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I. INTRODUCTION 
 
In 1882, Herman Struve investigated the Struve function of order p which is defined as:  

 Hp(z) =  ‍∞
k=0

(−1)k

Γ(k+3/2)Γ(k+p+3/2)
 

z

2
 

2k+p+1

. (1.1) 

 for all z ∈ ℂ, which is a particular solution of non-homogeneous differential equation  

 z2w′′(z) + zw′(z) + (z2 − p2)w(z) =
4(z/2)p +1

√πΓ(p+1/2)
, (1.2) 

 and its homogeneous part is Bessel equation. Since, several generalization of Struve function have been developed by 

many‍author’s,‍see for references ([5, 6, 14, 15,16, 22]). For more details about Struve function and it various 

applications one may be referred to the recent papers[1, 2, 18, 19, 20, 23]. A useful generalization of Struve function 

called Galue′ type Struve function given in [17] and is defined as:  

 a′Wp,b′ ,c′ ,δ
λ,μ

(z) =  ‍∞
k=0

(−c′)k (
z

2
)2k +p +1

Γ(λk+μ)Γ(a′k+
p

δ
+

b ′ +2

2
)

, (a′ ∈ ℕ, p, b′, c′ ∈ ℂ), (1.3) 

 where λ > 0, δ > 0 and μ is an arbitrary parameters. 

For λ = a′ = 1, μ = 3/2 and δ = 1, (1.3) gives a generalization of Struve function, which is defined as:  

 Hp,b ′,c′(z) =  ‍∞
k=0

(−c′)k

Γ(k+3/2)Γ  (k+p+
b ′+2

2
)
 

z

2
 

2k+p+1

(b′, c′ ∈ ℂ). (1.4) 

 
The series representation of Bessel function of the first kind of order 𝜈 is defined as (see [9]):  

 𝐽𝜈(𝑥) =  ‍∞
𝑘=0

(−1)𝑘

Γ(𝑘+1)Γ(𝑘+𝜈+1)
 
𝑥

2
 

2𝑘+𝜈

. (1.5) 

 L. Galu𝑒′ [10] introduced a generalization of the Bessel function of order p which is defined as:  

 𝑎 ′𝐽𝜈(𝑥) =  ‍∞
𝑘=0

(−1)𝑘

Γ(𝑎 ′𝑘+𝜈+1)𝑘!
 
𝑥

2
 

2𝑘+𝑝

, (𝑥 ∈ ℝ, 𝑎′ ∈ ℕ). (1.6) 

 In 2010, Baricz [4] investigated Galue-type generalization of modified Bessel function given as:  

 𝑎 ′𝐼𝑝(𝑧) =  ‍∞
𝑘=0

1

Γ(𝑎 ′𝑘+𝑝+1)𝑘!
 
𝑧

2
 

2𝑘+𝑝

(𝑧 ∈ ℂ, 𝑎′ ∈ ℕ). (1.7) 

 

The Wright function ([12, 13]) introduced for the first time by E. M. Wright is defined by the series representation as:  

 𝑊𝛼,𝛽(𝑧) =  ‍∞
𝑘=0

𝑧𝑘

Γ(𝛼𝑘+𝛽)𝑘!
(𝛼 > −1, 𝛽 ∈ ℂ). (1.8) 
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The Fox-Wright function [24] is defined by the series representation, valid in the whole complex plane  

 𝑞Ψ𝑠[𝑧] =𝑞 Ψ𝑠  
(𝛼1, 𝐴1), . . . . . . . . . . . . (𝛼𝑞 , 𝐴𝑞)

(𝛽1, 𝐵1), . . . . . . . . . . . . (𝛽𝑠 , 𝐵𝑠)
; 𝑧  

 

 =  ‍∞
𝑘=0

Γ(𝛼1+𝐴1𝑘)............Γ(𝛼𝑞+𝐴𝑞𝑘)

Γ(𝛽1+𝐵1𝑘)...........Γ(𝛽𝑠+𝐵𝑠𝑘)

(𝑧)𝑘

𝑘!
 (1.9) 

𝛼1, . . . . . 𝛼𝑞 , 𝛽1, . . . . . . . . 𝛽𝑠 ∈ ℝ such that 1 +  ‍𝑠
𝑖=1 𝐵𝑖 −  ‍

𝑞
𝑟=1 𝐴𝑟 > 0,  

where Γ(𝑧) denotes the gamma function and q and s are non negative integers. 

