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ABSTRACT

The aim of the present paper is to evaluate two finite integrals involving the product of trigonometric function and the multivariable Gimel-function.
These integrals have been utilized to derive the expansion formula for generalized multivariable Gimel-function in series involving trigonometric
function.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.

The subject of expansion formulae and Fourier series of special functions occupies a large place in the literature of
special functions. Certain expansion formulae and Fourier series of trigonometric functions play an important role in the
development of the theories of special functions . In this paper, we establish two single expansion formula for
multivariable Gimel-function.

We define a generalized transcendental function of several complex variables noted J.
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2 na, -, Ny, m(l), n(l), .. ,m(r), ’I’L(T),pi27 Qigy Roy Tiny s Dins Qivs Ry Ty Dite) s Qo) TZ.(M’R(T) € N and verify :

0< my,-,0 <m0 < ng < piyyeoe,0<nye < iy, 0 <MY gy, -, 0 <M < gy

0<n <pyy, -+, 0 <0l <pyo.
3) Tiy(iz =1, ,Re) €R* ;7 € R (i =1, Ry)ymw €RY (i =1, ,R®)) (k= 1,--- 7).

7,0 e R (=1, n®)i(k =1, r); 6 D € RF (=1, m®)i (k= 1,--- 7).

O‘](Cl;ikaAkjik €R+;(j =ng+ ]-7 7pik);(k: 27 ’T);(l = ]-7 7k)

(5;?()k) eRY(i=1,- ,R®); (i =m® + 1, [ quw);i(k=1,---,7).

’V](’f()k) €R+ (Z = 1 R(k)) (j _?’L( )+1 - 7pi(k));(k = 17 7T)'
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5 e €Ci(j =1, ,n®)i(k =1, 1);d) €C(G =1, m*); (k=1 7).
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A €Ci =1, RO (i =n® + 1, )i (k =1, 7).
The contour Ly, is in the s;(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2 3
loop, if necessary to ensure that the poles of I'427 (1 —ag; + Z aé’;)sk> (j=1,---,ng), 487 (1 —az; + Z ug;)sk>
k=1 k=1
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the right of the contour Lj, and the poles of 25" (dﬁk) 3" s ) G=1,---,mP)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zx)| < §A§’“’7r where

m<k) n(’“) qi(,k)
_ (k) ¢(k) (k) (k)
= Z Djo57 + ch VT T D]Zo») jz(m + Z <k)7ﬂ<k> +
j= j=1 j=m*) +1 j=n(k)+1
Pig Diy. ( Qi (
k) k)
—Tip | D Agji,al), + Z BajinBSh | == | Y Awiall) 4> By 85 (1.4)
j=na2+1 j=n,+1 j=1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(Zlf" ’ZT) = 0( |Z1|a1"" 7‘2T|ar)’max( |Z1|>"' 7|Z7”| ) —0

N(z1, -, 20) = 0( 2], - |zr|? ) min( | 21|, - -+, |20 ) = 0O where 4 = 1,--- ,7:

(2) ( ) _
: @ (% 0) 1
a; = min Re Dj @ and 5i = max Re C @
1< <m® ) 1<i<n(®
J 75
Remark 1.

fno=-=n_1=pi, =qQiy =+ = Di,_, = ¢,_, = 0and Agj = Agjs, = Boji, =+ =Ap; = Apjs, = Bpji, =1
Arj = Arji, = Brji, =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

ng = =n,=pi, =qpy = =pi, =5, =0and 7, =+ =7, =70 = =70 =Ry == R, = R =
.= R =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[7].

Remark 3.

IfAg; = Aojsy = Bojs, = -+ =A,j = Arjs, =By, =land 73, = =7, =T,y = =T,» =Ry =+ =R, = R

=...=R") =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [6].

Remark 4.
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If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the multivariable H-function defined by Srivastava and panda [8,9].

In your investigation, we shall use the following notations.
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2. Required results.
We require the following relations for the development of the present work.

Lemma 1. (Luke [5], p. 3, 1.2(15))

1
™ —w’UT('F 1
/ eV 6in® pdo = m—i(a—i—)
o 20T (25¢ +1)

provided Re(a) > —1.

Orthogonality of exponential function ([4], p. 62)

Lemma 2.
/b 2mwrx 2nwrr do — 0if m#n
aexp a=b )\ a=b o b—aif.m:n
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3. Main integral.

