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Abstract
In this paper, we defined arithmetic mean operation and geometric mean operation over In-
terval Value of Intuitionistic Fuzzy Sets of Cube Root Type(IVIFSCRT) were proposed and
few theorem are proved. In addition, some of the basic properties of the new operations were
discussed

Keyword

Interval Value of Intuitionistic Fuzzy Sets of Cube Root Type(IVIFSCRT),Intuitionistic Fuzzy
Sets (IFS),Interval-Valued Intuitionistic Fuzzy Set(IVIFS),arthimetic mean operation, geomet-
ric mean operation

1 Introduction

In 1965, Fuzzy sets theory was proposed by L. A. Zadeh[l]. In 1986, the concept
of intuitionistic fuzzy sets (IFSs), as a generalization of fuzzy set were introduced by K.
Atanassov[2]. After the introduction of IFS, many researchers have shown interest in the IFS
theory and applied in numerous fields, such as pattern recognition, machine learning, image
processing, decision making and etc.In 1989, the notion of Interval-Valued Intuitionistic Fuzzy
Sets which is a generalization of both Intuitionistic Fuzzy Sets and Interval-Valued Fuzzy Sets
were proposed by K.T Atanassov and G.Gargov [3]. After the introduction of IVIFS, many
researchers have shown interest in the IVIFS theory and applied it to the various field.

In this paper, our aim is to propose two new operations @ and $ over IVIFSCRT and
we will discuss their properties and propose a multi-criteria group decision making method
based on the new operations.

2 Preliminaries

For completeness, some operators and definition on IVIFSCRT are reviewed in this
section.Let X be non empty set.
Definition 2.1(L.A.Zadeh,1965)Let X be an nonempty set.A fuzzy set A is defined as

A={{a,palw) : 2 € X}
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where the functions p4(z) : X — [0,1] is the membership function of the fuzzy set A.Fuzzy
set is a collection of objects with graded membership i.e having degree of membership.

Definition 2.2(K.T.Atanassov,1986) An IFS A in X is defined as an object of the form

A={(z,pa(z),va(z)):xz € X}

where the functions pa(z) : X — [0,1] and va(z) : X — [0, 1] denote the membership and
non-membership function of A respectively, and

0 < pa(z)+rva(x) <1 for each x € X

Furthermore,we have m4(z) =1 — pa(z) — va(x) called the intuitionistic fuzzy set index
or hesitation margin of z in A. w4 (x) is the degree of indeterminacy of x € X to the IFS A
and ma(x) € [0,1] i.e ma(x) : X — [0,1] and 0 < wa(z) < 1 for each x € X.ma(z) expresses
the lack of knowledge of whether x belongs to IFS A or not.
Remark 2.3

1. Every fuzzy set is an intuitionistic fuzzy set, but the reverse is not true.
2. pa(x) +va(zr)+ma(z) =1.

Definition 2.4 (K.T.Atanassov,1986) Let X be a non empty set. An Intuitionistic Fuzzy
Set of Second Type(IFSST) A in X is defined as an object of the form

A={{z,pua(x),va(x)): 2 € X}

where the functions pa(x) : X — [0,1] and va(z) : X — [0, 1] denote the membership and
non-membership function of A respectively, and

0 < [pa(®)]> + [va(x)]? <1 for each z € X

Remark: 2.5 It is obvious that for all real numbers a,b € [0,1]if 0 < a4+ b < 1 then
0<a®+b*<1

Definition 2.6 (Srinivasan R and Palaniappan N, 2006) Let X be a non empty set. An
Intuitionistic Fuzzy Set of Root Type(IFSRT) A in X is defined as an object of the form

A= {{z,pa(z),va(x)):x € X}

where the functions pa(z) : X — [0,1] and v4(z) : X — [0, 1] denote the membership and
non-membership function of A respectively, and

0< \/,u;(a:) + \/Vg(:n) <1 for each z € X

Definition 2.7(U Rizwan and Nabeel, 2015) An Intuitionistic fuzzy set of cube root
type(IFSCRT) A in X, is defined as an object of the form