 

The Mittag-Leffler function 𝐸𝛼,𝛽(𝑧) is a special function which depends on two complex parameter 𝛼 and 𝛽 which 

is defined by [25] the following power series:  

 𝐸𝛼,𝛽(𝑧) =  ‍∞
𝑘=0

𝑧𝑘

Γ(𝛼𝑘+𝛽)
, (𝛼, 𝛽 ∈ ℂ, 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0). (1.10) 

 

Also we recall the following interesting and useful results.   

    •‍The results established by A. Erdelyi et.al. [8]  

 
 ‍

1

0
𝑥𝑐−1(1 − 𝑥)−

1

2
2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 𝑑𝑥

=
𝜋Γ(𝑐)Γ(𝑎+𝑏+1/2)Γ(𝑐−𝑎−𝑏+1/2)

Γ(𝑎+1/2)Γ(𝑏+1/2)Γ(𝑐−𝑎+1/2)Γ(𝑐−𝑏+1/2)
,

 (1.11) 

 

 

 where𝑅𝑒(𝑐) > 0, 𝑅𝑒(2𝑐 − 𝑎 − 𝑏) > −1. 
 

    •‍Edward‍[7]‍established‍the‍following‍result:‍  

  ‍
1

0
 ‍

1

0
𝑢𝜌(1 − 𝑣)𝜌−1(1 − 𝑢)𝜍−1(1 − 𝑢𝑣)1−𝜌−𝜍𝑑𝑢𝑑𝑣 =

Γ(𝜌)Γ(𝜍)

Γ(𝜌+𝜍)
, (1.12) 

 provided 𝑅𝑒(𝜌) > 0 and 𝑅(𝜍) > 0.  

 
I. MAIN RESULTS 

In this section, we deduce some new integral formulas involving 𝐺𝑎𝑙𝑢  𝑒′ type Struve function. These 

integral formula are expressed in terms of Fox-Wright function as given in Theorems 1, 2 and 3. 

 

Theorem 1  

Let 𝑎′ ∈ ℕ, 𝑝, 𝑏′, 𝑐′, ∈ ℂ, 𝑅𝑒(𝛿) > 0, 𝑅𝑒(𝑝) > −1, 𝑅𝑒(𝑐 + 𝑝 + 2 − 𝑎 − 𝑏/2) > 0, 𝑅𝑒(
𝑎+𝑏+1

2
) > 0.  The following 

integral formula holds true:  

  ‍
1

0
𝑥𝑐−1(1 − 𝑥)−1/2

2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 𝑎 ′𝑊𝑝,𝑏′,𝑐′,𝛿

𝜆,𝜇
(𝑥𝑦)𝑑𝑥 =  

𝑦

2
 
𝑝+1 𝜋Γ(

𝑎+𝑏+1

2
)

Γ(
𝑎+1

2
)Γ(

𝑏+1

2
)
 

 

 ×3 Ψ4  
(𝑐 + 𝑝 + 2 − 𝑎 −

𝑏

2
, 1), (𝑐 + 𝑝 + 1,2), (1,1)

(𝑐 + 𝑝 + 2 −
𝑎

2
, 1), (𝑐 + 𝑝 + 2 −

𝑏

2
, 2), (𝜇, 𝜆), (

𝑝

𝛿
+

𝑏′+2

2
, 𝑎′)

; −
𝑐′𝑦2

4
 . (2.1) 

 

Proof. First, we designate the L.H.S of (2.1) by I and then using (1.3) and interchanging the order of integration and 

summation, we get  

 
𝐼 =  ‍∞

𝑘=0
(−𝑐′)𝑘

Γ(𝜆𝑘+𝜇)

1

Γ(𝑎 ′𝑘+
𝑝

𝛿
+

𝑏 ′+2

2
)

(
𝑦

2
)2𝑘+𝑝+1

×  ‍
1

0
𝑥(𝑐+2𝑘+𝑝+1)−1(1 − 𝑥)−1/2

2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 𝑑𝑥.

 (2.2) 

 Now, we apply the integral formula (1.11) to the integral of (2.2) under the conditions given in Theorem 1, we obtain  

 

 𝐼 =
𝜋Γ(𝑎+𝑏+1/2)Γ)(𝑝+𝑐+1+2𝑘)Γ(𝑝+𝑐−𝑎−𝑏+3/2+2𝑘)

Γ(𝑎+1/2)Γ(𝑏+1/2)Γ(𝑝+𝑐+3/2−𝑎+2𝑘)Γ(𝑝+𝑐+3/2+−𝑏+2𝑘)
. 

