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I. INTRODUCTION

In 1882, Herman Struve investigated the Struve function of order p which is defined as:

- _1k 2\ 2k+p+1
Hy (2) = Ximo r(k+3/2()r(1)<+p+3/2) (5) ) )
for all z € C, which is a particular solution of non-homogeneous differential equation
" 4(z/2)P*!
2w (z) + zw'(z) + (z% — pP)w(z) = T Gri/2y 1.2)
and its homogeneous part is Bessel equation. Since, several generalization of Struve function have been developed by
many author’s, see for references ([5, 6, 14, 15,16, 22]). For more details about Struve function and it various
applications one may be referred to the recent papers[1, 2, 18, 19, 20, 23]. A useful generalization of Struve function

called Galue’ type Struve function given in [17] and is defined as:
(e ( )2k+p+1

wwgw—zk%mﬂmﬂﬂﬁﬁy@ENnbcE@) (13)

where L > 0,6 > 0 and p is an arbitrary parameters.
For A=a'=1,u=3/2 and § = 1, (1.3) gives a generalization of Struve function, which is defined as:

H (_Cr)k 2k+p+1 b (C l 4
., — o0 ’ ’ e ) .
e@ = Bim (7). Bl (L4)

The series representation of Bessel function of the first kind of order v is defined as (see [9]):

_ © (_1)]( x 2k+v
Jv () = Xiczo T(k+ 1) (k+v+1) (E) ' (1.5)
L. Galue’ [10] introduced a generalization of the Bessel function of order p which is defined as:
« Dk 2ktp .
ofy(X) = Xz m(%) ,(x ER, @’ €EN). (1.6)
In 2010, Baricz [4] investigated Galue-type generalization of modified Bessel function given as:
1 2k+p ,
/I (2) = XY= m( ) (zeC,a eN). 1.7

The Wright function ([12, 13]) introduced for the first time by E. M. Wright is defined by the series representation as:
Zk
Wa,ﬁ (2) = X¥r=o W((X > —1,B8 € C). (1.8)
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The Fox-Wright function [24] is defined by the series representation, valid in the whole complex plane
(C277: D T (ag,4q)

(Bl.Bl), ............ (BS,BS) yZ

_ T(a1+A1K) e T(ag+Agk) (2)*
= Xk=0 T(B1+B1k)mnT(Bs+Bsk) k!
ay,..... g PBrseeennnnn Bs €ER suchthat 14+ Y5, B;—X!_, A, >0,
where T'(z) denotes the gamma function and g and s are non negative integers.

q\Ps [Z] =q W

(1.9)

The Mittag-Leffler function E, z(z) is a special function which depends on two complex parameter a and § which
is defined by [25] the following power series:

Ep(2) = 550 r(Tkw) (a,B € C,Re(a) > 0,Re(B) > 0). (1.10)

Also we recall the following interesting and useful results.
* The results established by A. Erdelyi et. aI [8]
f x¢71 (1 —x)” 2 ,Fi(a,b;a+b+1/2;x)dx
nl'(c)I'(a+b+1/2)['(c—a—b+1/2)
T T(a+1/2)T(b+1/2)T(c—a+1/2)[(c—b+1/2)’

(1.11)

whereRe(c) > 0,Re(2c —a —b) > —1.

» Edward [7] established the following result:
I'(p)I"
) we (1= v (1 = w)° (1 - uv) P dudv % (1.12)
provided Re(p) > 0 and R(o) > 0.

I. MAIN RESULTS
In this section, we deduce some new integral formulas involving Galu e’ type Struve function. These
integral formula are expressed in terms of Fox-Wright function as given in Theorems 1, 2 and 3.

Theorem 1
Let a’'e N,p,b',c’,€ C,Re(§) > 0,Re(p) >—1,Re(c+p+2—a—>b/2) > 0,Re(
integral formula holds true:

a+b+1

) > 0. The following

a+b+1

f xT(A=x)"V2 F(a,b;a+ b +1/2; %), W, (xy)dx = (X)pﬂr(—)
My 2/ r&Hrd
(c+p+2—a—§,1),(c+p+12) (1,1) oy
X3 lP4_ b'+2 ,—T . (21)

c+p+2-51),(c+p+2-2,2, D, E+22,a)

Proof. First, we designate the L.H.S of (2.1) by | and then using (1.3) and interchanging the order of integration and
summation, we get

