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I.LINTRODUCTION

W. J. Pervin [11] was define connectedness in a bitopological space. I.L. Reilly [12], J. Swart [15] and T. Birsan [1]
studied connectedness in bitopological spaces .B. Dvalishi [3] studied connectedness in bitopological space. A.
Kandil and others[5] studied connectedness in bitopological ordered spaces and in ideal bitopological spaces.

Tri topological space is a generalization of bitopological space. The tri topological space was first initiated by
Martin Kovar [8]. S. Palaniammal [10] studied tri topological space and he also introduced fuzzy tri topological
space. N.F. Hameed and Moh. Yahya Abid [4] gives the definition of 123 open set in tri topological spaces. D.V.
Mukundan [9] introduced quad topological space. We [16] [17] introduced tri connectedness in tri topological space
and quad connectedness in quad topological space.

In 1965, Zadeh L.A. [18] introduced the concept of fuzzy sets. In 1968 Change C.L. [2] introduced the concept of
fuzzy topological spaces. K.S. Sethupathy Raja and S. Lakshmivarahan [14] introduced connectedness in fuzzy
topological space. Kandil A. [6] [7] introduced fuzzy bitopological spaces. We [13] introduced fuzzy connectedness
in fuzzy tri topological space. In this paper, we introduce fuzzy connectedness and fuzzyseparated setsin fuzzy quad
topological space.

I1. PRELIMINARIES

Definition 2.1[10]: Let X be a nonempty setand T,, T, andT, are three topologies on X .The set X together with
three topologies is called a tri topological space and is denoted by (x ,T,,T,,T,)

Definition 2.2[11]: A bitopological space is (x ,T,,7,) said to be connected if and only if X cannot be expressed as

the union of two non-empty disjoint sets A and B such that A isT, open and B is T, open. When X can be so
expressed, we write X = A/B and called this a separation of X .

Definition 2.3[16]: Let (x,T,,T,,T,) be a tri topological space, a subset A of X issaid to be tri disconnected if
and only if it is the union of two non-empty tri separated sets. That is, if and only if there exist two non-empty
separated sets C and D suchthatc mtricl(D)=¢, tricl(C)nD =gand A=C u D , A issaidtobetri
connected if and only if it is not tri disconnected.

Definition 2.4[14]: A fuzzy topology X is said to be disconnected if X = A U B, where A and B are non-
empty open fuzzy setsin X suchthat A~ B = ¢ . A fuzzy topological X is said to be connected if X cannot
be represented as the union of two non-empty, disjoint open setson X .
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Definition 2.5[9]: Let X be a nonempty setr ,z r,and z, are fuzzy topologies on X .Then a fuzzy subset y, of
space X is said to be fuzzy g-openif , ~ . u r U ¢, Uz, and its complement is said to be fuzzy g-closed and set X
with four fuzzy topologies called fuzzy q—iopolzogical spaces (X ,z .z ,7,.7,) -

Definition 2.6[9]: Let (x Tt T,T,) be a fuzzy quad topological space and let  , < X . The intersection of all
fuzzy g-closed sets containing y , is called the fuzzy g-closure of y, & denoted byq - ci(, ). We will denote the
fuzzy g-interior(resp. fuzzy g-closure) of any fuzzy subset,say of » , by fuzzyq - int(x,)(q - cl(x,)) where

q —int(y,) isthe union of all fuzzy g-open sets contained in  , , and g - ci( ) is the intersection of all fuzzy g-

closed sets containing y , .

111. Fg-CONNECTEDNESS IN Fg-TOPOLOGICAL SPACE

Definition3.1: Let (x , ,z ,7,,7,) be a fuzzy quad topological space. X is said to be Fg-connected if X cannot be
written as the union of two disjoint non-emptyFg-open sets.

Example 3.2:Let X={1, 2, 3, 4} be a nonempty fuzzy set. Consider four fuzzy topologies
T = {ix 0 x ' Xy Z{l,z}}'rz = {ix 0 x ' Xy 1{1,3}}’1-3 = {ix 0 x 1{4}}"[4 = {ix 0 x Z{z}} Fq-open sets are

{1,.0 Xy Xy Xy iy X3 X CANNOL e written as the union of two non-empty disjoint Fg-open sets. Hence
XisFg-connected.

Theorem3.3:Fg-topological space X is called Fg-connected if and only if X cannot be written as the union of two
non-empty disjointFq-closed sets.

Proof: Suppose X isFg-connected. Ifx - ,  , wherey,  and ,, are two non-empty disjointFg-closed sets.

X4 =1, 7242And7ﬁ2 :ix X

A

Since x, and y, are Fg-closed sets andy, , x, are Fg-open sets.

X=yz, vz, Where;gll and % ,, are non-empty disjoint Fg-open sets.

Claim; X istq—connected.