 

 ×  ‍∞
𝑘=0

(−𝑐′)𝑘

Γ(𝜆𝑘+𝜇)

1

Γ(𝑎𝑘+
𝑝

𝛿
+

𝑏 ′+2

2
)
. (2.3) 
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 After solving the above equation with the help of (1.9), we get the required result (2.1). This completes the proof. ∎ 

 

Remark 2.1 If we setting 𝜆 = 𝑎′ = 𝛿 = 1, 𝜇 = 3/2 in (2.1), we get following new result as follows:  

 

 

Corollary 2.1  For 𝑝, 𝑏′, 𝑐′, ∈ ℂ  with 𝑅𝑒(𝑐 + 𝑝 + 2 − 𝑎 − 𝑏/2) > 0, 𝑅𝑒(𝑐 + 𝑝 + 1) > 0, 𝑅𝑒(𝑐 + 𝑝 + 2 − 𝑎/2) >

0, 𝑅𝑒(
𝑎+𝑏+1

2
) > 0 .The following integral formula holds good:  

 

 ‍
1

0
𝑥𝑐−1(1 − 𝑥)−1/2

2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 𝐻𝑝,b′,𝑐′(𝑥𝑦)𝑑𝑥 =  

𝑦

2
 
𝑝+1 𝜋Γ(

𝑎+𝑏+1

2
)

Γ(
𝑎+1

2
)Γ(

𝑏+1

2
)

×3 Ψ4  
(𝑐 + 𝑝 + 2 − 𝑎 −

𝑏

2
, 1), (𝑐 + 𝑝 + 1,2), (1,1)

(𝑐 + 𝑝 + 2 −
𝑎

2
, 1), (𝑐 + 𝑝 + 2 −

𝑏

2
, 2), (3/2,1), (𝑝 +

𝑏′+2

2
, 1)

;
−𝑐′𝑦2

4
 .

 (2.4) 

 

 

Remark 2.2 For 𝑏′ = 𝑐′ = 1  in (2.1), will give a new integral formula of classical Struve function.  

 

 

Theorem 2  For 𝑎′ ∈ ℕ, 𝑝, 𝑏′, 𝑐′ ∈ ℂ, 𝜆 > 0, 𝛿 > 0  and 𝜇  is arbitrary parameter with 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼 + 𝑝) >
−1, 𝑅𝑒(𝛼 + 𝛽 + 𝑝) > −1, 𝑅𝑒(𝛿) > 0, then following integral formula holds good: 

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽

𝑎 ′𝑊𝑝,𝑏′,𝑐′,𝛿
𝜆,𝜇

(𝑢𝑦(1 − 𝑥)(1 − 𝑥𝑦))𝑑𝑥𝑑𝑦 

 

 = Γ(𝛽)(
u

2
)p+1

2
Ψ3  

(𝛼 + 𝑝 + 1,2), (1,1)

(𝛼 + 𝛽 + 𝑝 + 1,2), (𝜇, 𝜆), (
𝑝

𝛿
+

𝑏′+2

2
, 𝑎′)

; −
𝑐′𝑢2

4
 . (2.5) 

 

 

Proof. denoting the L.H.S of (2.5) by I. Using (1.3), the R.H.S of (2.5) and then interchanging the order of integration 

and summation, we get 

 

 𝐼 =  ‍∞
𝑘=0

(−𝑐′)𝑘

Γ(𝜆𝑘+𝜇)

1

Γ(𝑎 ′𝑘+
𝑝

𝛿
+

𝑏 ′+2

2
)

(
𝑢

2
)2𝑘+𝑝+1 

 

 ×  ‍
1

0
 ‍

1

0
𝑦𝛼+2𝑘+𝑝+1(1 − 𝑥)(𝛼+2𝑘+𝑝+1)−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−(𝛼+2𝑘+𝑝+1)−𝛽𝑑𝑥𝑑𝑦 (2.6) 

 

Now we apply the integral formula (1.12) to the integral of (2.6) under the conditions given in (2.5).  

