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ABSTRACT
In this paper an expension theorem for generalized multivariable Gimel-function has been obtained by using a series on Gegenbauer polynomials due
to Askey [1]. This theorem is further utilized to evaluate an integral involving product of multivariable Gimel-function and Gegenbauer polynomials.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.

We define a generalized transcendental function of several complex variables.
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The contour Ly is in the si(k = 1,--- ,7)- plane and run from 0 — 100 to o + ico where o if is a real nurnber with
loop, if necessary to ensure that the poles of I'27 | 1 — ag; + Z a2] sk (G=1,-- ,ng), T4 (1 — ag; + Z ag; sk>
k=1 k=1
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yoe ( Zﬂ(l)) j=1,---,m,),P" (d;k) - 6](.k)sk> G=1,---,m®)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :
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Following the lines of Braaksma ([3] p. 278), we may establish the the asymptotic expansion in the following
convenient form :
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Remark 1.
If mo=ng=-=mp_1=np1=pi, =qi, =+ =pi,_, = ¢i,_, = 0and Azj = Baj = Agj;, = Bajij, =+ =

Ayj = Byj = Ayji, = Byj;, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [2]).

Remark 2.
Iftme=no=---=my=n,=pj, =qi, = =p;, =¢;, =0and 7, = =7, =7,0) = =T;;» = Ra =
=...=R,=RW =... = RU") = 1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [5]).

Remark 3.
IfAsj = Baj = Agji, = Baji, = -+ =Aj = Byj = Avji, = Brjy, = land 73, = - =7, = 1,00 = - = T;n = R
— =R, =RW =... = R =1, then the generalized multivariable Gimel-function reduces in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [4]).
Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and panda [7,8]).

In your investigation, we shall use the following notations.

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 211



Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 57 Issue 3- May 2018


Text Box
ISSN: 2231  - 5373                                     http://www.ijmttjournal.org                             Page 211



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 57 Issue 3- May 2018

1 1 1
A :[<3'2jﬂ O‘gj)u CYQJ ) AZJ)]I n2) [Tzz (azjlz ) a(Qj)zQ ’ a;m A2jl2)]nz+1,17u ) [(a3j7 a:(a])7 Oééj), 0433 ) A3])]1 n3»

1 2 3 1 1)
[Ti3(a3ji3;a:(’,j)z'37 1(),3237@&]23,A3J“)]nd+1,p,3' ";[(a(r—l)j;agr)_l)ja"' E: 1)]aA(r 1) )1 Ny 1]
Y (r—1)
[Tirfl(a’(r_l)jir—ﬂagr—l)ji,‘,l’ : a(r 1)jir—1’ A(T_l)jirfl)"T71+17pi,‘_1]
1 r 1 r
A = [(aiol), ol A ) [ (angeall o all) s A Jns )

1 1 (1 1)
A= [( 5 )7 ’)/]( )7 C( ))Ln(l)}a [Ti(l) (c‘;i()l) 5 7‘”()1) ) Cj(l(l)) (1)+1,p51)]; )

r r T) (r r) . ~(r
(R T o) FOWES) MC Y LYol ) I )

B= [(sz;5%),553);323')]1,@7 [Ti, (b2ji2;ﬂé;g276§§22’ Bajis)lma+1,qi, ¢ [(b3j;55,})75;?)75%3);B3j)]1,m3,
(i (0333 B B Bty Bajisms t 1aiy 3 (b1 By 1o+ B0 5 Blr—n)i) Ly s
[Tir,l(b(r_nm_l;58)_1)]-“71," 75(: 11))% S Be—vjie ) mei 1,0,

B = [(by: 87, B Be)vm, ], 7, (i B B 5 Brji Y, 1.,

1 1 1 1 1
B = [(dé )75§ )§D§ D m]; [ ]1(1)755121):D;,L()l))m(l)+1 NEIAEEE

(@675 DY),y o], e (), 84075 D)

7 7] ji(r) 1(““)’ m(")+17q£r)]

2)

U =mg,na;mz,ng; -+ 3my_1,np_1; V =m® n0;m n@om® pl)

7

D . v p). . o
X = Pins Qi Tin; B2y 3D 15 Qi s Tins - Ree13Y = Dyys sy, oy ; R+ 50y, oy Ty R

2. Required results.

We require the following relations for your investigation.
Gegenbauer polynomials defined by generating relation ([6], p. 276(1))

Lemma 1.

o0

(1 — 2zt + %) = Z cp(z)t

These polynomials satisfy the following relations which are required in the development of present work.
The orthogonality property ([6], p. 281 (27)-(28))

Lemma 2.

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

2.1)
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The expansion as given by Askey [1]

Lemma 3.

sin?? GC”B (cos9) Z A 7 Clya, cos(0) 0) sin®** 9

a—1
where <fB<a, Aﬁf‘ >0 and

AP 4P (@) (L4 2u + a) (I + 2u)!T (1 + 28)T(1 + u+ a)T(u + a + B)
wl MBI (a— BT +u+ B8+ DI+ 2u + 2a)

The expansion formula ([6], p. 283 (37))

Lemma 4.

v _ = (n)k()i(), cos(r —
CY(cosf) = kZ:O ATSTER— (n — 2k)0

3. Expansion formula.
In this section we shall establish the following expansion formula

Theorem 1.
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1
larg (4% z;)| < §A§k)7r where Agk) is defined by (1.4).

