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Abstract. In this paper, we study the boundedness of composition operators between
any two weighted Orlicz sequence spaces
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1 Introduction

Let ¢ : [0, 00) — [0, o0) be a Young function, that is, a nondecreasing continuous convex
function for which ¢(0) = 0 and lim,_,« ¢(x) = co. Let (X, X, u) be a o-finite and purely
atomic measure space, that is

:Cg

where A,, are atoms with the measure pu(A ) = a, > 0 for all n € N and w = {w,} be a
weight in X i.e positive and summable real valued sequence. Then the weighted Orlicz
sequence space 19 ({a,}) is defined as the space of all real sequences f = {f,}°°, such that
Iy (M, {a,}) < oo for some A > 0, where

Iw(f, {an}) = qu Ifn])wnay,.

This space is a Banach space with the norm

1fll6.0.fany = A >0 | Lo (/A {an}) <1}

Throughout the paper, we assume (X, X, i) to be a o-finite and purely atomic measure space
with atoms {A,} of measure u(A,) = a, >0 for any n € N;7: X — X to be a measurable
non-singular transformation such that 7(X) = X and b, := pu(771(A,))/1(A,).

Composition operators on Orlicz spaces have also been studied in [3], [4], [5],[9] and [17].
The techniques used in this paper essentially depend on the conditions of embedding of one
Orlicz space into another (see, [13, Page 48] and [19] for details).
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2 Boundedness of Composition Operators

In this section, we study the boundedness of composition operators on weighted Orlicz
sequence spaces.

Theorem 2.1. Let wy = {w;,} and wy = {wa,} be weights in X. Then the composition
operator C; : 19! ({a,}) — 122({an}) is bounded if and only if there exist a,b,6 > 0 and a
sequence {c,} of nonnegative integers in I' such that ¢1(u)wy ,a, < & implies

¢2(au>w2,’r*1(n)anbn S b(bl (u)wl,nan +cy,
for alln € N and all u > 0.

We divide the proof in two parts, the sufficient part and the necessary part. The proof
of the necessary part is as under:

Proof. Suppose that the given condition holds. Let f = {f,}>>, € %' ({a,}) \ {0}, then
Iy, (HfH¢ o {an}> < 1. Let M > 1 be a real number satisfying M (b + ||c|;) > 1

where ||c[|; = Z Cp. Then
n=1

C.f )
I 2,W?2 b) a"n
s <<M<b+ T ooy L

Zcb ( a|C.f,| )w "
= 2 2nln
M+ [lell)Nfllgrwr fany

1 > a|f.,(n)| >
< P2 (— W2,
M6+ [lefl2) ; 1Fll o101, g
1 CL|f | 1
~ rari 2 (e Y s A0)
M(b+ le]l1) ZX [Fllraon oy /27
1 = alf,|
et _— ¢2 (—> w ’7-71 n anbn
MG T 22 ooy ) 27
1 N ( [fnl
< b ¢ (— W1nln + Cp
M(b+ ”C“l) ; HfH¢17w1»{C’«n}
< 1L
Thus ||C-f[l g {ant < 20+ |lc]l1) Ifll 61,01, {an}- This shows that C; is bounded. O

Definition 2.2. Let us consider the sequences z = {z,}, of real numbers. For a, 8,7,0 > 0,
define

X? = {z | there exists k¥ € N such that Z¢1(a|zn|)w17nan < o0},
n=k
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Vg = {z | there exists k € N such that Z¢2(6|zn\)w27nan < o0}
n=~k

and F,(a, B,7,9)

= SUP{¢2(5|y|)wQ,Tfl(n)anbn | ¢1(a|y|)wl,nan < min(d, '7_1¢2(/B|y|)w277*1(n)anbn>}-

If there is no y for which ¢;(a|y|)wina, < min(d, v~ '¢a(Bly|)wa -1 (myanbs), then we put
Fn(a7 /87 77 5) =

Theorem 2.3. (i) If 0 <a <, then X% € XY, Moreover, (X3 # 0.

(17) Fn(a, B,7,0) is nonincreasing with respect to o, and nondecreasing with respect to

(113) If ¢1(aly|)wy nan < 0, then
G2(Bly w1 (myanbn < yor(alyl)wrnan + Fula, 8,7, 9).

Proof. (i) Let z={z,};2; € X?,. Then there exists k € N such that

Z¢1 "z,|)wi pa, < oo.