 𝐼 = Γ(𝛽)(
𝑢

2
)𝑝+1  ‍∞

𝑘=0
Γ(𝛼+2𝑘+𝑝+1)

Γ(𝛼+𝛽+2𝑘+𝑝+1)

(
−𝑐 ′𝑢2

4
)𝑘

Γ(𝑎 ′𝑘+
𝑝

𝛿
+

𝑏 ′+2

2
)

Γ(1+𝑘)

𝑘!
. (2.7) 

 After solving the above result with the help of (1.9) we get the required result of Theorem 2. This completes the proof 

of Theorem.∎ 

 

Corollary 2.2 The following integral formula holds good for 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼 + 𝑝) > −1, 𝑅𝑒(𝛼 + 𝛽 + 𝑝) > −1. 
 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽𝐻𝑝,𝑏′,𝑐′(𝑢𝑦(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 

 

 = Γ(𝛽)(
𝑢

2
)𝑝+1

2
Ψ3  

(𝛼 + 𝑝 + 1,2), (1,1)

(𝛼 + 𝛽 + 𝑝 + 1; 2), (
3

2
, 1), (𝑝 +

𝑏′+2

2
; 1) ;

−𝑐′𝑢2

4
 . (2.8) 

 

It is easy to determine the above result with the help of Theorem 2 and substituting 𝑎′ = 𝜆 = 𝛿 = 1, 𝜇 = 3/2 and 

using equation(1.4).  

 



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 57 Issue 5 - May 2018 

 

ISSN: 2231-5373             http://www.ijmttjournal.org   Page 362 

 

Remark 2.3 On setting 𝑏′ = 𝑐′ = 1,  in (2.8) and using (1.1) we get a new result involving ordinary Struve function.  

 

Theorem 3  For 𝑎′ ∈ ℕ𝑝, 𝑏′, 𝑐′ ∈ ℂ, 𝜆 > 0, 𝛿 > 0, 𝜇 is arbitrary parameter with 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛼 + 𝛽 + 𝑝) > −1 

then following integral formula holds true  

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽

𝑎 ′𝑊𝑝,𝑏′,𝑐′,𝛿
𝜆,𝜇

(𝑢(1 − 𝑥)(1 − 𝑥𝑦))𝑑𝑥𝑑𝑦 

 

 = Γ(𝛼)  
𝑢

2
 
𝑝+1

2Ψ3  
(𝛽 + 𝑝 + 1; 2), (1,1)

(𝛼 + 𝛽 + 𝑝 + 1,2), (𝜇, 𝜆), (
𝑝

𝛿
+

𝑏′+2

2
, 𝑎′)

;
−𝑐′𝑢2

4
 . (2.9) 

 

Proof. First we denote the L.H.S of (2.9) by I and using (1.3) then interchanging the order of integration and 

summation ,we get  

 𝐼 =  ‍∞
𝑘=0

(−𝑐′)𝑘

Γ(𝜆𝑘+𝜇)Γ(𝑎 ′𝑘+
𝑝

𝛿
+

𝑏 ′+2

2
)

(𝑢(1 − 𝑦)(1 − 𝑥𝑦)/2)2𝑘+𝑝+1𝑑𝑥𝑑𝑦 

 

 ×  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)(𝛽+2𝑘+𝑝+1)−1(1 − 𝑥𝑦)1−𝛼−(𝛽+2𝑘+𝑝+1). (2.10) 

 Now we apply the integral formula (1.12) to the integral of (2.9) under the condition given in Theorem 3, we obtain 

following equation  

 𝐼 = Γ(𝛼)  
𝑢

2
 
𝑝+1

 ‍∞
𝑘=0

Γ(𝛽+2𝑘+𝑝+1)

Γ(𝛼+𝛽+𝑝+2𝑘+1)

(−𝑐′)𝑘

Γ(𝜆𝑘+𝜇)Γ(𝑎 ′𝑘+
𝑝

𝛿
+

𝑏 ′+2

2
)
 
𝑢

2
 

2𝑘

. (2.11) 

 After solving the above result with the help of (1.9) we get the required result of Theorem 3.This completes the proof 

of Theorem.      ∎ 

 

Corollary 2.3 For 𝑅𝑒(𝛼 > 0), 𝑅𝑒(𝛽 + 𝑝) > −1, 𝑅𝑒(𝛼 + 𝛽 + 𝑝) > −1 following integral formula hold true:  

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽𝐻𝑝,𝑏′,𝑐′(𝑧)𝑑𝑥𝑑𝑦 

 

 = Γ(𝛼)  
𝑢

2
 
𝑝+1

2Ψ3  
(𝛽 + 𝑝 + 1,2), (1,1)

(𝛼 + 𝛽 + 𝑝 + 1,2), (
3

2
, 1), (𝑝 +

𝑏′+2

2
, 1)

;
−𝑐′𝑢2

4
 . (2.12) 

 It is easy to determine the above result with the help of (1.4), Theorem 3 and setting 𝑎′ = 𝜆 = 𝛿 = 1, 𝜇 = 3/2 in 

(2.9).  