If not, letx - Z, V1, where X5, and;glz are two nonempty disjoint Fg-open sets.liz =i -7, Andlﬁl =1, -7,
X, and x, are Fg-closed sets.

X=y, Vi, Where;(;q and x,, are non-empty disjoint Fg-closed sets.

Hence X is Fg-connected.
Theorem 3.4:An Fg-topological space X is Fg-connected if and only if there does not exist a non-emptyfuzzy set
which is both Fg-open and Fg-closed.

Proof: Suppose X is Fg-connected. If there exists a non-emptyfuzzy set y, which is both Fg-open and Fg-
closed.Then 1 _ , is a non-emptyfuzzy subset of X which is both Fg-open and Fg-closed. Hence
z,v1, -z, =xwhere y andi _, are non-empty disjointFg-open sets. Hence there does not exist a non-

emptyfuzzy set which is both Fg-open and Fg-closed.
Conversely, if there does not exist a fuzzy non-empty set which is both Fg-open and Fg-closed.

Claim: X is Fg-connected. If not, let Xo VX, = 1, Where s, and x,;, are disjoint non-emptyFg-open sets. Since
Z,, = i - s 1, - s, is Fg-open set.

Xy, isFg-closed set. Z,, is a non-emptyfuzzy set which is both Fg-open and Fg-closed.Hence X is Fg-connected.
Theorem 3.5:X is Fg-connected if and only if X cannot be written as the union of two non-emptyfuzzy sets s, and

z, Where
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1. )(JIAqucIZJZ:OX
2. leZAFq_CI75(51=0x
Proof:Suppose X is Fg-connected.
If ., vz, =1, where , and »  arenon-empty fuzzy sets such that

X5 ~Fd- (:I;(§Z = 6x And;((;z AFg-cly, = 0, -

Sincez,,-, ANy =Xy AFA=Cly, =0, s ANZs = 0,

Hence 7, and x, are disjoint non-empty fuzzy sets.

Lety,, < Fq —Cly, D Xy Xy, D Xy S X, [Sinceld] VX = 1 ]

Fq —CI;(J‘ < 151A|Way5;(51 < Fq 7CI;(0.1
Hence ,, - Fq-cly,

Let;({x) SFa-cly, = xog ™ X5, = Xpg S X5,

Fa-cly, <z, = Fa-cly, =z, ,sinceldz <Fq-cly,

x,, And , are Fg-closed sets.

Hence%] vz, = 1, Wherehl and z,, are disjoint non-emptyFqg-closed sets. Hence X is Fg-connected.

Hence X cannot be written as the union of two nonempty fuzzy sets A and B Whereldl AFq-cly, =0, and
Zs, A Fq _Cllo‘] = 5X

Conversely, X cannot be written as the union of two nonempty sets 7, and , where, Fq-ciy, =0, and
Zs, A Fq—cl;((Yl = f)x

Claim: X is Fg-connected. If not,ldl Vi, = 1, Where;gﬁl and Zs disjoint non-emptyFq-closed sets.

= 7, =Fa- Cll,slAndlo-z =Fq-cly, -

And= », = 1, - x, andy -1 -y Hence

= ;551 /\(i)< —}([51)26x ,;{(51/\;(62 =6x

= x, ~AFa-cly, = 6X -Sim”ar')/)(dz A (ix ;)= 6X = X5, NAs, = 6X .

Hence , . , -1 wherey, and y, arenon-empty fuzzy sets such that

x, AnFq-cly, =0,and, . Fq-cly, =0, -HenceXisFqg-connected.
IV.Fg-SEPARATED SETS IN Fg-TOPOLOGICAL SPACE

Definition 4.1 Let(Xx T T4T,) be a fuzzy quad topological space. Two non-empty fuzzy subsets 7 ; and
% 5, of Xare called Fg-separated ifhl AFq-cly, =0, and %, AFd-cly, =0, -

Theorem 4.2:1f 7 ; and ¥, are Fg-separated then ¥, and ¥, are disjoint.

Proof: Xy NXy, = X5 AFAa-cCly, = 6X Since ¥ 5 and X, are Fg-separated.

= s, NXs, = f)x . X5, And Y aredisjoint sets.

Result 4.3:Converse is not true.
Exampled4.4:Let X = {a, b, c} be a non-empty fuzzy set, consider four topologies

T ={L0 0, x Tt =L 0 r g Xt T =0 0 Xy X b T = {000 )
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Fg-open sets are{iX .0 o Xy Xiamyt Xaoyd

Fo-closed setsare{1 ,0, , 7., o Z(oys Xy}
Lety, =x,nandy, = 2. Xs, and ¥, aredisjointsets. Fq - cly, =Fa-cly,, =21
Xs, AFa-cly, =y AFa—cly =2~ = 2[# 0]

Since y, AFq-cly, = f)x X, and X 5, arenot Fg- separated.

