(f*k‘,’l}l, 7UT’;1)7<kia;U17"' 7UT-;1),A7(*/\;U1,"' 7“7‘;1):‘4
' ' (3.6)

2z | By (= A+ ksup, - yun 1),B (84 n—0—k;v,oo o), (-l—n—a—0c—kjvy, -+ ,u;1) : B
provided
Re(a+1),u5,v; >0 =1,---,7) Re(A—I—l)—l—iu- min ZZB bh] Dt dy) >0

y Uiy Ug ) s 1) s % 1<j<m7 e hj 6h' ] 6(1) :
=agi<m® 2=l ]
bh (.)d(i)
j i)Yy
oyt e (3 5 D0 ) e
L<yam® h=2h'/=1 hj i

larg (z;(1 + z)”z")| < §Ai 7 where A, is defined by (1.4).
Theorem 3.

1
/ (1= 2)°(1 4 2)P PP (@) (s (1 — ) -+, 2oz (1 — 2)") da =

-1
( )n2p+ﬂ+1F + ﬂ + TL > 2 U sme+1,n,42:V
Z k-_ X5pip+3,qi,. +3,7, : RpY
2V1 2 A (B=p—Fkivr, v 1), (k= pyur, - o 1), Ay (= A ug, - yupp 1) s A
' ' (3.7)

2UTZT E;(_)‘+k;u17"' 7“T;1)7B7(a+n_p_k;vla"' avr;l)v(_l_n_ﬁ_p_k;vla"' 7UT;1):B

provided

Fro)
Re(B+1),ui,v; >0 =1,--- ,7), Re(1+ \) +Zuz min  Re (Z > By, b’” (Z)L.> > 0.
)

L PGy
i=1 11<]] <<$1 h=2h'=1 9;
by o
. j j
e(1+p) —|—Zv7 <I§1inm Re hz:zhz:lBhJﬂh, D; 50 >0 and
i=1 ! .7

1<i<m®
1

larg (z;(1 — z)"z")| < iAz('k)ﬂ— where Al(-k) is defined by (1.4).

Theorem 4.
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/1 M1 —2z)P(1+ x)'BP,g""B)(w)J (zlw’ e ,er> dz =

_1 :L-Ul 'TUT.

2“121 A, All,A,AQ cA

n! X:pip+5,i, 45,75, RptY ) _ 3.8)

(_)7L2p+[3+1r\( + ﬁ +n i 2_ U sme+2,m,-43:V
k!
k=0 2%z, | B;B1,B,B) : B

where
Al =0 =k, o10),(B—p—kjug, - yum 1), (14X —ksug, -+ ups 1) (3.9)
Bé = (1;1)1"" ,Ur;l),(n+047p* k;uh"' 7u7“;1)7(71 —pP— kiﬂfn;ula" : 7u7";1) (310)
provided
T h b d(l)
Re(1+ a),u;v; >0 =1,---,r), Re(l — ZU’ min Re Z Z By };L]/ —|—D(l) @) > 0.
1<jsm; h=2h/—1 B 6
1<G<m J

(@)
. bh] (2) d]
e(1+ X)) — ZU’ 1<Hyl£n, Re <ZZB’U —l—D 5(2,) > 0.

Ijemty A=Wl i

=1

(1)
b nd
Re(l+0—-8+k) —l—Zuz mln RQ<ZZB}U,3};’J,+D()6?@>>Oand

<jsmy; B .
1<g<m<1> h=2n=1 J

1— a)m
arg (Zzgﬂ < A( )7 where A is defined by (1.4).

xvi
To prove the theorem3 2 to 4, we use the similar method that theorem 1.
4. Expansion formulae.

In this section, we establish the following expansions for the generalized multivariable Gimel-function in series
involving product of Jacobi polynomials and generalized multivariable Gimel-function.

Theorem 5.

oo

d-z)" ,zr<1‘xu>=2 )21 ot B+ 2mD(L+ o+ B+ n)

A1 —z)P Al S (a,8)
(1 —2)”] (zl g R+ ot ) PP (x)

n,k=0

22Uz | AjC1,A Ay A

Uimy+2,n,43:V . .
X5piy+5,qi, +5,7,:RpiY (41)

2%z, | B;B1,B,D; : B

where
CV]. = (l_k;vla"' avr;l)a(_p_a+ﬂ_k;u17"' 7Ur§1)»(_p_04_k§u17"' 7u7“;1) (42)
Di = (Livy,---,v051),(n—p—kiug, -+ sups 1), (=1 —p—F—k—a—njup,- - ,ur1) (4.3)
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provided

Re(ao+ 4+ 1),ui,v; > 0(i =

,7)s Re(1+ ) —

(@)
. bha )da
sz ISI.I]liI;lnz Re (Z Z Bh] ﬁh’ .7 6(1) > 0.

L <yem® h=2h'=1 E

(i)
b d
Re(1+p+a—p+k) +Zul min Re<ZZBhJﬁ7‘J’+D()5)>>Oand

<ISm; B
= 1<]<m() h=2 h'=1
Proof
To prove (4.1), let
1—x)" 1—x) o
x*(l—x)ﬂ(m%,'”,zr( ) ZC P( ’6 (4.4)

The above equation is valid since the expression on the left-hand side is continuous and bounded variation in the

interval (—
respect to x from 1 to 1.

