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ABSTRACT
In this paper, we present a double expansion formula for the generalized multivariable Gimel-function involving Jacobi polynomials and Bessel
functions.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.

The subject of expansion formulae and Fourier series of special functions occupies a large place in the literature of
special functions. Certain double expansion formulae and double Fourier series of generalized hypergeometric functions
play an important role in the development of the theories of special functions and two- dimensional boundary value
problems. In this paper, we establish a double expansion formula for generalized multivariable Gimel-function.

We define a generalized transcendental function of several complex variables.
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0< m2 < qiy,0< g < piyyeoe,0<my < g3y 0 < my < iy, 0 <MY < gy, 0 <™ < g

0<n® <pjwy,,0 < < pyn.
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Vi ERT; (=1, , RW); (= n® 4 1, pyon)i (b =1, 7).
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The contour Ly, is in the s;(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
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L < Zﬁ(L)> j=1,--,m), o) (dﬁ'€> - 6§k)sk) G=1,---,m®™)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :
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Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(Zl? T 727’) - 0( ’Z1|a17 T ‘ZT|QT)’ma'x( |21|,~ ) ‘ZT| ) =0
Rot, s 2) = 0([z1l? -+ |l ), min( e, -+ ,[ar] ) = o0 where § = 1, 7
, bry o ds e —1
oo i (57 o = e e (50 01
LI h=2 h'=1 1<j<nm h=2 h'=1 hj j
Remark 1.
If me=ng=-=mp_1=n1=pi, =qi, =+ =DPi,_, = qi,_, = 0and Azj = Byj = Agji, = Baji, = - =

Ayj = Byj = Ayji, = Byji, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
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fma=ne=--=mp=n,=pij, =¢qi, = =p;, = ¢, =0and 7, = =7, =Ty,0) = =Ty» = Rp =
=...=R, = RMD —=...= R = 1, then the generalized multivariable Gimel-function reduces in a generalized
multivariable I-function (extension of multivariable I-function defined by Prathima et al. [7]).

Remark 3.
IfAQj = ng = Agjiz = Bgﬁ2 = ZArj = Brj = Arji,- = BTjir = land Tip = " =T, = Ty(1) = =" = Ti(r) = Rz
— -.=R,=RW =... = R =1, then the generalized multivariable Gimel-function reduces in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [6]).
Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and panda [8,9]).

In your investigation, we shall use the following notations.

1 1 2) 2
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2. Required results.

In this section, we give four formulae. These results will be used in the following sections.
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Lemma 1. ([4], p. 1240, Eq. 4)

/_ 11 (1—2)7(1 + 2)P PP (z)da = QSHH;(Fp(:: i)g)(g (; - :ng‘:‘;) ptn) 1)
provided Re(p) > —1, Re(8) > —1.
Lemma 2. (see Luke,[5])

oo o—1 1 vto
./o y° ! cosyJy(z)dy = T (12_ %7_;2((51_;2;}(\ (J%mza) (2.2)
provided Re(o + v) > 0.
The orthogonality property of the Jacobi polynomials [3].
Lemma 3.

1 0ifm #n
11(1 — 2)%(1 + 2)? PP () PB) ()dz = 9B+ (ot 1)T(B4n 1) i — (2.3)

nl(atfrent)(atptntl) L1 =1

provided Re(a) > —1, Re(8) > —1.
Orthogonality property for Bessel’s function [5]
Lemma 3.

oo 0,ifm #n
/0 A 2.4)

= ——,ifm=n
provided Re(u) +m +n > —1.
3. Main integrals.
In this section, we establish two integrals.
Theorem 1.
/11(1 ) (4 2)PPEA (@)1 (21 (1 — 1) 21— ) da = 2P+B+1F(T,1;L m+ )
2M2 A; (pihay-- hes 1), A (@ = pihay oo hes1) 2 A

Usmy+1,n,.+1:V . .
Xipip+2,qip +2,7i 1 RytY . 3.1

2hrz'r‘ By (a_p+m7hla 7h7‘71)aB7(_1_/6_p_m7h17 7h’ﬁ1)B

provided

T r h ()
. : bnj i d;
hi>00@=1,---,7), Re(B) > —1, Re(p) + E h; ,Join Re < E E By, BI;L], +D§) Zz)> > —1.
i=1 ]<\j]<\$z) h=2h'=1 hj 5,7'

1
larg(zi(1 — z)")| < iAEk)W where Al(-k) is defined by (1.4).

Proof
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To prove the theorem 1, we replace the generalized multivariable Gimel-function by this multiple integrals contour with
the help of (1.1), change the order of integrations which is justified under the conditions mentioned above. We get

T 1
—sp) [[On(sn) 23t U (1 — @)tz b1 4 2) PGP () de | dsy -+ ds, (3.2)
k=1

Ly -1

Evaluate the inner integral with the help of lemma 1 and interpreting the Mellin-Barnes multiple integrals contour in
terms of the multivariable Gimel-function, we get the desired result (3.1).

Theorem 2.