 

Remark 2.4 On setting 𝑏′ = 𝑐′ = 1  in (2.12) and using (1.1), we get a new result involving ordinary struve function.  

 

II. SPECIAL CASES 

 
As a direct consequence of our result by taking suitable values of parameters of generalized Galue′ type Struve 

function, some special cases are obtained below. 

 

Example 3.1   On setting 𝑎′ = 𝜆 = 𝜇 = 𝑐′ = 𝛿 = 1, 𝑝 = 𝑛 − 1, 𝑏′ = 2 in Theorem 1, Theorem 2, Theorem 3 and 

using 1.5 we find new integral formulas involving different special functions asserted by the following corollaries.  

 

Corollary 3.1 For 𝑅𝑒(𝑐 + 𝑛) > 0, 𝑅𝑒(𝑐 + 𝑛 + 1 − 𝑎/2) > 0, 𝑅𝑒(2𝑐 + 2𝑛 + 2 − 𝑏 > 0), 𝑅𝑒(
𝑎+𝑏+1

2
) > 0, 𝑅𝑒(𝑐 +

𝑛 + 1 − 𝑎 − 𝑏/2) > 0, . Then the following integral formula holds good:  

 

  ‍
1

0
𝑥𝑐−1(1 − 𝑥)−1/2

2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 𝐽𝑛(𝑥𝑦)𝑑𝑥 =  

𝑦

2
 
𝑛 𝜋Γ(

𝑎+𝑏+1

2
)

Γ(
𝑎+1

2
)Γ(

𝑏+1

2
)
 

 

 ×3 Ψ4  
(𝑐 + 𝑛 + 1 − 𝑎 −

𝑏

2
, 1), (𝑐 + 𝑛, 2), (1,1)

(𝑐 + 𝑛 + 1 −
𝑎

2
, 1), (𝑐 + 𝑛 + 1 −

𝑏

2
, 1), (1,1), (𝑛 + 1,2)

; −
𝑦2

4
 . (3.1) 

 

Corollary 3.2 The following integral formula holds true for 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼 + 𝑛) > 0, 𝑅𝑒(𝛼 + 𝛽 +
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𝑛) > 0.  

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽 𝐽𝑛(𝑢𝑦(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 

 

 = Γ(𝛽)(
𝑢

2
)𝑛

2
Ψ3  

(𝛼 + 𝑛, 2), (1,1)

(𝛼 + 𝛽 + 𝑛, 2), (1,1), (𝑛 + 1,2)
; −

𝑢2

4
 . (3.2) 

 

Corollary 3.3 For 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽 + 𝑛) > 0, 𝑅𝑒(𝛼 + 𝛽 + 𝑛) > 0 the following integral formula holds true:  

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽 𝐽𝑛(𝑢(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 

 

 = Γ(𝛼)  
𝑢

2
 
𝑛

2Ψ3  
(𝛽 + 𝑛, 2), (1,1)

(𝛼 + 𝛽 + 𝑛, 2), (1,1), (𝑛 + 1,1)
; −

𝑢2

4
 . (3.3) 

 

 

Example 3.2  On setting 𝑎′ = 𝛿 = 𝑝 = 1, 𝑏′ = 2, 𝑐′ = −1 in Theorem 1,Theorem 2, Theorem 3 and using (1.5), we 

find new integral formulas involving different special functions asserted by the following respective corollaries.  