Theorem 6.
2 14 2)°3 (2™

A 21

Uimr+1n,.4+2:V
Xipip+3,qi, +3,Ti Ry Y

V.
2 2,

provided

Re(a+ B+ 1),usv; >0 =1,

Theorem 7.

a1 — )P (z12™

U1 21

Umy+1,n,.+2:V

(1+x)

(1—x)

1,1). Multiplying both sides of the equation (4.4) by (1 —z)%(1 4 )’ P(*#)(z) and integrating with

_ i ()"2kte (1 +a+B+2n)T(1+a+F+n)

P(a«ﬁ)
ET(1+a+n) @)

A;(ik—l—ﬁigfa;vlf"77]7‘;1)7(71{:7570’;7)17"'7UT;1))A7(7)‘;u17""7u7‘;1):A
: (4.5)
B (=N +kjuy, - yus 1), By (n—kyvg,o o 1), (-1=n—a— -0 —kjvy, - ,u,;1): B
bm o d;”
), Re(1+ )) —l—Zul min  Re ZZB’U +D 50 > 0.
i=1 1<J]<\ﬁ:) h=2h'=1 9;
b (i 4y
Re(l—k+a+p+0) +sz mm Re ZZBhJth’ + D; 521) >0
1<\J<\m(ZJ h=2h'=1
— (—)"2**P(1+a+B+2n)(1+a+B+n)

1— Ur) — P(‘Lﬁ)
rat(1=2)") = 30 T L ) (z)
A;(ﬁ-p—()&—kﬁ;vh"',UT;1)7(—k—p—(l;7J1,"',T)r;].)7A,(—)\;U1,"',UT;].):A

) (4.6)

X5piy+3,Gi +3,Ti  RetY .
20z,

provided

Re(a + B8+ 1),ui,vi > O(’L =
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B-(7A+kuulvv

ur;1),B,(n = kv, v 1), (-l=n—a—=B—p—kv, - ,v;1): B

T (4)
. bhj (1) dj
,7)s Re(1+ ) + E U; thlg}n Re < E g Bh] + D; 5@ > 0.
J

) — ’—
=1 en® h=2h'=1
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i)
b »d
Re(l+k+a—p+p) +sz min Re(ZZBJBIZJ/ +D()5€z>> >0

= Sqsm; h=2 h'=1
i= 1<]<m<>

Theorem 8.
1 1—x)"“ 1 —x)r

/ x’\(l — )P (14 x)'gP,(f“ﬂ)(m)J (m%, e 7%"%) doz =
-1 "

2“121 A;CQ,A,AQ t A

( )n20+5+11‘\ +5—|—n ok jU A ‘ .
Z ) “X3pip+5,4ip 45,70 1 RetY ) _ 4.7)

2urz | B: By, B, Dy : B

where

02: (1-]@;’01,"' 7UT;1)5(_0-_k;u17"' ,Ur;l),(—(f—ﬁ—k;Uh"' auT;]-> (48)
D2 = (1;017”' 7v7';1)’(n_o_k;u1"“ 7u7“;]-)7(_1_U_k_a_ﬁ_n;uh”' au’l";]-) (49)
provided

r dt
Re(1+a—|—ﬁ),ui,vi>0(7j:1,...,r),Re(l—i-)\)—Zvi min Re (ZZthbhj +D )J_> > 0.
i=1 h]

1<j<m;
SIS h=2 h'—1
1<j<m®

r h (7)
th )dj

R(l—l—a—l—ﬁ—i—k—i—g Uu; Iglg}nl <§ ? Bh] —|— i 5@ >0
i=1 1< <m® h=2h'=1 J

5. Conclusion.

The importance of our all the results lies in their manifold generality. Firstly, in view of Jacobi polynomials making use
of special cases, they can be reduced to a large number of formulae involving simpler special functions ( Ultraspherical
polynomials, Chebyshev, Legendre, Bateman’s, Hermite, Laguerre polynomials and others). Secondly by specialising
the various parameters as well as variables in the generalized multivariable Gimel-function, we get a several formulae
involving remarkably wide variety of useful functions ( or product of such functions) which are expressible in terms of
E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one and several variables.
Hence the formulae derived in this paper are most general in character and may prove to be useful in several intersting
cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.

REFERENCES.

[1]P. Anandani and H.S.P. Shrivastava, On Mellin transform involving Fox’s H-function and generalized function of
two variables, Comment. Math. Univ. St. Pauli 21(2) (1972), 35-42.

[2] F. Ayant, An integral associated the Aleph-functions of several variables. International Journal of
Mathematics Trends and Technology (IJMTT), 31(3) (2016), 142-154.

[3] B.L.J. Braaksma, Asymptotics expansions and analytic continuations for a class of Barnes-integrals, Compositio
Math. 15 (1962-1964), 239-341.

[4] Y.N. Prasad, Multivariable I-function , Vijnana Parishad Anusandhan Patrika 29 (1986) , 231-237.

[5] J. Prathima, V. Nambisan and S.K. Kurumujji, A Study of I-function of Several Complex Variables, International
Journal of Engineering Mathematics Vol (2014), 1-12.

ISSN: 2231 -5373 http://www.ijmttjournal.org Page 93



SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - volume 57 Issue 2  - May 2018


SSRG
Text Box
ISSN: 2231  - 5373                                http://www.ijmttjournal.org                             Page 93



International Journal of Mathematics Trends and Technology (IJMTT) - volume 57 Issue 2 - May 2018

[6] E.D. Rainville, Special functions, Macmillan Co, New York, (1960).

[7] H.M. Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables. Comment. Math. Univ. St. Paul. 24 (1975),119-137.

[8] H.M. Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables II. Comment. Math. Univ. St. Paul. 25 (1976), 167-197.

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 94



SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - volume 57 Issue 2  - May 2018


SSRG
Text Box
ISSN: 2231  - 5373                                http://www.ijmttjournal.org                             Page 94