A= {{z,pa(z),va(x)):x € X}
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where the functions pa(z) : X — [0,1] and v4(x) : X — [0,1] denotes the degree of
membership and non-membership function of A, respectively and where

o< VoA 0

<1lforeachz e X

ma(z)

pa(z)

0 va(z)

Figure 1: Geometrical representation of IFSCRT

Definition 2.8(Atanassov and Gargov,1989) Let X be a non empty set. Interval Value
Intuitionistic fuzzy sets(IVIFS) A in X, is defined as an object of the form

A= {{z,My(x),Na(z)) : z € X}

where the functions My : X — [I] and N4 : X — [I] denotes the degree of membership and
non-membership function of A respectively
where

Ma(z) = [Mar(x), May ()]
Na(z) = [Nar(z), Nav ()]
0 < May(z)+ Nar(z) <1 for each x € X
Definition 2.9 Let [I] be the set of all closed subintervals of the interval [0,1] and

Ma(z) = [Mar(z), May(z)] € [1]

and
Na(x) = [Nar(z), Nav(2)] € [1]
then Ny(x) < My(z) if and only if Nar(x) < My (z) and Napy(x) < May(x)

Definition 2.10(U Rizwan and Nabeel, 2016) Let X be a non empty set, Interval value
of Intuitionistic fuzzy set of cube root type (IVIFSCRT) A in X, is defined as an object of the
form

A= {{z,My(x),Na(z)) : z € X}

where the functions My : X — [I] and N4 : X — [I] denotes the degree of membership and
non-membership function of A respectively
and

My(x) = [Magp(z), May(z)]
Na(z) = [Nar(z), Nav(z)]
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where

Y/ May(z) + /Nav(x)
V3
A TVIFSCRT value is denoted by A = ([Mar(z), May(x)], [Nar(x), Nay(z)]) for convenience

0< <1 foreachz e X

Definition 2.11 The degree of non-determinacy (uncertainty) of an element = € X to the
IVIFSCRT A is defined by

Ta(z) = [rar(x), mav(v)]
= [(1 = Mav(@)'* = Nav(2)"/*)?, (1 = Mag ()" = Nap ()'/°)’]

Definition 2.12 For every IVIFSCRT A = {(x, Ma(z), Na(z)) : x € X },we define the modal
logic operators "neccessity” and ”possibility”.
The Neccesity Measure on A

04 = { (@, [Maz (@), Mao @), [(1 = Mav(@)2), (1= Mar (2)'/%)%) 1 2 € X}
The Possibility measure on A

04 = {{a,[(1 = Nav(@)*)%, (1= Nar(@)"/*)?), [Nap (@), Nav (2)]) : 2 € X}

3 Main Results

Here we will introduce new operations over the IVIFSCRT which extend two operations in the
literature related to IVIFS.Let X is a non empty finite set
Definition 3.1 For every IVIFSCRTSs as

A= {{z,My(x),Na(z)) : z € X}
B = {(z,Mp(x),Np(x)): x € X}

we define the arthimetic mean operation and geometric mean operation as follows
(l)A@B = {<$,MA@B($),NA@B($)> T E X}

Myap(z) = [(%(MAL(UU)U?’ + Mpp(x)/?))?, (%(MAU(HU)U?’ + Mpy(z)'/?))?)

Naan(z) = [ (Nar ()73 + Npo () 7)%, (5 (Na (@) + Npor (@) )))
(i0)ASB = {(2, Masp(e), Nasp(@) : v € X)

Masp(z) = [v/Mar(z).Mpr(z), / May (). Mpy (z)]
Nasp(x) = [v/Nar(z) Npr(z), / Nav(z). Ny (z)]
Example 3.2 1t A = {(2,[0.2,0.3],[0.3,0.4]) : z € X}, B = {(z,[0.3,0.4],[0.2,0.4]) : € X }then

the arithmetic mean operation and geometric mean operation as follows

Soluiton
1
()AQB = {{z,[(5(0-2"° +0.3'%))% (5(0.3'% +0.41%))7,

[(

DN |

(0.31/3 4 0.21/3))3, (%(0.41/3 +04Y3)3) 2 € X}

| =
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= {(x,]0.2466, 0.3476], [0.2466,0.4]) : = € X}