 

Corollary 3.4 For 𝑅𝑒(𝑐 + 2 − 𝑎 − 𝑏) > 0, 𝑅𝑒(𝑐 + 2 − 𝑎) > 0, 𝑅𝑒(𝑐 + 2 − 𝑏 >)0, 𝑅𝑒(
𝑎+𝑏+1

2
) > 0, 𝑅𝑒(𝑐 + 𝑛 + 1 −

𝑎 − 𝑏/2) > 0 .The following integral formula holds good:  

 

  ‍
1

0
𝑥𝑐−1(1 − 𝑥)−1/2

2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 𝜙(𝜇, 𝜆, 𝑥𝑦)𝑑𝑥 =  

𝑦

2
 

2 𝜋Γ(
𝑎+𝑏+1

2
)

Γ(
𝑎+1

2
)Γ(

𝑏+1

2
)
 

 

 ×3 Ψ4  

(𝑐 + 1,1), (
𝑐

2
+ 1 −

𝑎

2
−

𝑏

2
,

1

2
), (1,1)

(
𝑐

2
+ 1 −

𝑎

2
,

1

2
), (

𝑐

2
+ 1 −

𝑏

2
,

1

2
), (𝜇, 𝜆), (3,1) ; 𝑦 . (3.4) 

Corollary 3.5 The following integral formula holds true for 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼 + 𝛽) > 0, 𝜆 > 0, 𝜇 > 0. 
 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽𝜙(𝜆, 𝜇, 𝑢𝑦(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 

 

 = Γ(𝛽) 2Ψ3  
(𝛼; 1), (1,1)

(𝛼 + 𝛽, 1), (𝜇, 𝜆), (1,1)
; −𝑢 . (3.5) 

 

Corollary 3.6 The following integral formula holds true for 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼 + 𝛽) > 0, 𝜆 > 0, 𝜇 > 0 

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽𝜙(𝜆, 𝜇, (𝑢(1 − 𝑥)(1 − 𝑥𝑦))𝑑𝑥𝑑𝑦 

 

 = Γ(𝛼) 2Ψ3  
(𝛽, 1), (1,1)

(𝛼 + 𝛽, 1), (𝜇, 𝜆), (1, 𝑎′)
; 𝑢 . (3.6) 

 

Example 3.3  On setting 𝜆 = 𝑏′ = 0, 𝜇 = 𝛿 = 1, 𝑐′ = −1, 𝑝 is replaced by 𝑝 − 1 and z by (2√𝑧) in Theorem 1, 

Theorem 2 and Theorem 3 and using (1.10) we get with new integral formulas involving different special functions 

asserted by the following respective corollaries.  

 

 

 

 

 

 

Corollary 3.7 For 𝑅𝑒(𝑐 + 𝑝) > 0, 𝑅𝑒(2𝑐 + 2𝑝 + 2 − 2𝑎 − 𝑏) > 0, 𝑅𝑒(2𝑐 + 2𝑝 + 2 − 𝑎) > 0, 𝑅𝑒(2𝑐 + 2𝑝 + 2 −
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𝑏) > 0, 𝑅𝑒(
𝑎+𝑏+1

2
) > 0, 𝑅𝑒(𝑐 + 𝑛 + 1 − 𝑎 − 𝑏/2) > 0. The following integral formula holds good:  

 

  ‍
1

0
𝑥𝑐−1(1 − 𝑥)−1/2

2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 (√𝑧)𝑝𝐸𝑎 ′,𝑝(𝑥𝑦)𝑑𝑥 =  

𝑦

2
 
𝑝 𝜋Γ(

𝑎+𝑏+1

2
)

Γ(
𝑎+1

2
)Γ(

𝑏+1

2
)
 

 

 ×3 Ψ4  
(𝑐 + 𝑝, 1), (

𝑐

2
+

𝑝

4
+

1

2
−

𝑎

2
−

𝑏

2
,

1

2
), (1,1)

(
𝑐

2
+

𝑝

4
+

1

2
−

𝑎

2
,

1

2
), (

𝑐

2
+

𝑝

4
+

1

2
−

𝑏

2
,

1

2
), (0,1), (𝑝, 𝑎′)

; 𝑦 . (3.7) 

 

Corollary 3.8 For 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼) > −𝑝/2, 𝑅𝑒(𝛼 + 𝛽) > −𝑝/2, 𝑅𝑒(𝑢) > 0. Then the following 

integral formula holds true  

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽(√𝑧)𝑝𝐸𝑎 ′,𝑝(𝑢𝑦(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 

 

 = (√𝑢)𝑝Γ(𝛽) 2Ψ3  
(𝛼 +

𝑝

2
, 1), (1,1)

(𝛼 + 𝛽 +
𝑝

2
, 1), (0,1), (1, 𝑎′)

; 𝑢 . (3.8) 

 

