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Abstract

In this paper we study compatible maps in G-Metric space and proved common fixed
point theorems for pair of Compatible maps which satisfies contractive condition involving

maximum function.
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1 Introduction

In 1976, G.Jungck [I] proved a common fixed point theorem for commuting map-
pings,which generalizes the Banach Contraction principle.Sesa [2] introduced a concept
of weakly commuting mappings and proved some fixed point theorems in complete metric
space.Commuting maps are weakly commuting.Jungck’s [I] common fixed point theorem
has been generalized and modified by many authors [3, [4, [ 6, [7].In 1986 G.Jungck [5]
defined the concept of compatibility and proved some common fixed point results.

In 2006 Mustafa and Sims [9] introduced the concept of G-Metric space.In 2012 Manoj

Kumar [8] defined the concept of compatible maps in G-Metric space and proved some
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2 COMPATIBLE MAPS AND SOME COMMON FIXED POINT RESULTS IN G-METRIC SPACE.

results of common fixed points of pair of compatible maps.Recently Latpate V.V. and
Dolhare U.P. [10] proved one result of common fixed point theorem for pair of compatible

mappings in G-Metric space.

2 Preliminaries

Definition 2.1. Let X be a non empty set and G : X3 — Rt which satisfies the following

conditions

1. G(a,b,c) =0ifa=0b=ci.e. every a,b,cin X coincides.
2. G(a,a,b) >0 for every a,b,c eX s.t. a#b
3. G(a,a,b) < G(a,b,c), Ya,b,ce X sit.c#b

4. G(a,b,c) =G(bya,c) = G(c,b,a) = .........

(symmetrical in all three variables)

5. G(a,b,c) < G(a,xz,z)+ G(x,b,c) , for all a,b,c,x in X
(rectangle inequality)

Then the function G is said to be generalized metric or simply G-metric on X and

the pair (X,G) is said to be G-metric space.

Example 2.2. Let G : X3 — Rt s.t. G(a,b,c) = perimeter of the triangle with vertices
at a,b,c in R?, also by taking p in the interior of the triangle then rectangle inequality is

satisfied and the function G is a G-metric on X.

Remark 2.3. G-metric space is the generalization of the ordinary metric space that s

every G-metric space is (X,G) defines ordinary metric space (X,dg) by

da(a,b) = G(a,b,b) + G(a,a,b)
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Example 2.4. Let (X,d) be the usual metric space . Then the function G : X3 — RT
defined by
G(a,b,c) = maz.{d(a,b),d(b,c),d(c,a)}

for all a,b,c € X is a G-metric space.

Definition 2.5. A G-metric space (X,G) is said to be symmetric if G(a,b,b)=G(a,a,b)
for all a,beX and if G(a,b,b)# G(a,a,b) then G is said to be non symmetric G-metric

space.

Example 2.6. Let X={x,y} and G : X3 — RT defined by G(v,2,2)=G(y,y,y)=0,
G(z,2,y)=1,G(1,y,y)=2 and estend G to all of X* by symmetry in the variables. Then

X is a G-metric space but It is non symmetric. since G(x,x,y) # G(z,y,y)

Definition 2.7. Let (X,G) be a G-metric space, Let {an } be a sequence of elements in

X .The sequence { a, } is said to be G-convergent to a if
limmm,—)ooG(aa Qp, am) =0

i.e for every € > 0 there is N s.t. G(a,an,am) < € for all myn > N It is denoted as

ap — a or limy—ooGn, = a

Proposition 2.8. If (X,G) be a G-metric space. Then the following are equivalent

1. {an} is G-convergent to a.

2. G(ap,an,a) — 0 asn— oo

3. G(ap,a,a) — 0 as n— o0

4. Glam,an,a) = 0 as m,n — oo

Definition 2.9. Let (X,G) be a G-metric space a sequence {an} is called G-Cauchy if ,

for each € >0 there is an N eI™ (set of positive integers) s.t.
G(an, am,a;) < € for all nym,l > N
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Proposition 2.10. Let (X,G) be a G-metric space then the function G(a,b,c) is jointly

continuous in all three of its variables.

