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Abstract - This paper is on the Three parameter Laplace type Bimodal distribution. After discussing distributional
properties, order statistics were developed and discussed. Inferential aspects were discussed and estimates of the
parameters were obtained through Method of Moments and Maximum Likelihood Estimation techniques. Minimum
unbiased estimator of the location parameter and best linear unbiased estimator of the location and scale parameter
were also obtained.

I. INTRODUCTION
The Laplace distribution has received considerable attention as an appropriate model in reliability theory and life
testing models.The statistical data in the fields like agriculture, meteorology and population studiesare appearing as
if it is generated from a Laplace distribution, but have the kurtosis lies between 3 and 6. In this paper we introduce a
three parameter Laplace type bimodal distribution which suits the distribution arising out of the situations mentioned
above. The various distributional properties and inferential aspects of this distribution are discussed.

Il. THREE PARAMETER LAPLACE TYPE BIMODAL DISTRIBUTION
A random variable is said to follow a three parameter Laplace type bimodal distribution, if its probability density
function is of the following form.
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For different values of r = 0,1,2,...c0 we have different continuous distributions with three parametersy, 8 and
r(rcan be treated as an index parameter) which can be used to determine the specific distribution. This family
includes Laplace distribution, when r = 0[Johnson and Kotz (1972)]. Making the transformations,y = x’%” in (1),
we get
_ y2re—y

) = gt
The distribution given in (1) is symmetric about £z and it is a generalized Laplace type distribution with three
parameters.

—o<y<w >2

I1l. PROPERTIES OF THREE PARAMETER LAPLACE TYPE BIMODAL
DISTRIBUTION:
The distributions belonging to this family are having the following characteristics.

The Mean of the distribution is
o N\2T
E(X) fw foomB) d fc (7) 54 4
= xf(x,u, X = X———————e¢ X
R _. 2B
On simplification, one can get Mean = u
Distribution is symmetric abouty, which is the mean.

The Median of the distribution M is such that
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Solving the equation one can have Median =M = pu

For the generalized three parameter Laplace type bimodal distribution, mean and median are equal.

For obtaining mode of the distribution, taking the derivatives of (1) with respect to X and equating to zero and
solving for X, we get the modes asu + 2rf ie. u — 2Bandu + 28

Therefore, this distribution is bimodal.

Fig - 4.1
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Distribution function is obtained as
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On simplification, one can get

2r ﬂL
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The central moments of this distribution are
(u)Zr

X—p
x — )" xdx—f x — )" |ﬁ|dx
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Making necessary transformation and integrating, one can get
(2r + 2n)! 2" 0 4
= = —_>

Uon = . ﬁ[(ZT')'] »Hon+1 . o .
In particular, the first four central moments of this distribution are
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Thus, the variance of this distribution is u, = (zr(;f;"ﬁ
Since, the distribution is symmetric, its skewness is zero.
The recurrence relation between the Central moments are
_ (2r +2n)! p?
Hon = ﬁ[(Zr)'] Hon—2
The p™ order absolute moments of the distribution are
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On simplification, one can get,
2r+p)p?
— 14 - o —
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The characteristic function of this distribution is

2
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By (t) = E[e™* j e f(x)dx = j eltx e
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Using the transformations y = x — w,and by simplification one can have

ettt (2! 1 1
B =— [(1 T e o i,[i’t)ZT“]

Kurtosis of this distribution is

dx
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Therefore B = w

The distribution of the square of the variate:
LetY = X?and 8 = 1,u = 0, then the probability density function of Y is,

) = (@1 Zy PV,

by transformmg\/— =7, f(2) = X7, 2l@NT Z2ig=z,
Which is a mixture ofy- gamma variate with parameters z¢,i = 0,1,2, ...7. and weights

w; = 22D (2177
IV. ORDER STATISTICS OF THREE PARAMETER LAPLACE TYPE BIMODAL DISTRIBUTION

The simple explicit form of the distribution function as given in (3) leads us to derive the Order statistics connected
with this three parameter Laplace type bimodal distribution. For simplicity let us assumeu = 0 and g = 1 then the
probability density function (1) reduces to

(x)Zre—lxl
Let X1., < X, < -+ X,,.,denote the Order statistics obtained from a random sample of size n from the standardized
Laplace type bimodal distribution having the probability density function of the form given (8).

