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ABSTRACT

The aim of this note is to evaluate certain interesting new integrals involving spheroidal, Mathieu and multivariable Gimel-functions. The importance
of the results established in this paper lies in the usefulness of spheroidal and Mathieu functions in the multiplicity of Physical problems as also of the
most general nature of the multivariable Gimel-function.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ng = N U {0}.

The solution of the following differential equations

d? d
(27 = 1) 5 + 2020+ (2” = Ma(c)y =0 (L.1)
and
2
% — (@ —2gcosh2z)y =0 (1.2)

are respectively called radial prolate spheroidal functions of order zero and modified Mathieu functions. The whole
theory, asymptotic expansions and special properties of these functions which make them extra-ordinarily useful in
certain branches of Physics and Mechanics has been given in an excellent and coordinated manner in the standard
works of Flammer [4] and McLachlan [5].

Prolate spheroidal function of order zero has been defined and represented by Flammer [4] in the following way :

’
o0

1 T
R\ (er) = ———— Ao ()™ | =, , 1 (cx) (1.3)
Zu 01d3 (‘) u:ZQl 2cx =

wher prime over the summation indicates that the summation is over only even of u when 7 is even, and over only odd
values of © when n is odd. Also dg" are the solutions of second order difference differential equations [4].

Following McLachlan [5], we shall define and represent modified Mathieu functions which are solutions of (1.2) in the
following manner :

cean (0, q)

Cean (1'7 Q)
A(Qn)

Z A<2")J2u 2k.sinh ) (1.4)
The form of the coefficients Aéi") for various values of v and n and small values of ¢ can be referred to in Mclachlan’s
book [5].

We define a generalized transcendental function of several complex variables noted J.
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sr) [ [0k (sk)z3" dsi---ds, (1.5)
Ly k=1

with w = v —1

n k:
G5t 8) = I172, D42 (1 — ag; + Y55y 0 si)
? yor) — R i i, k i
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12, T4 (1 — agj + Xy of) i)
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Dise [T H;;:Sng-l-l T4t (agji, — ey a:(agfssk)Hq 8 TBs383 (1 — bjiz + Zk 1 ﬂaﬂz’)sk)]
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[T, T4 (1 =y + Y5y oy si)
R, i - k i - k
SR T ot DA (args, — Sopey @) si)[T%r, TBree (1 — byjir + Yy B s1)]

(1.6)

and

k) (k) k) (k)
ou (o0 I, 7" @ —6<’“’sk>nf’_ e (1= e +v<‘“) K) )
k\9k) = K
R(F) D" Dk k k ’
Zi(k) 1[ Ti(k) H m(k)+1 o (1 — Z(k) + ‘5 ,(ms )Hj':(:L)(k)H r “(k)( (Z()m 7(2()k>5k)]
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1,
D [( ; ),7( )]1 n, Stands for (c1 ),7( )) (e %11)7%(}1))‘
D ng, -y, m® n® o D 0 g Ro iy iy Qi s Res Ty s Dito s Qi) s Tir s BT € N and verify
0 <ma, o+, 0 < myp, 0 < ng < pigy o+, 0 <y < iy, 0 <MW < gy, 0 <m™ < gy,

0<n® <piy, -+, 0 <0 < pioy
3)7i,(ia=1,--- ,Ry) eR*; 7y, eRY (i, =1,--- ,R.); 750 €RT(i=1,--- ,R®)) (k=1,---,r).

HA O e R (G =1, n); (=1, )60, D e RE (G =1, ,mB)i (k= 1,00 1),
C(k()k) € R+ (:m(k) +1> »p(k))*(k: 17 )T);

p®

ji(®)

eRT,(j=n® +1,--- ,¢®)(k=1,---,7).

al(cl;’AkJGR+7(J:17 7nk)7(k:2a 7r)a(l:17)k)

a](gl) 7Akj7,k €R+a(3:nk+17 7ka)7(k:27 ,7’)7([:1, 7k)

Dk

B By, € R (G=mp+ 1, qi)i (k=2 1) (l=1,--- k).
Oy ERY (i =1, \RW); (G =m® 41, quw);(k=1,--- 7).

g(i)w ERM (=1, ,R);(=n® + 1. pw);(k=1,-- 7).

5 eC(j=1, ,n®);k=1,,)d" eC;(j =1, ,mP);(k=1,--- 7).
arji, €C; (G =np+1,--- ,pi); (E=2,---,7).

brji, €Ci (=1 ,qi, )i (k=2,---,7).

A € Cili =1, \ RO) (= m® 1, q)i (b =1, 7).