(i4)ASB = {<x [v0.2X0.3, /0.3X0.4], [v0.3X0.2, \/0.4X0.4]> Lz € X}

= {(z,[0.2449,0.3446],[0.2449,0.4]) : z € X }
Theorem 3.3 For every two IVIFSCRTs A and B, we have

(i)AQBis a IVIFSCRT
(ii)A$B is a IVIFSCRT
Proof

(i) Maap(2)'? + Naap(z)'/? = J[May ()3 + Mpy(2)'/%] + 3[Nav(z)/? + Npy ()]

1 1
= §[MAU(w)1/3 + Nav(2)3] + §[MBU($)1/3 + Npy ()]
<1 1y
-2 2

therefore it can be concluded that AQB € IVIFSCRT

(i) By using defintion 2.11 and Va'/3.61/3 < 1(a'/3 4 b'/3) we have

Maspyu (2)'3 + Neaspy (2)3 = [\/[Mav (2). Mpy ()3 + /[N av (x).Npy (x)] /3]

(Mau (@)Y + Mpp (@)% + £ [Nag(@)? + Nppr () V7]

<
- 2

N

<g+3<1
Finally,it can be concluded that A$B € IVIFSCRT

Theorem 3.4 For every two IVIFSCRTs A,B(Commutative laws)

(i)AQB = BQA

(i1)A$B = BSA

Proof: (i) By using Definition 3.1,we have

(DMaan(x) = [(SMap () + Mpy(2) /), (HMau () + Mpu (2) /9]
= GIMpa () + Mz () )P, (S [Mpu () 7 + Mo ()]

= Mpaa(z)

Naop (@) = [(5[Nar (@) + Npp(2)' /)%, (3[Nav (@) + Npu (2)'/?])?]
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1

= [(INBL ()7 + Nas () )%, (5

5 [Npu(z)'/? + Nag(2)'/%)%]

= Npaa(z)

the proof is completed. Proof(ii) is similar to that of (i)

Theorem 3.5 For every two IVIFSCRTs A and B (Idempotent Law)
(1)) AQA = A

(1i)A$A = A

Proof : the proof is true from Defintion 3.1

Theorem 3.6 For every two IVIFSCRTs A and B (Complementary Law)

(i)AQB = AQB
(ii)A$B = A$B
Proof:

(i)Since A = {{z, Na(z), Ma(x)) : x € X}, B = {{x, Ng(x), Mp(z)) : x € X}

we have AQB = {(z, Mz,5(2), Ngqop(z)) : v € X}

ﬁ = {(#, Nza5(2), Mzqp(x)) v € X}

j\l;zcc;(ﬂf) = [(3[Nar(2)"/* + NpL(2)'?])?, (5[Nav (2)"/* + Npu (2)'/%])?]
= Naap()

Niag(@) = [(5[Mar (@) + Mpr(x)'?])?, (5[Mav () + Mpy(2)'/?))?)
= Maap()

AQB = {{z, Maap(2), Naap(z) : = € X}

— AQB
this proof is completed
Proof of (ii) is similiar to that of (i)

Theorem 3.7 For every three IVIFSCRTs A,B and C (Associative Laws)
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(i)(A@B)@C = (AGC)@(BaC)

(i) (A$B)$C = (A$C)$(BSC)

Proof

()M aapyac (@) = [[3(Maap)s(@)'/® + Mcr(2)'73)]%, [3(Maapyu (2)'? + Moy (2)'/2)]?)

= [[3(3[Map ()P +Mpp(x) 3+ Mcr(2)'/3)]3, [5 (3 [Mav (2) P+ Mpy (z) 3]+ Moy (2)/3)]%]

= [ (5 [Mar (@) + Mon(@)*] + 3 (M (@) + Mew ()4,
5 GIMAu ()3 + Mo (2)"9] + S[Mpu ()9 + My (@) /)

= M(sacya(Bac(T)
Niaepyac(®) = [[3(Naap)r (@) + New(@)?) 2, [3(Naeso (2)2 + Nev (2)'/3))?)

= [[5(3[Naz(@)"*+Npr () *]+Ner (2) )P, [5 (3 [Nav(@)/*+ Npu (2) ]+ New (2)/2))?)