Definition4.5:Let x T TT,) be anFg-topological space. Let 5, < ix . X 5 iscalled Fg-dense if Fq - cly, =
Example 4.6:Let X = {a, b, c} be a non-empty fuzzy set, consider four topologies

T =L 0, a T =L 0 2 X T = AL 0 i X T = HL0 0 L 2}

Fg-opensetsare {1 _,0, iy Kooy Xard

Fg-closed setsare {1, ,0, , 7., o+ Z(epr Xyt

Let, - .., Fa-clz, =Fa-clyg,, =1, -Hencey, isFg-dense.

V. Fg-HYPER CONNECTED Fg-TOPOLOGICAL SPACE

Definition 5.1:AnFg-topological space (x,r ,r ,z,,r,) is said to be Fg-hyper connected if every non-empty Fg-

open set is Fg-dense in X.
Example 5.2:Let X = {a, b, c} be a non-empty fuzzy set, consider four topologies

r =410 b T, =L 0, 2y b T =400 s Xt e =100 0, 2}
Fo-opensetsare {1, ,0 , , 7, Zqany: Zacr }

Fg-closed setsare {1, .0, 7oy Xy Zgopd

Fg-cly,, = ~x

Fg - Cll{a,n} = ix

Fq - Cll{a,c} =1

Every non-empty Fg-open set is Fg-dense in X.

Hence X is Fg-hyper connected Fg-topological space.

Theorem 5.3:A Fg-topological space X is Fg-hyper connected if and only ifany two non-empty Fg-opensets
intersect.

Proof:Let X be Fg-hyper connected.

Let Xs, and , are two non-empty Fg-open sets.

Claim: y, Ay, #0

X

Suppose not then,Hence ,, <1 - 4,

Fq—cl;gé1 < Fq —cl(ix —;552)
Since X is Fg-hyper connected, Fq —cl y, = ix .

Hencel, < Fq-cl(l, - z, )

5

Nowl, — z, isFg-closed= Fq-cl(1, - 7, ) =1, - 7,

2

i <d,-xz,)=>1, =@, -z, )Whichimplies y =0

X
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since 7, #0, x, Az, #0,.
Hence any two non-emptyFg-open sets intersect.

Conversely if any two non-empty Fg-open sets intersect.
Claim: X is Fg-hyper connected.

Let ¥, beanon-empty Fg-open set.
Claim: Fg - clz, =1,
Ifnot,l:q—cl;gﬁ1 %1
Then,1—(f:q—c|;g§1);rs6X

Let;géz :1—(Fq—c|;(§1)

X5, = Fa—-cly,

Hence;gs1 ANXs, = ﬁx

But 5, and X s, are non-emptyFg-open sets.

HenceFq-cly, =1,

Hence %, is Fg-densein X.

Theorem 5.4:X is Fg-hyper connected if and only if any Fg-closed set not equal to X has empty Fg-interior.

Proof: X is Fg-hyper connected.

Let 7, beag-closed setwhere y = 1,

Claim: Fq —inty, =0,

Ifnot,Let;Q = Fg-int y, :6x'7f(5 #0

X

Now X is a non-empty Fg-open set because Fqg - int Zs, is Fg-open and X is Fg-hyper connected. Hence

Fq-cly, =1, now X 5, 1s anFg-closed set containing Xs,
= Fg-cly, < x,

=1, <2,

Hencel, = ;((yz.Smcelx # y,, HenceFq-—inty =0,

Hence any Fg-closed set not equal to X has empty Fg-interior.
Conversely,

Now every Fg-closed set not equal to X has empty Fg-interior.
Claim: X is Fg-hyper connected.

Let 7, beanon-emptyq-open set.
CIaim:,:q_cué_J =1,

Ifnot, Fq - c1,, isanFg-closed set not equal to X.
Hencqu—int(Fq—cl,go.‘):flX

NOW ;< (Fa-clz,)

Fq- int;(dl < Fq-int(Fg- Clla,)

Since Zs, is Fg-open,Fg —int y, = g,
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Hencerq-int y, < Fg—int(Fq-cly, )=0,
Hence z, <0,
Since X5, is non-empty.

HenceFq-cly, =1,

Hence X is Fg-hyper connected.
Theorem 5.5:1f X is Fg-hyper connected, then X is Fg-connected.
Proof:Since X is Fg-hyper connected, any two nonemptyFg-open sets intersect .If X is not Fg-connected. Then

Xy N Xy, = ix where 7 ; and ¥ ; = are two non-empty disjoint Fg-open sets.

X s Andy ; are nonempty disjoint Fg-open sets contradicts the fact that X is Fg-hyperconnected. Hence X is Fg-

connected.

VI. CONCLUSION
In this paper the idea of fuzzy connectedness and fuzzy separated sets in fuzzy quad topological space were
introduced and studied.
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