0
o—1 . 2k 2k __oo—1 Usmy+1,n,+1:V
/0 Yy cos yJy (:1')](21:‘/ e zZry T)dy =2 \/7_T jX;pi7r+4,q;w+1,ﬂrZRriY

4F1 A;( f”—“ ki, ks 1),A,(1+%;k1,~-~,kr;l),(l_g_”;k1,~--,kr;l),:(W’T_”;kl,---,kr;l):A

3.3)
4hr B; (%fa;2k1,~~~,2kr;1),B:B
provided
b Jut )d(-i)
. ) = ce J J
h; > 03 =1, —|—2Zk njrlérin ZZB;U + PG > 0.
1<) Cm® h=2h'=1 j

1
larg(z;(1 —z)M)| < §A§k)7r where Az(-k) is defined by (1.4).

Proof
To prove the theorem 2, we replace the generalized multivariable Gimel-function by this multiple integrals contour with
the help of (1.1), change the order of integrations which is justified under the conditions mentioned above. We get

1 . 5 e T ap—
(Q—T/ o / w(sh R} ST) Hek (sk)ZZk |:/ ya+zi’:1 hisi=t COS y‘]v (x)1<zly2kla ) ZT:UQkT)dy d81 e dSr(34)
mw)" /1, L, Ee1 0

Evaluate the inner integral with the help of lemma 2 and interpreting the Mellin-Barnes multiple integrals contour in
terms of the multivariable Gimel-function, we get the desired result (3.3).

4. Double expansion formula.
The double expansion formula to be establish is

Theorem 3.

(1 —2)Py” cosyl (z1(1 —x)myR (- az)hyfk) =2t /n

= (a+B+2s+D)T(a+B+s+1)(v+2t+1
Z( ( ( )

P(anB)
F(Oé+8+ 1) s (l‘)‘]v-i-?t-‘rl(y)

2h1+2k"21 A; Al, A,AQ A

Usmr+2,n,.+3:V . .
X e 46qr By, Ry (4.1)

Qhr+2kr 2 | B; B1,B,By: B
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where

J+U—|—2t—|—1.
2 )

2+1— )+ 2t )+ 2t —
Azz(—p;hl,-~~,hr;l),<1+w~k1,---,kr;l),(—uh,m,kr;1>,<1+”—"~k1,m,kT;l)(4.3)

A= (=p—ashy,-- hysl), (1— Fayoes ,km) (4.2)

2 ' 2 ' 2 '

1
B1: (20;2k1,"‘ ’Qk,r;1)7(p+s;h17.'. 7h,,,;1);BQ:(717Q7/67p78;h1"-' 7h’l";1) (4.4)

valid under the existence conditions mentioned in (3.1) and (3.3).

Proof
To establish (4.1), let

f(z,y) = (1—2)"y" cosyl <21(1 — )Myt 2 (1 - w)h"yfk?) = A PPN (@) o4 (y) (4.5)
s,t=0

The above equation is valid, since f(z,y) is continuous and bounded variation in the region (—1,1) x (0, 00).
Multiplying both sides of (4.5) by y~'J,2011(y), integrating with respect to ¥ from 1 to oo and using the (2.4) and
(3.3), we obtain

4k (1 — CL‘)hl 21 A; C1A,Cy

o—1 P Uymr+1,n-+1:V .
2 (1 - l‘) \/%JX;pir-&-éL,qir-&-l,Tir:R,,V:Y . =

4k (1 — 2)hr 2. | B; D,B: B

> Ago(dv 420 +2) 7 P (2) (4.6)
s=0

where

2 1 1
CV1: (1_#7k17 7k7‘71> 7D1 = (5_072k17 72k7‘1> (47)

v+2v+1—0 v+2v+o v+2v—0
CQZ (14—#7]{17 7kr71>,<_fakla akra:l)a(l—i_fakla 7k;7“71> (48)

Multiplying both sides of (4.6) by (1 — x)%(1 4 z)? P{*#) (1), integrating with respect to Z from -1 to 1 and using
(2.3) and (3.1), we obtain

A VAl f2ut Do+ ut Do+ 20+ 1)
wv = Fla+u+1)

2mi+2kr o | Ay AL A AL A

Usmyr+2,n,.4+3:V .
X;pip+6,q:,.+3,75,.:RY (4.9)

2hrt2kez | B; B{,B,B}: B
where

a+v+2v+1’

A;.:(_p_a;hla"'7h7';1)a <1_ 2 7k17"'7k7“;1) (410)

2 1- 2 20 —
A‘/2:(7/)7h11 7h7‘71)1 <1+%,k11 7k7‘~1> 3 (7$7k17 7kT71>><1+H#)k17 7kT71> (411)
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1
Biz (20;2]“’.“ 72kr§1) 7(7[)_1_,“;}“)... ’hr;l);B2:(7170[757p,u;h17.“ ,}L,,.;l) (4.12)

Finally substituting the value of A, ; in (4.5), we obtain the desired result (4.1).

5. Conclusion.
Since on specializing the parameters of generalized Gimel-function of several variables yield almost all special

functions appearing in Applied Mathematics and Physical Sciences. Therefore the result presented in this study is of a
general character and hence may encompass several cases of interest.
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