= [5G INAL@) Y + Nop@)*] + 3 [Nos()® + Nop@) PP,
[;(2 [Nav(z)'/® + Now ()] + %[NBU(x)IB + New(z)'3)))
= Naac)a(Bac()

This completes the proof

Maspysc(x \/M aspyL(x)Mcr(z \/M aspyv () Mey ()]

WMAL TMe (@) M (a WMAU )My () Mcy (@)

\/\/MAL YMcr(z)./Mpr(z)Mcr(x \/\/MAU YMcu (z)./Mpu(z)Mcy (z)]

= M asp)s(Bsc)(T)

Naspysc(z \/ Niaspyr(z)Nor (v \/ Naspyv(z)Nev(z

\/\/NAL YNpL(z)Nep(z \/\/NAU )Npu(z)Nev ()]

\/\/NAL NC’L \/NBL NCL \/\/NAU NCU \/NBU NCU( )]

= Niasp)s(Bsc) (T)

The proof is complete
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Theorem 3.8 For every three IVIFSCRTs A,B and C (Distributive Laws)
(i)(AU B)QC = (AQC) U (BQC)

(1) (AN B)aC = (AQC) N (Bac)

(iii) (A U B)SC = (A$C) U (B$C)

(iv)(AN B)$C = (A$C) N (BSC)

Proof
(i)Since AU B = {{z,max(M(x), Mp(z)), min(Na(z), Ng(z))) : x € X}

we have

M aupjac(z) = [[%(max(MAL(x)7 Mpr () + Mo (x)/3)),
5 (maz(Map (), Mau (@)* + Meu () )

= [[5(maz(Maz ()", Mpr(@)/*)+Mor(2)'/?)]?, [3(maz(Mav (2) /%, Mpu (2)'/)+ Mcy (2)'/2))?)

= [bmasr(G (Man(@)'/* + Mo (0)4%), 5 (M ()" + Mo (@) )P,
a5 (Mag ()% + Meu (2)'9), 3 (Mpu (@) + Moo @) /)]
= M(sacyuBac)(T)

Niaupyac(@) = [[3(min(Nag(z), Npp () 2+ Nep(2)Y3)], [3(min(Nav (z), Npu(z)) 2+
New (z)'/3)]]

= [[3(min(Nap(x)'/3, Npp(x)'/3)+Nern(@)/*)]3, [3(min(Nav (2)'/?, Npy (2)'/3)+New (2)13))?)

= [Imin(G (Nar (2)"% + Now (2)"2), 3 (Nw (2)" + Now (@) /),

[min(%(NAU(x)l/g’ + New(2)'/?), %(NBU(m)l/S + New(z)'/3)))]
= N(aac)u(ac) ()

Proof is complete.Proof of (ii) is similiar to that of (i)

(iii) M auBysc = [\/mazv(MAL(:L‘), Mpr(x)).Mcor(x), \/max(MAU(x), Mpy(z)). Moy (x)]

= [/max(Mag(z)Mcr(x), MpL(x) Mcr(2)), /maz(May (z) Mou (), Mpy (2) Moy (2))]

= Mascyu(Bsc)
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And Noaupyse = [v/min(Nar(z), Npr(z)).Ner(x), /min(Nav (z), Npu (2)).-Nev (@)

= [V/min(Nar(z)Ner (), Npr(2)New (@), /min(Nav (¢) Nov (2), Npu (2) Nov (x))]
= Nascoyu(ssc)

Proof is complete.Proof of (iv) is similiar to that of (iii)

Theorem 3.9 For every two IVIFSCRTs A and B we have (inclusion laws)
(i) If A C B then AQB C B

(ii) If A C B then A$B C B

Proof: (i) If a < b then a < (3(al/® +b1/3))% < b

In this case,proof is clear

(ii)Ifagbthenagx/%gb

In this case,proof is clear

Corollary 3.10 For every two IVIFSCRTs A and B we have (Absorption laws)
(i)AQ(AUB) C AUB

(i))A$(AUB) C AUB

(iii)AQ(ANB)C A

(iv)AS(ANB)C A

Proof: since A C AU B, AN B C A,proof are clear using theorem 3.9
Theorem 3.11 For every three IVIFSCRTs A,B and C

(i)0(AQB) = 0AQOB

(ii)O(A$B) C DASOB

(iii)0(AQB) = QAQOB

(iv)O(A$B) D OAS$OB

Proof
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(i)By using Definition 3.1 and definition of Neccesity measure we have

0(A@B) = {(z, Mo(aap) (%), No(aap)(2)) 1z € X}

since Mo(aap) = [(3(Mar(2)'/® + Mpr(2)'/%))3, (3(May (z)V/3 + Mpy (z)'/3))?]