Since o < o, it follows that for each n € N,
le (O/|Zn|)w1,nan S ¢1 (O/llznbwl,nan

which implies

Z¢1 ‘Zn’ w1 nan < Z(bl |Zn’ wq nan < OQ.

Thus z = {z,}°2, € Xg,.
(17) Follows from the definition of F,(«a, 3,7, 9).
(73) Let us suppose that ¢ (aly|)w na, < d. If

¢1(aly)wina, < min(d, ¥ Ga(Bly)wsr-1(myanbn),
then y € E,(«, 3,7,0). Thus,
G2(Bly w1 (myanbn < Fula, 8,7,9).
Since v¢1 (a|y|)wy na, > 0, it follows that
G2 (Blywer—1myanbn < v¢1(ly)winan + Fule, 5,7, 9).
If
$1(alyl)winan £ mind, v @2(Blyl)ands),
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then
Y bo(Bly)wa 1 (my@nbn < @1 (aly|)wi nan,

which implies that
G2 (Bly1)wa,r—1 (myanbn < vé1(y])wi nan.
Again, since F,(«, 8,7,d) > 0, we obtain

¢2(ﬁ‘y’)w277—1(n)&nbn < 7@51 (a‘yl)wl,nan + Fn(aa ﬁ? s 5)

Theorem 2.4. Let A and B be two nonempty sets of positive numbers. If
C, (ﬂ X2> cJvg
a€A peB

then there exist « € A, B € B,y > 0,0 >0 and m € N such that

ZF ,B,7,9)

Proof. Suppose the theorem is not true. Choose a, € Aand f € B, k=1,2,. .., such that
for all & € A there is a k' with a; > « for all £ > k’, and for all 8 € B there is a k" with
Br < B for all k > k”. Put

d(n, k) = Fp(ak, Bk, k, k™2).

Then Y d(n,k) = oo for all k and m. Let ny,ng,. . . be an increasing sequence of indices
that pa;titions the set of natural numbers into segments Ny = {1,2,. . ., n1}, Ny = {ngp_1 +
L,...,ng},k=2,3,...,such that

> dnk) > % (2.1)

meNg

1
> dnk) < o (2.2)

meNE\{nx}

for k =1,2,. .., where we put > d(n, k) =0. Write

nep
N ={n € N, | d(n, k) > 0}.

By the definition of F,, and d(n, k) and the inequality (2.1)), for every n € N;7, there exists
z, with the property that

¢1(ak’2n|>w1,nan < min(kd; k71¢2(ﬁk’Zn|>w2,‘r—1(n)anbn)
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such that )
Z ¢2(6|Zn|)w2,7*1(n)anbn > E (23)
nENI:'
By the definitions of F,, and d(n, k) and the inequality (2.2)), we have
1 1
Z ¢1(ak|zn|)wlvna” < Z E¢2<ﬁ‘zn|>w2,7—l(n)anbn + ﬁ
neN neN; \{ny.}
< 1 > dnk)+ !
S n, 17
neN\{ny}
2
S @ (2.4)

Thus, for each n € N,', there exists z, € R such that (2.3) and (2.4) hold. For n € N;,\ N,
choose z,, € R such that ZneNk\N,j &1 (a|zn|)wy pa, < oco. Let z = {z,}. We now take an

arbitrary o € A and choose k' so large that for all & > £/, we have o > k. Then by using
(2.4), we obtain

Z o1(alzp|)wr pa, = Z Z o1(alzn|)wy nay

n=ng_;+1 k=k’ neNy,
oo
< DD dlalzhwina + Y dilalza])wiaa,
k=K' | neNy nENE\N;
< 0OQ.

This shows that z € () X°. On the other hand, for any arbitrary 8 € B and m € N, choose
a€cA
k" large enough that for all £ > k", we have 8 > [y and n;_1 +1 > m. By change of variable

in the second step below and then readjusting the variable, and using (2.3]) in the last step,
we obtain

Z ¢2<,8|C7— (Zn)‘)wQ,nan = Z ¢2 (/8|ZT(71) |)w2,nan
= > $(Blzal)wsrrmu(r (An))

= Z ¢2(5|Zn|)w2,7*1(n)a’nbn

o)

> Z Z ¢2<ﬁk|zn‘)w2,7—1(n)anbn
E=K nent
= OQ.