_yw ok 1 2k+p+1
I'= Y=o T'(Ak+p) F(ak+p b+2 ( ) (2.2)

X [ xler2htptn=1(1 — x) Y2 Fy(a,b;a+ b+ 1/2; x)dx.
Now, we apply the integral formula (1.11) to the integral of (2.2) under the conditions given in Theorem 1, we obtain

nl'(a+b+1/2))(p+c+1+2k)T (p+c—a—b+3/2+2k)
- [(a+1/2)0(b+1/2)T(p+c+3/2—a+2k)T(p+c+3/2+—b+2k)’

(=" 1
Ak +12) T (ak +2+252)

X Tiot (2:3)
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After solving the above equation with the help of (1.9), we get the required result (2.1). This completes the proof. m

Remark 2.1 If we setting A = a’'= 6 = 1,u = 3/2 in (2.1), we get following new result as follows:

Corollary 2.1 For p,b’,c’, € C with Re(c+p+2—a—b/2)>0,Re(c+p+1)>0,Re(c+p+2—a/2)>

0, Re(aHZ’H) > 0 .The following integral formula holds good:
[ x 11 = x)"V2_Fi(a,b;a + b + 1/2; x)H, o (xy)dx = (X)pﬂ LGl
0 2 » ) p,b'c 2 F(aTH)F(b%l)
c+p+2—a—3,1),(c+p+12),(L1) . (2.4)
X3 ¥ b'+2 T

4
c+p+2-5,1),(c+p+2-2,2),3/2D,(p +22,1)

Remark 2.2 For b'=c'=1 in(2.1), will give a new integral formula of classical Struve function.

Theorem 2 For a'€ N,p,b',c'€ C,A> 0,6 >0 and u is arbitrary parameter with Re(8) > 0,Re(a +p) >
—1,Re(a + B +p) > —1,Re(5) > 0, then following integral formula holds good:

1 1 _ _ —a— .
o Jo v =0 A=yt — ) oW s (uy (= %) (1 — xy))dxdy

(@+p+12),(11)
b2 PG (2.5)

=IO | (a4 p4p+12), 00, C+22,a)

Proof. denoting the L.H.S of (2.5) by 1. Using (1.3), the R.H.S of (2.5) and then interchanging the order of integration
and summation, we get

R 1 U 2k+p+1
I =5 — ()P
2ie=0 e Mak+2+222) @)
1 (1 _ _ _ _
x fo fo YAtk L] _ y)(@t2ktptD=1(1 _ )B=1(] — xy)L=(@+2k4p+D=B gy dy (2.6)

Now we apply the integral formula (1.12) to the integral of (2.6) under the conditions given in (2.5).
I(a+2k+p+1) € r(1+k)
(a+B+2k+p+1) r(ark+E+l’;_+2) Kt

n 2
. —c'u )k
I=TBG" Tizo = ’
8

After solving the above result with the help of (1.9) we get the required result of Theorem 2. This completes the proof
of Theorem.m

(2.7

Corollary 2.2 The following integral formula holds good for Re(8) > 0,Re(a + p) > —1,Re(a + 8 +p) > —1.

fol fol YA =0T A =)A= ay) T Hy o (wy(1 = x)(1 — xy)dxdy

(@+p+12),(L1)
=TRG,|(@++p+12,CD, 0 +521) == (2.8)

It is easy to determine the above result with the help of Theorem 2 and substituting a'=1=§ = 1,u = 3/2 and
using equation(1.4).
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Remark 2.3 On setting b’ = ¢’ =1, in(2.8) and using (1.1) we get a new result involving ordinary Struve function.

Theorem 3 For a'€ Np,b',c'€ C,A > 0,6 > 0, is arbitrary parameter with Re(a) > 0,Re(a + 8 +p) > —1
then following integral formula holds true

1 r1 —_ _ —a—
fy o ¥ =01 =)@ =)o F W (= x)(1 - xy))dxdy

N B+p+12),11D) o
—r@(@" o ==l 29

@+B+p+12), @A), E+==,a) 2

Proof. First we denote the L.H.S of (2.9) by I and using (1.3) then interchanging the order of integration and
summation ,we get

_enk
I'= 2o F(Ak+u)(r(;3<+2+blz) (@ = y)(1 = xy)/2)**P*dxdy
st2
X[y fy ¥ (=0 (1 = )R (1 -yl @2k, (2.10)