= MpaaeoB

Nogaap) = [(1 = §(May(2)'/? + Mpy(2)'/?))3, (1 — §(Mar(2)'/? + Mpr(2)'/%))%)

= [(5((1 = May()'/3) + (1 = Mpy (2)'/#)))?, (5((1 = Mar(2)'/?) + (1 = Mpr(2)'/?)))?]
= NoaeoB

O(A@B) = DAQOB . Proof is complete

(ii)By using Definition 3.1 and defintion of Necessity measure, we have

D(A$B) = {<CL‘7MD(A$B)(£)7ND(A$B)(‘T)> T e X}

z, [/ Mar(x)Mpr(z), / May (x) Mpy (z)],
[(1- \/MAU YMpu (@))/%)3, (1 = (V/Mar(z)MpL(2))V*)%)) s 2 € X}

= {(z, Moasop(2), Noasop(z)) : x € X}

, [\/Mar(z)Mpr(z), / Mav(z)Mpu(z)],
M (1= Mau (@) 4)(1 = My (@)/4)P, \/ (1 = Mag ) /31 = My (@))% s 2 € X}

To prove OA$B C OA$0B, it is enough to prove Nuo(aspy 2 Noasop- It is clear

0 < (Val/3 +Vbl/3)2 therefore

0 < a1/3 + bl/S o 2(\/%)1/3

0 < al/3 4+ b3 4 [1+ (ab)'/3] — [1 + (ab)'/3] — 2(V/ab)!/3
0 < a2 4+1/3 —1— (ab)/? +1+ (ab)'/? - 2(V/ab)'/3
0< —1(1—a'/3) +61/3(1 — a'/3) + [1 — (Vab)/3]?

0< —(1—a'/)(1=b"%) + 1~ (Vab)'/*?

V(I —aB)(1-01/3) < [1 - (Vab)'/?]

this completes the proof
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(iii) By using the definition of possibility measure,we have

O(AQB) = {(x, My sap)(2), No(aap)(z)) : x € X}

since Mo(aap) = [(1 = §(Nav (@) + Npu(2)'/%))?, (1 = §(Nar(2)'/® + Npr(x)'/?))?]

= [(3((1 = Nav(2)'7?) + (1 = Npu(2)V/*)))%, (3((1 = Nar(2)"/?) + (1 = Npr(2)'/*)))?]

= MyaaoB

OA = {(2,[(1 = Nav(2)/3)3, (1 = Nap(2)V/3)3], [Nar(z), Nap(2)]) : 2 € X}

No(aap) = [(3(Nar (@) + Npr(2)'/%))%, (3 (Nap ()7 + Npp(2)'/?))%]

= NoaaoB

O(AQB) = OAQOB

proof is complete.proof (iv) are similiar to that of (ii)

Theorem 3.12 For every two IVIFSCRTs A and B(Distribution laws)

(i)(A@B) +C = (A+ C)Q(B +C)

(i1)(AQB).C = (A.C)Q(B.C)

Proof

() Miaapyec(r) = [ (Man(@)/5+ My (2) V)4 Mo ()5~ (Mar (2) 5+ My () /) Moy (),

5 (Mg ()73 4 M ()%) + Mew ()'7* — S(Mau (2) " + My () /) Meu (2) 9

Since faap)rc = 5(a'/3 +b1/3) + /3 — L(al/3 4 p1/3).c1/3

= L((a3 + c/3) + (B3 + c1/3)) — L(al/3c /3 4 b1/3 c1/3)

-2

((@'/3 + /3 — qM /31 /3) 4+ (b1/3 4 c1/3 — pl/3 c1/3))

