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ABSTRACT
In this paper, we evaluate two infinite integrals in terms of the multivariable Gimel-function defined here. The scope of a further generalization of
these results, with the aid of the Mellin inversion theorem, is also discussed.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ng = N U {0}.

We define a generalized transcendental function of several complex variables noted 1.
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brjir €Ci(G =1, qi, )i (k=2,--- 7).

k . ‘
d.gz()k) € C? (7’ = 17 e 7R(k))) (7 = m(k) + 17 e aqi(k‘)); (k = 17 e 77’).
Vi €Cili=1, RO (G=n® 41, pw)i(k=1,---,7).
The contour Ly is in the si(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
loop, if necessary to ensure that the poles of I'*2/ | 1 — ay; + Z ag’;)sk> (j=1,---,ng), 487 (1 —asz; + Z o sk>
k=1 k=1

. ; ~ . (k) .
(.]:17"'7’”'3)7"'7FA” <l_a’r‘j+zas’]) (]:177nr)5rcj (1_c§k)+ry](k)5k) (]:1,,n(k))(k:1,7’)t0
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the right of the contour L, and the poles of ro)” (dy“) — 5](k)sk) G=1,---,mF)(k=1,---r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
arg(zi)| < ~ A% ¢ where
2 (3
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= A2magm + Z Bzmﬂzm e Y ATjirarjzr + Y Brji, By, (1.8)
j=n2+1 j=n,+1 j=1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(z1, o5 20) = 0([2] ™ - |20|7)  maz( [, -+ s |20 ) = 0

N(z1, -, 2r) =0 |z1|ﬁl,-~- ,]zrﬁ"),min(|zl|,---,|zr|)—>OOwhere t=1,---,7r:

[ dD D g
- (@) [ % O]
a; = min Re Dj @ and B; = max Re Cj @
1<j<m® o 1<j<n® \
J 7
Remark 1.

Ifno=-=n,_1 =pi, =i, =+ = Dip_, = Gi,_, = 0and Agj = Agjs, = Boji, =+ =Ap; = Apjs, = Bpjs, =1
Arj = Arji, = Brji,. =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

fny=-=n,=p,=q,=-=pi, =q,=0andr, = =7 =70 = =70 =Ry=-=R =R =
.= R") =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[8].

Remark 3.

IfAQj = Agji2 = B2ji2 = - :Arj = Arjir = Brji,v = land Tip = =T, = Ty1) = =00 = Ti(r) = R2 == RT = R(l)

=...=R" =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [7].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the multivariable H-function defined by Srivastava and panda [9 ,10].
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In your investigation, we shall use the following notations.

1 1 1
A [(a@jﬂ O‘gj)u CYQJ 7A2J)]1 n2) [Tzz (azjlz ) a(Qj)zQ ’ a;m A2jl2)]nz+1,17u ) [(a3j7 a:(a])7 Oééj), 0433 ) A3])]1 n3»
1 2 3 1 1
[Tls (a3Jl3’O‘i(‘)j)z;,»7 ai(‘)j)237 aéj?tg A3ﬂs)]n3+1ng T [(a(r—l)j; O‘Er)—l)j’ T ’aE: 1;]’ A(r 1) )1 Ny 1]
1 —1
(7,1 (ar—1)ji, 15 @ Er) Djir_1?" ’aE:—l;jir_l;A(T‘—l)jir—l)nr—1+1api7._1] (1.9)
1 1
A = (a0l 0l A ), [ (angis el o al) s A Jasi ] (1.10)
1 1 1 1
A= [( ; )’ ( ), CJ( ))1,n(1)}’ [Ti(l)(c§i21)7ryjz()l)’C]('i()l))n(l)—ﬁ-l,pgl)]; cees
(r) A ( ) (r) (r) . ~(r)
[( JT Y 37") C(T )Lm(T)L [Ti(T) (cj;(’")”yj:(’”)’Cj;(’”))rn(r)-&-l,pgr)] (111)