Corollary 3.9 For 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼) > −𝑝/2, 𝑅𝑒(𝛼 + 𝛽) > −𝑝/2, 𝑅𝑒(𝑢) > 0. Then the following 

integral formula holds true  

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽(√𝑧)𝑝𝐸𝑎 ′,𝑝(𝑢(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 

 

 = (√𝑢)𝑝Γ(𝛽) 2Ψ3  
(𝛼 +

𝑝

2
, 1), (1,1)

(𝛼 + 𝛽 +
𝑝

2
, 1), (0,1), (1, 𝑎′)

; 𝑢 . (3.9) 

 

Example 3.4  On setting 𝜆 = 𝜇 = 𝛿 = 𝑏′ = 1, 𝑐′ = −1, 𝑝 is replaced by 𝑝 − 1 in Theorem 1, Theorem 2 and 

Theorem 3 and using (1.7) we get new integral formulas involving different special functions asserted by the following 

respective corollaries.  

 

Corollary 3.10 For 𝑅𝑒(𝑐 + 𝑝) > 0, 𝑅𝑒(2𝑐 + 𝑝 + 2 − 2𝑎 − 2𝑏) > 0, 𝑅𝑒(2𝑐 + 𝑝 + 2 − 2𝑎) > 0, 𝑅𝑒(2𝑐 + 𝑝 + 2 −

2𝑏) > 0, 𝑅𝑒(
𝑎+𝑏+1

2
) > 0, 𝑅𝑒(𝑐 + 𝑛 + 1 − 𝑎 − 𝑏/2) > 0. The following integral formula holds good:  

 

  ‍
1

0
𝑥𝑐−1(1 − 𝑥)−1/2

2
𝐹1 𝑎, 𝑏; 𝑎 + 𝑏 + 1/2; 𝑥 𝑎 ′𝐼𝑝(𝑥𝑦)𝑑𝑥 =  

𝑦

2
 
𝑝 𝜋Γ(

𝑎+𝑏+1

2
)

Γ(
𝑎+1

2
)Γ(

𝑏+1

2
)
 

 

 ×3 Ψ4  
(𝑐 + 𝑝 + 1 − 𝑎 − 𝑏/2,1), (𝑐 + 𝑝, 2), (1,1)

(𝑐 + 𝑝 + 1 − 𝑎/2,1), (𝑐 + 𝑝 + 1 − 𝑏/2,1), (1,1), (𝑝 +
1

2
, 1)

; −
𝑦2

4
 . (3.10) 

 

Corollary 3.11 The following integral formula holds true for 𝑅𝑒(𝛼), 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼) > −𝑝, 𝑅𝑒(𝛼 + 𝛽) > −𝑝.  

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽

𝑎 ′𝐼𝑝(𝑢𝑦(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 

 

 =  
𝑢

2
 
𝑝

Γ(𝛽) 2Ψ3  
(𝛼 + 𝑝, 2), (1,1)

(𝛼 + 𝛽 + 𝑝, 2), (1,1), (𝑝 + 1/2, 𝑎′)
; 𝑢2/4 . (3.11) 

 

Corollary 3.12 The following integral formula holds true for 𝑅𝑒(𝛼), 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛼) > −𝑝, 𝑅𝑒(𝛼 + 𝛽) > −𝑝.  

 

  ‍
1

0
 ‍

1

0
𝑦𝛼(1 − 𝑥)𝛼−1(1 − 𝑦)𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽

𝑎 ′𝐼𝑝(𝑢(1 − 𝑥)(1 − 𝑥𝑦)𝑑𝑥𝑑𝑦 
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 =  
𝑢

2
 
𝑝

Γ(𝛼) 2Ψ3  
(𝛽 + 𝑝, 2), (1,1)

(𝛼 + 𝛽 + 𝑝, 2), (1,1), (𝑝 + 1/2, 𝑎′)
; 𝑢2/4 . (3.12) 

 

III. CONCLUDING REMARK 
The outcomes in the present paper is the computation of some integral formulae involving generalized Galu e′ type 

Struve function in terms of Fox-Wright function. We observe that the generalized Galu e′type Struve function has a 

close relationship with some known special functions such as Struve function, Mittag-Leffler function, Bessel 

function,Wright function etc. As a consequence, we have attempted to compute the integrals in the form of different 

types of special functions by suitable replacement of parameters. Further, a lot of work can be put in the literature by 

writing the Fox-Wright function in terms of Fox H-function, Meijer G-function, etc. The results obtained here seems 

to be interesting and may potentially be useful in various applied problems. 
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