Now we apply the integral formula (1.12) to the integral of (2.9) under the condition given in Theorem 3, we obtain
following equation

_ u\PHl o, TB+2k+pt1) (=K u) 2k
I'= F(a) (E) Zk:o T(a+f+p+2k+1) F(/lk+/1)l"(a’k+%+b'2;2) (5) ’ (2'11)

After solving the above result with the help of (1.9) we get the required result of Theorem 3. This completes the proof
of Theorem. ]

Corollary 2.3 For Re(a > 0),Re(f +p) > —1,Re(a + B + p) > —1 following integral formula hold true:
1 1 _ _ —a—
Jo Iy vy =0T A =)' — xy)' P Hp oo (2)dxdy

=I(@ (5 @+B+p+12),C 1, +571) N

It is easy to determine the above result with the help of (1.4), Theorem 3 and setting a' =1=86 =1,u=3/2 in
(2.9).

pH (B +p+12),(1,1) 2
) [ (2.12)

Remark 2.4 On setting b'=c¢’'=1 in(2.12) and using (1.1), we get a new result involving ordinary struve function.

Il. SPECIAL CASES

As a direct consequence of our result by taking suitable values of parameters of generalized Galue’ type Struve
function, some special cases are obtained below.

Example3.1 Onsettinga'=A=u=c'=8§=1,p=n—1,b"= 2 in Theorem 1, Theorem 2, Theorem 3 and
using 1.5 we find new integral formulas involving different special functions asserted by the following corollaries.

Corollary 3.1 For Re(c +n) > 0,Re(c+n+1—a/2) > 0,Re(2c+2n+2—-b > 0),Re(a+l2)+1) > 0,Re(c +
n+1—a—>b/2) >0, .Then the following integral formula holds good:
1 oc—1 ~1/2 y\? arEt
Jy 7T =072 F(a,b;a+ b+ 1/2; %)), (xy)dx = (E) s
(c+n+1—a—21),(c+n2)(11) 2
x3 ¥, Ll . e (3.1)
(c+n+1—;,1),(c+n+1—5,1),(1,1),(n+1,2) *

Corollary 3.2 The following integral formula holds true for Re(a@) > 0,Re(8) > 0,Re(a +n) > 0,Re(a + S +
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n) > 0.

fy Jy ¥ @ =011 =)A= 1) (uy(1 - x)(1 — xy)dxdy

_ Uy p (x+n,2),(1,1) o
=TBER"Ys [(a +B+n,2),(1,1),(n+1.2) T4 ] 32
Corollary 3.3 For Re(a) > 0,Re(f +n) > 0,Re(a + B + n) > 0 the following integral formula holds true:
Iy Iy y*@ =0 @ = )P A = o), (@ - ) (A — xy)dady
ey () (B +n,2),(1,1) L
=T@(3) 2% (@+ B +n2), (L), (n+1,1) TE (33)

Example 3.2 Onsetting a’=6 =p =1,b'=2,c’= —1 in Theorem 1,Theorem 2, Theorem 3 and using (1.5), we
find new integral formulas involving different special functions asserted by the following respective corollaries.

Corollary 3.4 For Re(c+2—a—b) > 0,Re(c+2—a) > 0,Re(c+2—b >)0, Re(%ﬂ) >0,Re(c+n+1-
a — b/2) > 0 .The following integral formula holds good:

a+b+1

_ ~ 2 ar—5—)
Jy x71 @ =072 Fy(a bsa+ b+ 1/2;x)¢ (4, xy)dx = () RO
c a b 1
(c+1,1), (5 +1- > E’E)’ 1D
XsWalcp1 2y cpq_b1t v | (3.4)
RGH1-2D.G+H1-5.D. D), B Y

Corollary 3.5 The following integral formula holds true for Re(a) > 0,Re(f) > 0,Re(a + ) > 0,4 > 0, > 0.

Ly @ =0 (1= )P 1 = ) B (A, uy(1 — x)(1 — xy)dxdy

(;1),(1,1) _
(a+B1), ), (11) '

Corollary 3.6 The following integral formula holds true for Re(a) > 0,Re(B) > 0,Re(a + ) >0,A>0,u >0

=) —uf. (35)

Jy Jy (=071 = )P = 1) F (A, (u(1 = x)(1 — xy))dxdy

B O

= F(a) 2‘{13 (0! + ‘B, 1)’ (ﬂ, A), (1; a,)

;U (3.6)

Example 3.3 Onsetting A=b'=0,u=6=1,c'=—1,p isreplaced by p — 1 and z by (2v/z) in Theorem 1,
Theorem 2 and Theorem 3 and using (1.10) we get with new integral formulas involving different special functions
asserted by the following respective corollaries.