1 2 1 2 3
B = [1iy (D2jiz; BS 11y Bsonss Bajia ) 1an, o Tia (03jias Bsiaa s Bsones Boors Bagia) sy i+

. (D) r—1)
[Tir s (b —1)ie 23 B 1yji, o Br Djir B0 )10, ] (1.12)
B = [r (brji,s B+ B Brji )1, ] (1.13)

1 1 1 (1 1 1
B= [(dﬁ )76](' ); Dg ))1,m(1)]’ [Ti(U (d]z()l)voiz()l)aD‘;,L()l))m(l)_i_l q(1>] ©

[(dﬁ’" a(S](T) D T))l,m(?")]v [Tic (d;;)rp5](»:27\);D§:<)r))m< 01, qm] (1.14)
U=0,n2;0,n3; - ;0,n,_1;V =m® n0;m® n@:...om) pn) (1.15)
X = Diyy Gins Tig; Ry 5D s Qs Tiny * R 13 Y = D00, Gy, Tay; RY 5+ 5 pyor, Gio s Ty s R (1.16)

2. Required integral.

We evaluate the following integral with a modified from of the formula ([4], p. 410, (42)).

Lemma 1.

o0 (3 -A+u), TA+p+v+p+t)TQ1—p+v+p+t)

/ o Wen(@Wa(@)de = 10 >\ Z E )71 20),T (2 — k

0 (—— —-v) = H1+20) (3 —k+v+p+1)

N ['(2v) i(%—/\—U)tI‘(l+u+v+p+t)1“(1—u—v+p+t) .
I'(3-A+v) < tl—20) L (2—k—v+p+t) 2.1

provided |Re(yu)| + |Re(v)| < p+ 1.

3. Main results.

We shall use the symbol Z in this document, this last indicates that to the following expression it as a similar

o,—0

expression, with ¢ replaced by —o, is to be added.
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Theorem 1.

3] o (1 _
/ T Wi (W g (DIt 2t )de = 3 o = )2(2 vio,
0

o,—0 (5 —v—-a u=0 (1 + 20)“

Z1 A;(:I:,u—a—p—u;al,'-~,aT;l),A:A

U;0,n,+2:V . .
J ap17-+2 Qi +1 3T ‘RpY . . (3.1)

z. | B; B,(kﬁ—a—p—u—%;al,-~ ,ar; 1) : B

ds
DY
(5§ 2

larg(z;t*)| < %Agk)w where Agk) is defined by (1.4).

provided

a; >0 =1,---,r), Re(p) + z:a7 min Re > |Re(p)| + |Re(o)| — 1
i=1

1<j<m®

Proof

Expressing the multivariable Gimel-function in the integrand in Mellin-Barnes multiple integrals contour with the help
of (1.1), and interchanging the order of integrations (which is permissible under the conditions mentioned in (2.1)), we
get

. 757‘) Hok(sk)zzk [/ 202 aisiflwk,/,l( ) 1,0( )d%‘:| dsy - - -ds, 3.2)
k=1 0

)",

Evaluating the inner-integral with the help of lemma 1 and interchanging the order of integration and summations which
is justified under the conditions mentioned above, we get

I'(—20) > (% —v 4+ a r )
Z F(l —v—0 (1+20), 27rw / / Vst sr) ]:Cl;[lak(sk)zk

r +v+p+d_ais;itu
((?u Pt i ) dsy---ds, (33)

PG —k+v+p+>i_ a5 +u)
Interpreting the resulting expression with the help of (1.1), we obtain the desired result (3.1).
Theorem 2.
()
o U;0,m,44:V

%) B \/E e :
/0 tzp 1K2;L(at)K2U (Bt):[(zltmlly e 7ZTt2ar)dt = 4()42(U+/’) Z uq! JX’;p7,-7,+4,qi,_+2,T1-T,:RT:Y
u=0 :

na? | A (T-ptptuviar,--,a51),(1—ptp—v—uay, - ,a;1),,A: A
' (3.4)
zr 20 B; B,(1—p—%ia1,---,ar;1), (554 — piar, -+ ,a51) : B

D@><¢”>
@
9;

To prove the theorem 2, we use the similar manner with the help of formula ([3], Vol. I, p. 334, Eq. (47)).

provided

> [Re(p)| + |Re(0)|.