N[

= fa+cya(B+0)
therefore M(qapy+c = Mat+c)aB+0)
Neaap)+c () = [5(Nap ()34 NpL(2)/3) NoL(2)'/3, 3 (Nav () 3+ Npy (2)'/3) Ne (2) /7]

since gaap)+c = %(al/i)’ + b1/3)l/3

%(a1/3c1/3 EAVERVES

ISSN: 2231-5373 http://www.ijmttjournal.org Page 266



Admin
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 57 Issue 4- May 2018


Admin
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 266



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 57 Issue 4- May 2018

J(A+C)Q(B+0)

therefore N4ap)+c = Na+cya(B+0)

Proof (ii) is similiar to that of (i)

4 Conclusion

In this paper, we have defined two new operations over Interval Valued Intuitionistic Fuzzy
Sets of Cube Root Type and their relationships are proved. We have studied some desirable
properties of the proposed operations, such as idempotent laws, complementary law, commu-
tative laws, distributive laws and etc.

References

1]
2]
3]

[4]

[9]

[10]

[11]

[12]

L.A.Zadeh(1965) Fuzzy Sets, Information and Control, Vol.8, pp. 338-353.
Atanassov, K.T.(1986) Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20, 87-96.

Atanassov K T and Gargov,G(1989),Interval valued intuitionistic fuzzy sets,Fuzzy sets
and Systems 31,343-349.

K.T.Atanassov(1989) More on intuitionistic fuzzy sets, Fuzzy Sets and Systems, vol. 33,
1989, pp. 37-46

H. Bustine and P. Burillo, Vague sets are intuitionistic fuzzy sets, Fuzzy Sets and Systems,
vol. 79, (1996), pp. 403- 405.

E. Szmidt, J. Kacprzyk, measuring distances between intuitionistic fuzzy sets,Notes on
IFS 3 (4) (1997) 1-3.

K.T.Atanassov(1999) Intuitionistic Fuzzy Set, Theory and Applications, Springer Verlag,
New York.

De, S. K., Biswas R. and Roy A. R. (2000) Some operations on intuitionistic fuzzy sets,
Fuzzy Sets and Systems,114 (4), 477-484.

Atanassov.K.T.(2001)Remark on two operations over intuitionistic fuzzy sets,Int. Journal
of Uncertainty, Fuzziness and Knowledge Syst, 9(1), 71-75.

Liu Q., Ma C. and Zhou X. (2008) On properties of some IFS operators and opera-
tions, Notes on Intuitionistic Fuzzy Sets, 14(3), 17-24.

Zhang Z., Yang J., Ye Y., Zhang Q. S. (2011) A generalized interval valued intuitionistic
fuzzy sets theory, Procedia Engineering 15, 2037-2041

Srinivasan. R and Palaniappan. N, (2011), Some Topological Operators on Intuitionistic
Fuzzy sets of Root type, Research Methods in Mathematical Sciences, Ed: U. Rizwan,
PBS Book Publishers, India, pp 23-28

ISSN: 2231-5373 http://www.ijmttjournal.org Page 267



Admin
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 57 Issue 4- May 2018


Admin
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 267



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 57 Issue 4- May 2018

[13] Parvathi R., Riecan B. and Atanassov K. T.(2012) Properties of some operations defined
over intuitionistic fuzzy sets, Notes on Intuitionistic Fuzzy Sets, 18 (1), 14.

[14] Hui W. (2013) Some operations on interval-valued intuitionistic fuzzy sets”, (2013) Fifth
International Conference on Computational and Information Sciences (ICCIS),832-834.

[15] Eulalia Szmidt(2013),Distance and Similiarities in intuitionistic fuzzy sets,Springer Ver-
lag,Newyork

[16] E. Szmidt, Distances and similarities in intuitionistic fuzzy sets, Springer (2014).

[17] Baloui Jamkhaneh E., Nadarajah S. (2015) A new generalized intuitionistic fuzzy sets,
Hacettepe Journal of Mathematics and Statistics, 44 (6), 1537-1551.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 268



Admin
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 57 Issue 4- May 2018


Admin
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 268