Hence C-(z) ¢ |J Y§, which is a contradiction. O
BeB
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Corollary 2.5. (i) If C.(( X°) c U Y2, then there exist « € A,3 € B,y > 0,6 >0
a€cA peB

o0
and a sequence {c,} of nonnegative integers such that > ¢, < oo for some m € N

n=m

and that ¢1(a|y|)wy na, < 6 implies
¢2(ﬁ|y|)w2,7*1(n)anbn S 7¢1(a|y|)w1,nan + Cp,
for alln € N.

(17) Suppose there exist « € A, € B,y > 0,6 > 0 and a sequence {c,} of nonnegative
integers such that > ¢, < oo for some m € N and that ¢1(a|y|)wy na, < 0 implies

¢2(ﬁ|y|)w277*1(n)anbn < ’7¢1 (a’wal,nan + Cp,
for alln € N, then C-(XJ) C 3.

(11) If C(N X2) € U Yy, then there exist « € A and 8 € B such that C(XJ) C Yy,

a€cA BeB
(i) C(X3) C Yy if and only if there existy > 0,0 > 0 and a sequence {c,} of nonnegative

integers such that Y ¢, < oo for some m € N and that ¢1(a|y|)wy na, < § implies

P2(Bly|)wa 1) anbn < Y1 (aly) w1 nan + cn,
for all n € N.

(v) Let Xo = {z | Y02, d(a|zn|)wrna, < oo}. If Cr(X,) C BLgJBYl?, then there exists
B € B such that C.(X2) C Y], In particular, if C-(Xo) C Y, then C-(X7) C V3.

Proof. (i) Follows from Theorem [2.4] and Corollary [2.3iii) with F,(a, 3,7,d) = c,.
(i1) Let z = {z,}5°, € X?. Then there exists k& € N such that

o
Z o1 (a|z,])wr pay, < 00
n=k

where we suppose k > m and ¢;(«|z,|)wy nay, 0 for n > k. Thus

Z G2(B|Cr(zn) Nwanan = Z b2 (5|Zf(n) |wa nay,
n=~k n=k
= > da(Blzawar 1 myp(r 7 (An))
n=k
= Z ¢2 (6|Zn‘)w2,7_1(n)anbn
n=k

[ee) oo
Y Z O1(|zn])wr nan + Z Cn
n==k n=~k

< 0Q.

IN
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Thus, C-(z) € Y3 and hence C(X])) C Y.
(73) Follows from (i) and Theorem [2.3(iii) with F,,(«a, 5,7,0) = cp.
(tv) The direct part follows from (i) and the converse part from (i7).

(v) Suppose C-(X,) C U Yy Let z € Xg. Then there exists k € N such that
BeB

o0
Z O1(a|zy])wy pay, < .
n=~k

We put z, =7, for n < k and z,, = z,, for n > k, where 7,, is the sequence given by

Definition . Then z = {2,}22, € X,. Thus, by our supposition C,.(zZ) € |J Y},
BeB
so there exists § € B such that C,(z) € YBO. It then follows that C,(z) € YBO which
implies that Cr(z) € |J Yy. Therefore C-(XJ) C |J Yj. Finally, using (i), there
BeB BEB
exists 3 € B such that C-(X7) C Y.
[

We now prove the sufficient part of Theorem [2.1]

Theorem 2.6. If a composition operator C; : 12! ({an}) — 12 ({an}) is bounded, then there
exist a,b,d > 0 and a sequence {c, }>°; of nonnegative integers in I* such that ¢1(u)wy pa, <
0 implies

¢2(au)w2,7*1(n)anbn S b¢1 <u>w1,nan + Cn,
for alln € N and all u > 0.

Proof. Observe that |J X = **({an}) and |J Y = 1?*({an}). Suppose C: : 1”*({a,}) —

a>0 £5>0
1°2({a,}) is bounded. Then, by Corollary , we see that for each o > 0, there exist

B,7,0 > 0 and a sequence {c,} of nonnegative integers such that > ¢, < oo for some
n=m

m € N and that ¢ (ou)w; ,a, < § implies

¢2(5U)wz,rl(n)anbn <1 (au)wy pan + ¢y,

for all n € N and all uw > 0.

Putting au = v, f/a = a and 7 = b, the above condition can be rewritten as ¢ (v)w; pa, < 9§
implies

P2 (av)Wa -1 (n)anbp < by (V)W pay + Cp,

for all n € N and all v > 0.

For n < m, we take ¢,, = max[sup,cg(p2(av)ws ;1 (n)anby — b1 (v)wi nay), 0], where S is the
compact set of all v > 0 such that ¢ (v)wy,a, < d. Thus, {¢,}2°, € ', which yields the
desired result. ]
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