1<i<m®

Re(a+B),a; >0(i=1,---,7), Re(p) + Zal min Re
=1

| arg(zit>*)

1
< EAEk)W where Agk) is defined by (1.4).
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4. Special cases.

In this section, we shall see several particular cases. Taking £ = v = 0 in (3.1) and using the formula ([4], Vol. II, p.
432),

Wi (22) = (%Z) K2 4.1

we obtain the following integral

Corollary 1.

0o e s} 1
o g T M) & (5 +2),
/ 27 Ky, (at) Koy () I(21%, - -+, 2,4 dt By > e > T 1),
0 v,—v 2 u=0

(Q'Oiﬁ Ay (1+2u—2v—2p—wujag, - ,a51),A: A

U;0,n.+2:V . .
JX;P1T+27’11T+177'1TZRMY . (4.2)

B; B,(%—Qv—Qp—u;ah-u ,ar;1): B

Ty
provided

. 1 — ]
Re(a),a; > 0(i = 1,---,7), Re(p) + 5 ;ai min  Re

1<G<m )

1
< §Agk)7r where Agk) is defined by (1.4).

|arg(zit*)

Taking o« = (3, the infinite series on the right-hand side of equation (3.4) reduce to its first term given by ¢ = 0, and we
have

Corollary 2.
N

42

/ 2 Ky, (at) Koy (at) I (21829, - -+, 2,820 )dt =
0

agclll A» (1*,0:|:u+v;a1,~~,ar;l),(lfp:t/,tfv;al,~-~,ar;l),A:A

U;0,n,.+4:V . .

X;;”iﬁ+47(h7«+277—i7‘:R1‘:Y . . (4.3)
o B; B,(1—p;a1,---,a,51), (3 = piar,--- ,a,;1) : B

provided

T

Re(a),a; >0 =1,---,r), Re(p) + Zai min Re

o ig<m®

> |Re(p)] + [Re(a)]-

N2
Dy’ ( L >
J NO)

0;

The first member of equation (4.2) with taking a; — 2a; is the same as that of the above equation ; thus, by equating
their right-hand sides, we obtain the following relation :

‘arg(zitQ‘”)

1
< EAEk)w where Az(»k) is defined by (1.4).

Corollary 3.
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o291
:lU;07n7\+4:V
Xipip+4,9i, +2,7 RpY . .
Zr . . . 1 .
o2ar B, Ba(l_p’ah'"7aral)>(§_p7a17"'

e’} 22v+u (% +2U)u

B I'(—4v)
=V22, I'(3-2v) uz;o (14 4v),

v,—v

A Q—ptptvan,al),(I-pEp—viar, - ,a31),A: A

,ar;l) : B

2 | A (L—ptp—v—%a1,-,a31), (5 —ptp—viay,--,a;1),A: A
U;0,n,.+4:V . -
X;pii+47qi7-+277—ir:Rr:Y . ) 4.4)
7 B: B,(* —p—pran,-a1), (B v —piay,---,a51) : B
under the same existence conditions that theorem .
1
If we take v =0 + 3 in theorem 1 and use the relation ([4], Vol. II, p. 432),
W,y o(z)=272e73 (455)
we have the following integral
Corollary 4.
e t
/ e 2 Wy, (H)(21t, -+, 2t )dt =
0
Z1 A7 (%:l:/u‘_p;alv"'va’r‘;l)7A:A
U;0,n,+2:V . .
Xipip+2,qin +1,7i  RyY . . (4.6)
Zy B; B,(k—p—t;a1, - ,a.;1): B
provided
- ) — e - 1 ,Z J - —
a; >0(i=1,---,7), Re(p) + Z:ZI a min Re|D; 50 > [Re(p)] = 5
1
larg(zt*)] < iAgk)ﬂ' where Agk) is defined by (1.4).
. a+1 1o
In the above integral take k = m + — = ox and use the formula ([4], Vol. 11, p. 432)
m 1
Wsms 1. (2) = (=)™ mlz* T2 L3 (2),0 < m (4.7)
where Lg,‘f) (z) is the Laguerre polynomial of order « and degree m, we get
Corollary 5.
/ P E et L@ (T (20t9 - 2 t0)dE = (7)'
0 m.
71 Aa (1_pi%;a1a"'uar;]—)7A:A
U;0,n,+2:V . .
jX?pir+27Qir+1aTir:R7‘:Y (4.8)