’V(f()k) € (Cv (Z = 17 e 7R(k))7 (] = n(k) + 1? apz(k)) (k - 1 ?7‘)'

J
The contour Ly is in the si(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
loop, if necessary to ensure that the poles of 427 [ 1 — agj + Z ag';)sk> (=1, ,n2), [A4s (1 —az; + Z g €k>
k=1 k=1

r =z (
(] = 1> 7713)," . 71—‘A"j <1 —arj + Zaibj) (-7 = 17 7n'f“)’ FC]M (1 a (/.Sk) +’y§k)bk> ('] = 17” ’ ’n(k))(k = 17' o 7"')t0
i=1

the right of the contour Ly, and the poles of I'?;” (d](.k) - 6§k)sk) G=1,---,m®)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < §A§k)7r where

m (%) n(® q® p!
k k) o(k k) _(k k k k k)
A0 = L DR+ O —r | 2 DR 3 ool |+
Jj=1 Jj=1 j=m*)+1 j=n()+1
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Piy iy Pip Qi
k k k k
—7n | D A2ﬂ2aéjzz+232ji25£]’22 —mm | YD Aia f«Jz +ZBWT31(~N)T (1.8)
Jj=n2+1 =1 j=n,+1 j=

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(z1, oo z0) = 0([2 ™ - |20|) maz( [z, -+ s |20 ) = 0

N(z1,- -, 2r) =0 |z1|ﬁ1,~-- ,|zr|ﬁr),min(|z1|,--- ,|2r] ) > cOwhere i =1,--- 1

a0 1
_ . (7) (2)
a; = min Re|D; . and fi = max Re |C; :
1< <m® 5(,’) 1< <n(® ,y(?)
J J
Remark 1.

If ng=---=n,_1 =Diy =iy =" =Dip_, = Gip_, = 0 and A2j = A2ji2 = B2ji2 — ... :Arj = Arji,» = Brji,- =1
A.j = Ay, = Brji, =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

fny==n.=py,=q,==pi, =q, =0andr, = =7 =10 = =7m=Ry=-=R =RV =
.= R =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[71.

Remark 3.

IfAQj = A2j1‘2 = B2ji2 — .- :Arj = Arjir = Brjir = land Tip =" =T, = Ti(1) = =" = Ti(r) = R2 == Rr = R(1>

= ... =R =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [6].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the multivariable H-function defined by Srivastava and panda [8,9].

In your investigation, we shall use the following notations.

(@ 1 2 2) (3
A :[(aZj;agj)aa(Qj);A2j)]1,n27[Tiz(a2ji2;aéj12aaéj)22;A2]12)]7L2+1,p12 [((1337(1&])7@;(3]), ;(),J),A3j)]1,n37

1 2 3 1 1
[7—13(G3J23’O‘i(‘)])zyai(‘)])ze,’aéjg A3J13)]n3+1 Pigs [(a(r—l)j;agr)_njv"' O‘E: 1;]’A(T 1)]’)17”7‘71]7
Y r—1)
[Tir—l(a(r—l)jirq7O‘(r—1)jir_1’ : 0‘57—1)]“ X A(r—l)jirq)nr—1+1ymr,1] (1.9)
1 T 1 r
A = (il 0l Ain ], [ (aniiall) ool 5 AvgiJni ] (1.10)

1 1 1 1
A= [( ( )7 7]( )7 Cg( ))l,n(l)}a [T (C§i21) ) 7_;1‘()1) ) C](z()l))n(l)+1 p(l)] "

(97 CE) ] [ (€550 S 5 O, ) ) 41.] (1.11)

2 1 2 3
B = [7i, (bajiy: B, B5orys Bajia ) nauy o[Tia (b3jias B ol s B0 Bkt Bajia) a3+
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1 r—1
[T (irysie B0y 2Bty Ba—nyjin )i, ) (1.12)
1 T
B=[r, (beji,: B B s Brji g | (1.13)

1 1 1 1 1
B= [(d; )7 6J( ); D§ ))l,m(l)]a [Ti(1> (dgz()l) y 551()1) ) D;Z()1))m(1)+1 q(l)] )

(457, 8575 DY )1 o s [ (530 850003 DS ) 41 g6 (1.14)
U =0,n2:0,ng--;0,n,1;V = mM nD;m® n&;..im p) (1.15)
X = Pig QiasTia} B2+ 1Pi 1 Q15 Tiry R 13Y = iy, 0, Ty R+ 19y, s iy R (1.16)

2. Main integrals.
In this section, we evaluate two integrals.

Theorem 1.

o0
1
/ 27 (ag(ea), - ap () ) RY, (e, 2)dn = ¢ VA2 At S (o)
0

U;0,n,+2:V . .
Xipir+1.qip Ty : RpY 2.1)

2hrq,. B:B: B

Provided

a4
Do ( )] ~0
5(1)

_ 1
<0, |arg(a;(cz)")| < §A§k)7r where AE’“) is defined by (1.8)

T

c>07hi>0(i:1,-~-,r),—u<Re(U)<2.Re(0—|—u)—|—Zh min  Re
=
Re(o —2) + h; max Re

1< <m®
( )
C(Z) -1
— T 1gj<n® (i)

and the series on the right-hand side of (2.1) is absolutely convergent.