Proposition 2.11. Let (X,G) be a G-metric space. Then, for any a,b,c,z in X it gives that

1. if G(a,b,c) =0thena=b=rc

2. G(a,b,c) < G(a,a,b) + G(a,a,c)

3. G(a,b,b) < 2G(b, a, a)

4. G(a,b,c) < G(a,z,c) + G(x,b,c)

5. G(a,b,c) < %(G(a, z,x) + G(b,x,x) + G(c, x, x))

Definition 2.12. [5] Let S and T be two self maps on a metric space (X,d). The mappings
S and T are said to be compatible if

lim d(STx,, TSz,) =0

n—oo

, whenever {x,} is a sequence in X such that

limy, 00 Sy = limy, oo Ty, = z for some zeX

Definition 2.13. [8] Let S and T be two self mappings on a G-metric space (X,G).Then
mappings S and T are said to be compatible if lim, oo G(STxy, STx,, TSx,) = 0
whenever {x,} is a sequence in X s.t. limy, o0 Sy = limy oo Ty, = 2 for some zeX

for some z in X.

Example 2.14. Let X=/-1,1] and G : X3 — RT be defined as follows
G(a,b,c) =|a—b|+|b—c|+ |c—al

for all a,b,c eX. Then (X,G) be a G-metric space.Let us define fa=a and ga=% Let

{an} be the sequence, s.t. a, = % and n is a natural number.It is easy to see that

the mappings f and g are compatible as lim,_,oo G(fgan,gfan,gfa,) = 0 here a, = %

s.t.limy oo fan, = limy o0 gan, =0 for 0eX
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Now we see some preliminary results of common fixed point theorem as follows. Manoj

Kumar Generalized following theorem.Which is stated as

Theorem 2.15. [§] Let(X,G) be complete G-metric space.Let S and T be self mappings

on X satisfying following conditions.

1. S(X)CT(X),

2. S or T is continuous,
3. G(Sa,Sh,Sc) < fG(Ta,Tb,Tc) for every a,b,c in X and 0 < B < 1.And if S and

T are Compatible then S and T have Unique common fized points in X.

Proof. Let us take ag be an arbitrary element of X.We define a sequence s.t. for any
point a; in X, define Sag = Tay,Sa; = Tas,Sas = Tas,....,.In general fora,+1 € X

s.t. b, = Sa, = Tap4q for n=0,1,2,3.... from (3) we get

G(San,Sap+1,Sant1) < BG(Tan,Tant1,Tant1)

= BG(Sap-1,Say, Say)
By continuing same procedure, we get
(2.1) G(San, Sap+1,Sant+1) < B"G(Sag, Say, Say)

. for all n,m € N,m > n, by using rectangle inequality, we get

G(bp, by b)) < G(bpybps1,bnt1) + G(bpt1, bpt2, bny2)
+ G(bpt2,bn+3,bp43) + oooo. + G(b—1, b, bin)
< (BT + BT 4+ BTG (bo, b, br)
< 1ﬂ_nﬂG(b0, bi,b1)
taking limit as n,m — 0o, we get 1imy, m—00G(bp, b, b)) = 0. . this shows that {b,} is
a G-Cauchy sequence in X.Since given (X, G) is G-Complete metric space. .".,there exists
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a point x € X s.t.limp_oobp = and .. limyooby = limpo0Say = limy T an41 =
x . Since the mapping S or T is Continuous.Suppose T is continuous , .. lim, T Sa, =
Tz.also given that S and T are compatible. .’ lim,ocG(T San, STay, STa,) = 0.This

gives limy—00STa, = Tz From (3) we get
G(STayn, San, Sa,) < BG(TTap, Tay,Tay)
taking limit as n — oo, we get Tx = = Again from (3)we get
G(Sap, Sz, Sz) < BG(Tay,, Tz, Tx)

taking limit as n — oo, we get Tx =z .. we get Tx = Sx = x .Hence x is a common
fixed point of S and T. For Uniqueness ,If possible suppose let x; be another common

fixed point of S and T. Then we have, G(x,z1,21) > 0 and
G(z,z1,21) = G(Sz,Sz1,S571)
< BG(Tz,Txy,Tx1)
= BG(z,21,71)