Z.r B; B, (1—p+m+.%;a1,--~ ,ar;l) : B
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provided

gD
a; >00@=1,---,7), Re <p+ ) Za11<IinlTIT1L() D](?) (55”)] >0
larg(z;it*)| < = Ek)ﬂ where Ag ' is defined by (1.4).

5. Generalization.

If we let

A(t) =

L T, D, +mys)

— = t~°ds 5.1
270 Jyioe TIy Dw; — y5) [Ty Dty — 1ys) 1)

where o > 0, the I’s, m's, n’s are are positive numbers and verify the relation
p q m
SUED SR ST 62
j=1 j=1 j=1
The function defined above can be expressed in terms of the H-function of Fox ([5], p. 408), we have ([11], p. 265, Eq.
(1.1),
(W, 4)1,p

A(t) = H? t . (5.3)
(Vj>mj)1,q’ (1- wy, le)l,m

P

provided |arg(t |<— ij an le
j=1

Use the Mellin inversion theorem, (5.1) evidently yields

Lemma 2.

/OO LA = = L0+ mis) 5.4
0 [Tj%, T(wy —nis) [Tj=, T(uy + lis) 6.4)

v < e
provided that Re(s) > — min Re <mj ) and the 1ntegral/ t*~1| A(t)|dt is bounded for some s > 0 where & > s

1<5<q j 0
We obtain the general integral

Theorem 3.

o0
p—1 ar .. a, _ =U;0,n+q:V
/O Azttt )dt =T R

Z] A? (1 — U5 = PG Mia1, - 5 MGy 1)1777, 7A7 (w] — PNGiNGay, -t s NGy 1)1,m t A
. ) (5.5)
Zy B;(l—uj—plj;ljal,-n,ljaT;l)lp,B:B
provided
d v
a; >00@E=1,---,r +Zal min j’) E > — min Re(—]>
1<]<m<z> 551) 1<j<q m;
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1) () - . 3
larg(zit")| < 514,- T where 4;  is defined by (1.4) and Z mj — Z"j - Z l; >0,
j=1 j=1 j=1

Proof

Expressing the multivariable Gimel-function in the integrand in Mellin-Barnes multiple integrals contour with the help
of (1.1), and interchanging the order of integrations (which is permissible under the conditions mentioned in (5.5)), we
get

1 - s o T GiSi—
W/L . /L w(sl’ . 757") Hek(sk)zkk |:/0 tp+2i:1 iS4 1A(t)df dSl . ~dsr (56)
! v k=1

Evaluating the inner-integral with the help of lemma 2, we get

1 / / ! . I Ty +milp + 2252, aisi)
T N ¢($ [ aST) ak’(sk)zkk m T T
@rw)y Jp, S kl;[l P T(wy — nalp + 20 aisa)) TTj—y Tuy + Ll + 320, aisi))

dsy - --ds, (5.7)
Interpreting the resulting expression with the help of (1.1), we obtain the desired result (5.5).

Remark :
Panda [6] have obtainded the same integrals about the multivariable H-function defined by Srivastava and Panda [9,10].

4. Conclusion.
A large number of other integrals involving Whittaker functions, Bessel associated functions, Laguerre polynomials can
also be obtained from on account of the most general nature of the multivariable Gimel-function. The last function can

be suitably specialized to a remarkably wide variety of special functions (or product of several such special functions)
which are expressible in terms of E, F, G, H, I, Aleph-functions of one or more variables.
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