Corollary 3.7 For Re(c +p) > 0,Re(2c +2p+2—2a—b) >0,Re(2c+2p+2—a)>0,Re(2c+2p+2 —
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b) >0, Re('”lz’“) > 0,Re(c+n+1—a—>b/2) > 0. The following integral formula holds good:
1 -1 -1/2 y\P )
Jo x 7' = )72, Fi(a,ba+ b+ 1/2,X)(V2)P Eqrp (xy)dx = (5) RSz
2 2
1 a b 1
Cc+pD,G+i+3-5-3 ) @D
X3 ¥y T iy, (3.7)

¢ p a 1 c . p 1 b1 l
(E+Z+E—E,E),(E+Z+E_E;E)'(011)l(p!a)

Corollary 3.8 For Re(a) > 0,Re(f) > 0,Re(a) > —p/2,Re(a + ) > —p/2, Re(u) > 0. Then the following
integral formula holds true

)y =0 (1 = y)P (1 = x) B (V2)P Egrp (uy (L — x) (1 — xy)dxdy

= (VWPr(p) ,Y¥;

21,11
(@+5, DY ;ul. (3.8)

(a+ B+ g 1),(0,1),(1,a")

Corollary 3.9 For Re(a) > 0,Re(f) > 0,Re(a) > —p/2,Re(a + ) > —p/2, Re(u) > 0. Then the following
integral formula holds true

Jy Jy ¥4 =071 A = )P 1A =) (V2P Egrp (1 — ) (1 — xy)dxdy

= (VuPIr() ,¥s

1,11
(@t D (L1) ;ul. (3.9)

(a+p+ g 1),(0,1),(1,a")

Example 3.4 Onsetting A=u=8 =b"=1,c'=—1,p isreplaced by p — 1 in Theorem 1, Theorem 2 and
Theorem 3 and using (1.7) we get new integral formulas involving different special functions asserted by the following
respective corollaries.

Corollary 3.10 For Re(c +p) > 0,Re(2c+p+ 2 —2a—2b) > 0,Re(2c+p+2—2a) >0,Re(2c+p+2—

2b) > O,Re(@) > 0,Re(c+n+1—a—b/2) > 0. The following integral formula holds good:

a+b+1

1 . _ P arE2t
Jy ¥ A =07 2 P bia+b+1/2%) ol (xy)dx = (%) e,
2 2
(c+p+1—-a—-b/21),(c+p 2),(11) )2 )
P+ p+1-a/21),(c+p+1-b/21),(L1),(p +31,1) y (3.10)

Corollary 3.11 The following integral formula holds true for Re(a), Re(f) > 0,Re(a) > —p,Re(a + ) > —p.
1,1 _ _ —a—
Jo Jo =0t A=y A - ol (uy(1 = x)(1 - xy)dxdy

(a+p,2), (11

253 (@ + B +p,2), (L), (p + 1/2,a) sut /4| (3.11)

W\P
=(3) r®
Corollary 3.12 The following integral formula holds true for Re(a), Re(f) > 0,Re(a) > —p,Re(a + ) > —p.

Iy Jy ¥ =01 A =)@ —xy)' = F o, u(d — x)(1 - xy)dxdy
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B +p2),11
(@+B+p2),11),(+1/2,a)

I1l. CONCLUDING REMARK

u\P
= (%) r@ ¥ u? /4. (3.12)

The outcomes in the present paper is the computation of some integral formulae involving generalized Galu e’ type
Struve function in terms of Fox-Wright function. We observe that the generalized Galu e'type Struve function has a
close relationship with some known special functions such as Struve function, Mittag-Leffler function, Bessel
function,Wright function etc. As a consequence, we have attempted to compute the integrals in the form of different
types of special functions by suitable replacement of parameters. Further, a lot of work can be put in the literature by
writing the Fox-Wright function in terms of Fox H-function, Meijer G-function, etc. The results obtained here seems

to be interesting and may potentially be useful in various applied problems.
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