In this section, we evaluate two finite integrals

Theorem 1.
/ sin%* 0] (216“519 $in?M1 0, - -+ | z.e% 0 gin?#r 0) do = 1o
0
zl% A; (—2052u1, -, 2um1), A A
U;0,n,+1:V . .
JX?FiT+27QiT+2aTiT3R7-3Y . ) 3.1)
Zrez% ]B; B?(U_a;ﬂl _617"’ a,ur_(;r;l)a(_v_a;/l‘l +617"' 7ﬂr+5r;1) : B
where 0 < &; < pi(i=1,---,7)
/ sin®® 03 (216“510 sin?1 0, - - | z,.e*%% sin?r 9) do = e
0
wdp ™
S | Ay (=2052p1, -+, 2005 1), A, (T + o — 0301 — pig, -+, 6 — s 1) 1 A
U;0,n,-+1:V . .
JX?pir+27Qir+1,TiriRv~1Y . ) 3.2)
Al B; B,(—v— a5 81 + 1, 0+ 1) 1 B
where 0 < p; < 0;(i=1,-+-,7)
"o 7 510 .28 500 i 26 mesTY
sin“® 01 (21" sin*1 0, - -+ | 2,7 sin*r ) df) = ——————
/0 (=1 o ) 4°T(1 4+ a —v)
zl% A (205261, ,26,51),A: A
U;0,n,+1:V . .
JX;pir+17Qir+1aTirZR':':Y . . 3.3)
Zr%f:—ﬂ B; B,(—v — a; 261, ,20,;1) : B

where p; =6, >0(i=1,---,r), provided

o (4 1

2 J _ -

Dj 5@ > 0, Re(a) > 5 and
J

,
Re(1 + 2a) + Z,ui min  Re
i=1

1<G<m®

1
|larg (zie** sin?" 9)| < iAz(-k)ﬂ' where A" is defined by (1.4).

Proof

To establish the theorem 1, expressing the multivariable Gimel-function in the Mellin-Barnes multiple integrals contour
with the help of (1.1) and interchanging the order of integrations, which is justified under the conditions mentioned
above, we get

(27rlw)T /L .. /L V(s1,-++ ,8,) Hek(sk)zzk [/O 2w (V327 6"8"_1)(Sin 9)2(0¢+ZZ:'=1 risi)dqg|dsy - - - ds, (3.4)
1 - k=1

Evaluating the inner integral with the help of lemma 1 and Interpreting the resulting expression with the help of (1.1),
we obtain the desired theorem 1.
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Theorem 2.
/ 49v9 gin%> 9] (216_2”519 sin?M1 9, - | z,e” 2000 gin2ur 0) do =
404
0
Z1 e:;il" A; (—2052u1, -+, 2ur;1), A A
U;0,n-+1:V . .
X5pip+1,qi,. +2,7 .  RyY . . (35)
2 | Bi By(v—aspn + 01,0 e+ 0051), (0 — s — 01,0 pir — 0p51) 1 B
where 0 < §; < (1 =1,---,71)
49v9 in2> g] (216_2“‘519 sin#1 9, ... | 262000 g2 0) do =
0 ’ 4«
Zl% Ay (72a;2:u'17"'72/LT;1)7A7(1+Q+U;6171“1)"'76T7NT;1):A
U;0,n-+1:V . .
Xipip 42,05, +1,7i, i RyiY , , (3.6)
zrﬁ# B; B,(v— ;01 + 1, 00+ p;1) 1 B
where 0 < p; < 6;(t=1,---,7)
i . ] Tew™v
490 gin2e 9] (21672“619 sin®#1 6, .- , zpe— 200r0 i 9) 0= ——
o 4°T(1+ o+ v)
zlej:% A; (—205261, -+ ,26051),A: A
U;0,n,.+1:V . .
Xspip+1,qi + 1,73 1 RytY . . 3.7)
ZT%‘?J B; B,(v — a; 281, ,20,;1): B

where p; =6; >0(i=1,---,r), provided

(4) d(-i) 1
g _J_ i
Dj @ > 0, Re(a) > and

Re(1 + 2a) + Z ; min Re
i=1 j

1< <m®

1
larg (zie™% sin®" 9)| < §A§k)7r where Agk) is defined by (1.4).
Similarly the theorem 2 can be established.
4. Expansion formulae.

In this section, we established expansions multivariable Gimel-function in series involving exponential functions and
multivariable Gimel-function by using integrals evaluated in the above section and orthogonality property of
exponential functions.

Theorem 3.
oo
sin®® 63 (2162“"519 sin?1 6, ... | z,.e2998 gin2Hr 9) =4"¢ Z e (m=20)
u=—00
zlez# A; (205201, , 240 1), A A
X (z)itfllqu 12,7, ReY (4.1)
2, S | By By(u—aspn — 01, e = 65 1). (—u— oy 401, pp +0031) B
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Where()é 67; <,L,LZ(Z:1’ 7/r-)

o0
sin® 03 (2162”619 sin?"1 0, .- | 2,e2000 gin2r ) =47 Z ewu(m—20)