Proof

Expressing the generalized multivariable Gimel-function on the left sand side of (3.1) as Mellin-Barnes multiple
integrals contour with the the help of (1.1), interchanging the order of summation and integration which is justified
under the conditions mentioned above, we get

: / / W(st, - 80 He()i 204220 4% 20 (o) (I + 2u + a) (1+ 2u)!0(1 + u + )
4 ) ) Or i\91)%; T T
(2mw)" Ji, L, pale ‘ w1 =0 asi)T(a—1—=3"" 1 a;s;)

U=

Cp gy (cos0)(sin0)>*~2ds; - - - ds, 3.2)

Evaluating the series inside the multiple integrals contour with the help of lemma 3, we obtain

1 / . / V(51 ,5,) Hez(sz)zfl (Sin9)2_2 i aisicllfz::l a;s; (cos@)dsy - --ds, 3.3)
L,y L

(2rw)" Pl

Now using the lemma 4 and interchanging the order of summation and integration, we get

l T T T
sin? HZ (-De 1 / N / b5t 50) H9¢(Sz‘) Pl+k—3 jais)T(A1+1—=37_ais;)
k=0 I Lo i=1

k' (2rw)r P(1—>"0 a;8)?
P -1+ aisi) T ( & )S
i= dsy---ds,
PA—1+k+>0, az'si)g sin% 9 o ° (3.4)

and Interpreting the resulting expression with the help of (1.1), we obtain the desired theorem 1.
4. Main integral.

The following integral will be evaluated in this section.

Theorem 2.

l

Z (_l)k / sin2 HcﬁQu(Cos) COS(l — 2k)0
0

k!
k=0

sing‘lll ] A? (1 + l;ah sy Gy 1)7A7 (hala e 7047';2)714

Uimr+2,n,-+1:V . ) w
Xipi, +2,¢i, +3,7i, 1 Re:Y

3 B7(1+k7a17 7(1‘7‘;1)7(1+l;a17'” 7(1‘T;1)7B7(1+lik;al)"' 7047‘;1):3

—_——r
sin2ar 0

T4+ u+ ) wm,tin 41V
2ull'(a) Xipi, 43,05, +3,7i, i RptY

4% 2 A;(2_a_u;ala"' 7aT;1)aAv<1;a17"' aar;l)v(l+u+2;a‘17"' aa’ﬁ;l) tA
' ’ (3.5)
4% 7, B; (I 4+ 2;2a1,- -+ ,2a.;1),B,(2—«;a1,--+ ,a,;1) : B

under the same existence conditions that theorem 1.

Proof

Multiplying both sides of (3.1) by Cj',,(cosf), integrating with respect to ¢ from 0 to 7, on the left hand side
interchanging the order of summation and integration and using the orthogonality property of Gegenbauer polynomials
with the help of lemma 2, we get the formula (3.5).
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4. Special cases.

In this section we discuss two interesting particular cases of the theorem 1. Taking « =1 and using the following
relation C} (cos §) = sin(n + 1)0(sin 0) ™!, we have

Corollary 1.

(14 u)!

~ i Usmp+1,n,.41:V
Z o sin(l 4 2u +1)6 jX;;ZT+1ZW+2,m:RT:Y
n=0
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1

) -l
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Usm,y+2,n,.+1:V . .
I e 2.ty 43,7, Ry _ . (4.1)
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__Zr
sin2ar 0
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1=1

(1)
‘ byl
0<f<ma;>00E=1,-- ,7“)’ Re(u +Zaz min Re (ZZB’W hj +D](»)6€i)> > 0.

X
1<j<m; /8 F )
e h=2 h'—1 hj ;

r (%)
o ¢ —1
- Zlaz 1érjll\<nnl Re (Z Z Ah] % C T) >0 and

I ==l 2 i
1
larg (4% z;)| < §A§k)7r where Agk) is defined by (1.4).

In the above equation, taking [ = 0, we get an interesting formula :

Corollary 2.

492 | Ay (1 —wya,-- ,a051), A, (Lag, - a3 1), (w4 2501, ,a51) 0 A
Z sin(2u + 1)6 Jﬁ’( Z“ié Z::Z:QV;IT Ry ‘ '

4%z, B;(2;2a1,- -+ ,2a,;1),B, (1, ;a,;1) : B

=sinf I ey (2a(sing) 2z (sing) ) (4.2)

provided

T h (i)
. by, ; N
0<9<7T7a¢>0(Z=1,"',7“>’ Re(u —&—Zaz min Re(ZZthﬂ+D;)6zi)>>0.

h/
i=1 1<]]<\W7Zj) e e S j
T ( (L) -1
_Zai 1£(]1_1<nni Re Z Z Ah] +C T >0 and
i=1 h=2h/=1 7

1<G<n®

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 215



Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 57 Issue 3- May 2018


Text Box
ISSN: 2231  - 5373                                     http://www.ijmttjournal.org                             Page 215



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 57 Issue 3- May 2018
, 1 . .
larg (4% z;)| < §A§k)7r where Agk) is defined by (1.4).

5. Conclusion.

The importance of our all the results lies in their manifold generality. By specialising the various parameters as well as
variables in the multivariable Gimel-function, we get a several Gegenbauer expansion formulae involving remarkably
wide variety of useful functions ( or product of such functions) which are expressible in terms of E, F, G, H, I, Aleph-
function of one and several variables and simpler special functions of one and several variables. Hence the formulae
derived in this paper are most general in character and may prove to be useful in several intersting cases appearing in
literature of Pure and Applied Mathematics and Mathematical Physics.
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