The probability density function of m™ order statistics is given by
+q-1

m
()2 e I (n -m . e )Yk o—e_lxI

fmn (x) = Dm:nw e q )(_1) 1= 2[(2r)!]

forx =0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 354




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 57 Issue 5 - May 2018

m S m+q—1
(x)¥r el < m—m e (2r)! yH, —e
= e — — q Ll
fon () = Doin 5z ZO( ¢ ) D | forx <0
p
Where D,,,., = m (7:) ——9
The a™ moment of X,,.,is given by
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From this (10) one can calculate the expected values of Order statistics.
Distribution of Median:

To obtain the distribution of Median, substitute m = nzilif N is odd in (9).
Thus, one can get
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when N is even then m = 222
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Joint Moments of the Order Statistics

The joint probablllty distribution of the Order Statistics X,,,.,and X,.,, m < sis given by
finsin(X) = Dy s [UQI U ) = U™ 1 = UM FCOf )

xZr2r)le~xIy2r ©

Where U(x) = e 201313

Partition the range 0 < x < y < oin to three mutually exclusive regions
Ri:[(x,y)i—0o<x <y<0]

Ry:[(x,¥):0 < x <y < 0]

Ry:[(x,y):—0<x<0,0<y <]

the product moments can be obtained as
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V. ESTIMATION OF PARAMETERS:

Previously we have studied three parameter generalized Laplace type bimodal distribution and its
distributional properties. Another aspect of any distributional study is to look in to the inferential aspects of the
distribution, in particular the estimation of the parameters involved in the distribution under study. In this we will
discuss the various methods of estimation by using Method of moments, maximum likelihood method of
estimation, Best linear unbiased estimation in estimating the parameters of the three parameter Laplace type
bimodal distribution and specially by using Numerical Analysis techniques namely Newton Raphson’ s method &
iterative method. The asymptotic behavior of these estimators is also studied. In this distribution the value of r is
fixed, based on the Kurtosis of the distribution. After identifying r we estimate these moving parameters pand S.

A. Method of Moments:

According to this method, the moments of the population and the sample are equated correspondingly to deduce the
estimators of the parameters. Let us consider a sample of size ‘n’ drawn from a population having the probability
density function of the form given by
(u)Zr
- o7
fowB) = 2812 °
This distribution is having two parametersu & g and r is identified through the sample kurtosis. Hence, we consider
the first two moments of the sample and the population, which leads to the following equations.
u=x,

1 p2
Gl = 52 = 230 (5 — B2 15
These equations give us the moment estimators as

=
I
=
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5, (2r)!s?
and f* = 2r +2)!

where s? isthe sample variance.
The variance of i is

_ S (2r)1s2 B2 B2 (2r +2)!
Var(x)—Var<Z) ZVW) L@ T @

1
and ;Z’le E(x)=u
That is the sample mean is an unbiased estimator ofu—>17

" 2
The unbiased estimator of f2is f? = 20 >18
2r+2)!
where s? is the sample variance.
The variance of the estimators are given by
o _ B%@re2)!
Var(i) = —wY 219

and the unbiased estimator of 52,
_ el P(ler+o0/m1 2 1 Qr+d)li1 4 3
Var(ﬁz)=ﬁ4[(2r+2)!] {[ 2r)! ](E_F_ﬁ)_ [ 2r)! H[Z_F_F]
>20

As the variance tends to zero when n tends to oo, the estimators x ands2are consistent for u and 2 Similar to the
simple Laplace distribution the median is the maximum likelihood estimators of the parameter u. Hence estimation
of all the parameters can be done sequentially withubeing estimated by the median and then the other two
parameters can be simultaneously estimated conditioned to u = fi

B. Maximum Likelihood Method of Estimation:

Letxy, x5, .... x,, be a sample of size n drawn from a population having the probability density function of
the form given in equation (1). From equation (1) one can write the likelihood function of the sample is

() 7

L= 221
2p[(2r)]
Taking logarithms on both sides of (4 6. 1) we get
2r
logL=n+— ZlL ul=0 —— 22
ﬁ . xl_H

i=0

For obtaining the maximum Ilkellhood estimators of the parameters we have to maximize L or log L with respect
to the parametersu andf. The values of u andg can be obtained by solving the following equations.

2r)! c 1
2r+2) r; (x‘%ﬂ)z =0
Thatis X7, —2B[2r)! =0 223

"oy )
C. Best Linear Unbiased Estimators:

The best linear unbiased estimators of the location and scale parameters involved in the three parameter Laplace
type bimodal distribution having the probability density function of the form given in (1) are obtained as follows.
For that consider the family of distributions given in equation (1)

Let X,,., andX,,.,be the m ™ order statistics drawn from the populations having the probability density function of

the form given above and the corresponding standardized distribution respectively.
ie.X,n = M 1<sm<n

Then the best linear unbiased estimators of x and 8 are given by [Lioyd (1952)].
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wherel' = (1,1,...,1), X = [X1.0, Xoiy Xl and @ = [®1.,, Aoy oo Uy ]

where, a; .,,is the first moment of thei*" order statistics and Q is the variance matrix of vector X

The variance of these estimators are var(u*) = zUE var(B*) = af;uand cov(u*,B*) =0
With the moments of the order statistics given in section 4 and 5, one can compute theu*andf*and their variances
respectively.
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