U=—00

wdim

21 3m1 1P A7 (_20472/117 72MT;1)7A7(1+Q_U;61 — M1, 7(5T_/'L7‘;1):A

U;0,n,+1:V . )
X5pip+2,qi, +1,7  RpY ) . (42)
ZT% B’B’(iuioh(sl_‘_uh767“‘1‘#771)3
where 0 < p; < 8;(i =1,---,7)

wu(‘n' 20)
s 2« 2wd10 i 2 2w(5 .0 2 —
03 g2 ... 1 g) = 4 § £
Sin (216 S Zr sin ) F 1 u)

woy

71 A (205261, ,26,51), A A
U;0,n.+1:V . .
Xspip+1,qi,. +1,70, : RytY . . 4.3)
,T_Z;i B; B,(—u — ;281,---,26,;1) : B
where p; =6; > 0(i =1,---,r), under the same existence conditions that theorem 1.
Proof.
To prove the throrem 3, let
sin®* 03 (2162“610 sin? 0, - - -, z,e2@0 0 gin?rr 9) = Z A, e~ 20ud (4.9)

U=—00

The above equation is valid since the expression on the left-hand side is continuous and bounded variation in the
interval (0, 7). Multiplying both sides of the equation (4.4) by e2v% and integrating with respect to 6 from 0 to 7 on the
left-hand side using the theorem 1 and on the right-hand side changing the order of summation and integration in view
([3], p. 176(75)) and then applying orthogonality property of exponential function, see the lemma 2, we obtain

C — 4 QpwTU
Wy
71 4“11 A; (=205 21, ,2ur;1), A A
U;0,n,+1:V . .
Xipip+1,qi +2,7,: RY . ) (4.5)
Zr% ]B7 B»(U—OGMI _617"' 7Mr_6r;1)7(_v_a§ﬂl +617"' 7Nr+5r;1) : B

where 0 < §; < pi(i=1,---,7)

C 74—aew7rv

b =
Z1_€:ii7r A; (_QCY;QMl,-.. ,Zur;l),A, (1+C¥—’U;51 — 1, ’(ST _NT;I) - A

U;0,n,+1:V . '

J X5piy+2,qi,. +1,7 . RpY ) . (4,6)
7 S B: By(—v — 301+ fn, o 20y + i 1)1 B

where 0 < p; < 8;(i =1,---,7)
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Cy=47%%"""T(14+ a—v)

w1

715 A; (—205261,---,20,51), A A
U;0,n,+1:V . .
Xipip+1,qip +1,7i 1 RytY . . 4.7)
Zr%fi B; B,(—v + a;281,- - ,20,;1) : B
where p; =96; > 0(i =1,---,r), under the same existence conditions that theorem 1.

Now, substituting (4.4) (respectively (4.5) and (4.6)) in (4.4) we obtain the theorem 3.

Theorem 4.
[
sin2® 0] (216720)616 sin2H 9, ,Zr672wérg sin2Hr 9) — 4@ Z ewu(7r729)
u=—00
wo1T
%1 4“1 A; (_204;2!1’17"' 72MT;1)7A:A
U;0,n,+1:V . .
j 7p::++1 Qi 2,75 RplY . . (48)
Zrezi::" IB: B,(U — Qg +61>" © oy Hr +6’(‘7 1)~ (_u_ ;g — 617 oy M — 57“7 1) : B
where 0 < & < pi(i=1,---,7)
%)
Sillga 03 (zlefzmle sinQ’“ 0’ L. 727“6720.;5,,0 Sin?ur 9) — 4@ Z 6wu(7r72«9)
u=—00
Zl% A? (_2()‘;2“17' o 7211’7”; 1)7A7(1 +OC+U;(51 — M1, 757” — Hr; 1) tA
U;0,n-+1:V . .
:l pT:J:é Qi +1,7i RpY ] ] 4.9)
Zr—ezz:‘" IB? Bv(u_a;§1+ﬂly"'757'—’_,”7‘;1):3
where 0 < p; < 0;(i=1,---,7)

, roso , b0 ) wu(ﬂ' 20)
$in2® ¢ —2w610 G211 g ... w Hr) =472 Y
sin®* 61 (z1¢ sin a2t sin*'" ¢) Z L(1+a+uw)

wo1T

2 | A (~205200,0-,26,31), At A

U;0,n,+1:V . .
Xipipt 1, 0ip +1,7in Ry Y , , (4.10)
Zr%fi B; B,(u — «; 281, ,20,;1): B
where p; =6; > 0(i =1,---,r), under the same existence conditions that theorem 2.

Similarly the theorem 4 can be established by starting with the relation :
oo
sin?* 0] (216_2“’516 sin®M 0, .- -, ze” 2000 gin2hr 0) = Z A, e 2wud (4.11)
U=—00

and utilising the theorem 2 instead of theorem 1.
5. Conclusion.

The importance of our all the results lies in their manifold generality. By specialising the various parameters as well as
variables in the multivariable Gimel-function, we get a several expansion formulae involving remarkably wide variety
of useful functions ( or product of such functions) which are expressible in terms of E, F, G, H, I, Aleph-function of one
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and several variables and simpler special functions of one and several variables. Hence the formulae derived in this

paper are most general in character and may prove to be useful in several intersting cases appearing in literature of Pure
and Applied Mathematics and Mathematical Physics.
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