Proof
Multiply the left hand side of (2.1) by ¢” and substitute the value of R}, in it from (1.3) to obtain (say J)

e 1 ! ™
J :/ cx)’ 1I(ar (cx)™, - ap(ca) ) x | ———— do (c)w "y | =—J, 1 (cx)| edw 2.2
[ (e s ea) (x| s 30 BT e ) .2

On replacing cz by z in (2.2) and interchanging the order of integration and summation therein we get

J = /\/; T = / AR 23 alz . ,arzh"’)J“+;(z)dz (2.3)
D01 4o (c) 2cx o

uOl

Now expressing the multivariable Gimel-function occurring in (2.3) in terms of Mellin-Barnes multiple integrals
contour with the help of (1.5), interchanging the order of integrations (which is permissible under the conditions
mentioned in (2.1)), we get
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\/_ = \/T 1 / / a
J = R ce d) S1,°** , Sy HZ. s;)a
Zu 0.1 dOn 01 2cx (QWW)T L1 L, ( ! ) ]‘;[1 ( )

U=

U ATl sty (z)dz] dsi ---ds, 2.4)
0

On evaluating the z-integral involved in the above equation with the help of the result [3] and interpreting the Mellin-
Barnes multiple integrals contour in terms of the multivariable Gimel-function, we get the desired result (2.1).
All that remains now is to justify the interchange of order of integration and summation in (2.2). This is possible, since

/
oo

1 _ T
1) the series expansion of R(l),n iz oo Z do (c)w ™" 2—Ju+%(6$) is uniformly convergent [4] in
2 u=o,1 4 (€) W=on “
any fixed interval 0 < = < b.
2) the function 27~ *1(ay (cz)", - - -, a,(cz)™) is continuous

3) The integral on the right hand side of (2.2) is absolutely convergent under the existence conditions mentioned with
(2.1).

Theorem 2.

> k™7cezn(0,0) <~ 4 (2n
./o (sinh )7~ '3(a; (2k sinh z)"* |- - | a,.(2k sinh 2)"")Ceay, (2, ¢) cosh zdx = K 7cean(0,9) Z Aéi )

2A(()2n) u=0
2hlG/l A7 (2—02—2u;%7._.’%;1)7A,(2u—20+2;%’__. a%al) t A
U;0,n,+2:V . .
j 7p':+17qM77'17- ‘RpY . . (25)
2hrq, B;B: B
Provided

h>0,h; >00=1,---,7),—2u < Re(o) <2. Re(o + 2u) + Zhl min Re

= 1g<m®

‘ d@
Dj(?) (Z_) >0
(5jZ

"1 where A( is defined

3 I
Re <O’—§>—‘r h; max Re
i=1

1<j<n(®

Q)

-1

C] i) ( @ )] <0, |arg(a;(2k sinh 2)")
7

by (1.8) and the series on the right-hand side of (2.5) is absolutely convergent.

The theorem 2 can be evaluated by proceeding in a similar manner to that given above. The series expansion for
modified Mathieu function is also uniformly convergent [5].

3. Special cases.

If in (2.1) we let ¢ — 0,z — oo in such a way that cx remains finite say z we have [4]

0Oifu#n
o (0) = . 3.1

lifu=n

Ré,n occurring in (2.1) degenerates into 4/ ;_ZJ” 41 (z) and we have the following result

Corollary.
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3

oo
_3 _3
/ 2° 2.'1(ctlzhl,--~,c17«,7,"”')<]n+%dz:2" 2
Jo

h . (2=0—n.h by —o+3. h hy. .
2™ ay Aa( Znaéa"’y_gtvl)7Aa(ng 3717"'7_2t71>'14
U;0,n.+2:V . .
XsPip +1,qip,Tig Ryt . . 3.1
2Mra, B;B: B
Provided

1<G<m®

h>0,h; >00@=1,---,7),—n < Re(o) < 2. Re(o +n) +Zhi min Re
i=1

r

D
(1) j
D]. (5@ >0
J
cg-) -1

i ' , 1
Re(c —2)+ ) hi 1<r§13X(i) Re C](-) ( @ )] <0, |arg(a;(cz))| < §Az(‘k)77 where AE’“) is defined by (1.8)
i=1 SIS 7

and the series on the right-hand side of (2.1) is absolutely convergent.

Again if kK — 0,z — oo in (2.5) in such a way that 2k sinh z is finite and tends to y, Ceay,(z,q) — Jo,(y) and the
integral (2.5) yields a similar integral to the above integral (3.1) but having the integral order of Bessel function in it.

4. Conclusion.
A large number of other integrals involving spheroidal and modified Mathieu functions can also be obtained from
(2.1) and (2.5) on account of the most general nature of the multivariable Gimel-function. This function can be suitably

specialized to a remarkably wide variety of special functions (or product of several such special functions) which are
expressible in terms of E, F, G, H, I, Aleph-functions of one or more variables.
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