< G(z,21,71)

which is impossible. .. x = z; .Hence uniqueness follows. O

Example 2.16. If X =[-1,1] and G be a G-metric space s.t. G : X3 — Rt defined by
G(z1,y1,21) = (lz1 — w1l + [y — 21| + [21 — 21)

for all x1,y1,21 € X .Then X is a G-Metric space. We define S(x1) = % and T(x1) =% .
If S is Continuous and S(X) C T(X).
Here G(Sx1,Sy1,521) < BG(Tx1,Ty1,Tz) is true for all x1,y1,21 € X ,% <B<1 and

0 is the common fized point of S and T which is Unique.

In 2017,Latpate V.V. and Dolhare U.P [10] proved common fixed point theorem for pair

of compatible maps in G-Metric space.
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Theorem 2.17. Let X be a complete G-metric space. S, T : X — X be two compatible
maps on X and which satisfies the following conditions,

(i) S(X) C T(X),

(i)S or T is G-continuous,

(i1i) G(Sa, Sb, Sc) < aG(Sa,Tb,Tc) + G(Ta,Sb,Tc) +~vG(Ta,Tb,Sc) + §G(Sa,Tb,Tc)
for every a,b,c in X and o, B,7,6 >0 with 0 < a+38+3y+35<1. Then S and T

have unique common fized point in X.

Now,we prove our Main result,for the compatible maps.

3 Main Result

Theorem 3.1. Let (X,G) be a complete G-Metric space,Let S and T be self mappings

of X satisfying the following conditions,

1. S(X)CT(X)

2. S or T is continuous,

;

G(Ta,Tbh,Tc),G
G(Ta,Sc,Sc), G
G(Tb,Sc,Sc), G

(Ta, Sa, Sa), G(Ta, Sb, Sb)
(Tb, Sb, Sb), G(Tb, Sa, Sa)
(Te, Sc, Sc), G(Te, Sa, Sa)
G(Te, Sb, Sb)

3. G(Sa,Sh,Sc) < k max

Vs

for all a,b,c € X, where 0 < k < % .Then S and T have unique common fixed point in

X.Provided S and T are compatible maps.

Proof. Let ap be an arbitrary point in X.By,using equation (1),one can choose a point a;

in X s.t. Sag = Ta; .In general we can choose a point a,q s.t. b, = Sa, =Tan41,n =
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0,1,2,3,.... from (3), we have
(3.1)

G(Say, San+1,Sant1) < kmax

or

G(Tan,Taps1,Tan+1),G(Tay, San, Say), G(Tay, Sant+1, Sant1),
G(Tay, Sant1,Sant1), G(Tant1, Sant1, Sant1), G(Tant1, San, Say),
G(Tan+t1,Sant1,San+1), G(Tant1, Sant1, San+1), G(Tan+1, San, Say),
G(Tany1,Sany1, Sanyi1)

G(bna bn+17 bn+1) S k mal‘{G(bnfla bna bn)a G(bnfla bn+17 bn+1)7 G(bn7 bn+17 bn+l)}

Possibility 1 If

mam{G(bn—la bn, bn)a G(bn—la bn—i—la bn—i—l)a G(bn7 b’I’L-‘rla bn—i—l)} = G(bn—la bn, bn)

then using (3), we get

G(bny bn+17 bn+1) S kG(bn—la bna bn)

, continuing in the same way, we have

G(bn, bnt1,bnt1) < E"G(bo, b1, b1)

.Therefore for all n,m € N n <m and by using rectangle inequality, we get

G(bn, b, bn)

<

IN

IN

G(bm bn+17 bn—l—l) + G(bn+17 b’VZ+27 bn-i-?)
...... + G (b1, b, bim)

(™ + " 4+ KD G(bo, by, by)
k’n
1—k

G(bOa b17 bl)

taking limit as n,m — oo, we have limy_00G(by, b, by) = 0.Thus {b,} is a G-Cauchy

sequence in X.

Possibility2 If

mal’{G(bnfla bn, bn)a G(bnfla bn+1a anrl)a G(bna bn+1a anrl)} = G(bnfla bn+1a bn+1)
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from (3) and using rectangle inequality,we get

G(bna bn+la bn—i—l) S k G(bn—la bn—i—l, bn—i—l)

S k(G(bnfla bna bn) + G(bna bn+1a bn+1))

this gives

k
G(bn7 bn+17 bn+1) S EG(bn—la bna b’l’b)

i.e.
G(bna bn—i—la bn—i—l) S BG(bn—l’ bny bn)

, where 8 = ﬁ and B <1 as 0<k< % using possibility (1), we have {b,} is a

G-Cauchy sequence in X.
Possibility3 If

max {G(bn—17 b?’m bn)7 G(bn—17 bn+17 bn+1)7 G(bn7 bn+17 bn+1)} = G(bn7 bn+17 bn+1)

then from (3) , we have

G(bm bn+17 bn+1) < kG(bna bn—&-h bn—l—l)

which is a contradiction, since k < %. Therefore in all cases the sequence {b,} is a
G-Cauchy sequence in X.Since (X, G) is G-complete Metric space. ."., thee exists a point

r € X s.t.limy_oobn = x, we have
limp—oobn = limp00San = limy ool ant1 =«

. since one of the maps S or T is continuous.Suppose we can assume that T is continuous,
therefore lim,_ o001 Sa, = limy,_ ool Ta, = Tx Also given that S and T are compat-
ible.Therefore, limy, oG (T Say, STay,STa,) = 0 gives limp_yo0STa, = Tax Now we
claim that Tz = x, from (3) we have

(3.2)

(G(TTan, Tan, Tay), G(TTan, STay, STan), G(TTay, San, San)
G(TTay, San, Say),G(Tap, San, Sa,), G(Tayn, STay, STay,)
G(Tan,San, Say), G(Tay, Say, Say), G(Tay, STay, STay)
G(Tan, San, Say,)

G(STay, San, Say) < k max
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taking, limit as n — oo and by using proposition (2.11), we have

G(Tz,z,x) <

<

k max{G(Tzx,x,z),G(x,Tx,Tz)}
k max{G(Tz,x,x),2G(Tz,x,x)}

2kG(Tz,x,x)

which is a contradiction since k < i. Hence Tx = =z, similarly we will show that

Tz = Sz = z for that we put a = a,,b=c=2x in (3), we get

¢

(3.3) G(Say,Sz,Sz) < k max

taking limit as n — oo, we get

G(x,

G(Tan, Tz, Tx),G(Tay, San, Say), G(Tay, Sz, Sx)
G(Tay, Sz, Sz),G(Tx, Sz, St), G(Tx, San, Say)
G(Tx,Sx,Sx),G(Tx, Sz, Sxz), G(Tx,San, Say,)

G(Tz, Sz, Sx)

Sz, Sx) < kG(z, Sz, Sx)

\

, which is a contradiction since k < i.Hence Sz =Tx = . Thus x is a common fixed

point of S and T.

To prove Uniqueness, we assume that z; # x be another common fixed point of S and

T.Then G(x1,z,2) >0
(3.4)

G(x1,z,2) = G(Sx1, Sz, Sx) < k max

By proposition (2.11), we get

(

G(Tz, Sz, Sx)

G(z1,z,z) < kmax{G(x1,2z,2),G(x,z1,21)}

< k max{G(z1,x,2),2G(z1,2,2)}

= 2kG(x1,x,2),

which is a contradiction since k < %
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Example 3.2. Let X = [—1,1] and let (X,G) be a G-metric on X.G-metric function
is defined as G(a1,b1,c1) = (lag — b1| + b1 — c1| + |e1 — aq) ,for all ay,b1,¢1 € X. Then
(X,G) be a G-metric space and define Sx = § and Tz = x ,then S(X) C T(X) .Also
inequality (3) satisfies for all a1,b1,¢1 € X. and 0 is the unique common fized point of S
and T.
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