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Abstract— In this paper Trail set is defined for a finite connected graph G and it is found that the set of all
trail sets T(G) together with empty set partially ordered by set inclusion relation forms a lattice. Also

derived graph of G, denoted by Gy is defined such that lattices T(G ) and T(G ) are isomorphic. Some of
the properties of the lattices so obtained are studied. The definition of trail sets is extended to directed
graphs and studied.
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I. INTRODUCTION

In many research papers, lattices are constructed using graphs and their properties are studied. In fact in [9],
it is shown that the set of all convex subgraphs of a directed graph G together with empty set partially ordered
by set inclusion relation forms a complete semimodular, A-regular lattice. In [7], it is shown that the set of all
convex sets of a finite connected graph together with empty set partially ordered by set inclusion relation forms
a lattice. In [8],lattice of path sets of a connected graph is discussed. In [1], [2], lattice of convex edge sets of a
connected directed graph is discussed.

Motivated by the above studies, in this paper we have defined trail sets of a finite connected graph G
and found that the set of all trail sets of G together with empty set partially ordered by set inclusion relation
forms a lower semi modular lattice. In section 2 after introducing some basic concepts and notations we have
shown that the set of all trail sets of a finite connected graph G together with empty set forms a lattice with
respect to the partial order set inclusion and is denoted by < T(G), € > . In section 3 some of the properties of
such lattices are studied.

In section 4, derived graph Gy is defined such that < T(G), € > and < T(G ), S > are isomorphic.
Also we found that for any connected graph G, Gq is a tree. Some of the properties of <T(G;), S > are also
studied.

In section 5, the definition of trail sets is extended to directed graphs and it is shown that the set of all trail
sets of a finite connected digraph G together with empty set also forms a lattice with respect to the partial order

set inclusion with an example. The conditions under which < T(G), € > forms achainand <7(G), S >isa
complemented lattice are studied for a connected digraph G. Necessary and sufficient condition for an element

Ain <T(G), S > to be doubly irreducible is established. Also it is observed that for certain digraphs there is
unique < T(G), € > depending upon its underlying graphs.

I1. PRELIMINARIES

A walk of a graph G is an alternating sequence of vertices and edges Vo,e1,V1,...Vn.1,6n,Va beginning and
ending with vertices, in which each edge is incident with the two vertices immediately preceding and following
it. This walk joins v, and v, and may also be denoted by vg,vy,...v,, called vq-v, walk. It is closed if vo= v, and
is open otherwise. An open walk in which no edge is repeated is a trail. A closed walk in which no edge is
repeated is a circuit. A circuit containing all the vertices of G is called a spanning circuit. A walk in which no
vertex is repeated is a path. A closed path is called a cycle. A path containing n vertices is denoted by P,. A
graph is acyclic, if it has no cycles. A tree is a connected acyclic graph.

An element ‘@’ of a lattice L is join irreducible if @ = b W ¢ implies that @ = bora = ¢. ‘@’ is meet
irreducible if @ = b A ¢ implies that @ = b or @ = . An element which is both meet and join irreducible is
called doubly irreducible. A lattice L is said to satisfy the lower covering condition if fora,b € L aAb < b
impliesa < a V b. A lattice L is lower semimodular(LSM) if aV b covers both a and & implies that both @
and b cover @ A b,
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Let G be a finite connected graph. V(G) be the vertex set of G. Aset T € V(G) is said to be trail set in G if
it satisfies the following two conditions (i)for every two vertices u, v € T, the vertex set of every u-v trail is
contained in T, (ii) for every vertex v € T , if there exist a circuit containing v, then the set of all vertices of a
maximal circuit containing v is contained in T.

For a finite connected graph G, let the set of all trail sets in G together with empty set be denoted by T(G).
Define a binary relation < on T(G )by, for A, B €T(G), A< B if and only if A S B. Then clearly < is a partial
order on T(G). Moreover < T({G), S > forms a lattice where for A, B €T(G), AAB=A N Band AVB=<
A U B >, where < A U B > is the trail set generated by A U B or equivalently the smallest trail set containing
A U B.

For example, the lattice given in Fig 2.2 represents the lattice < T{G), < > of the connected graph G given
in Fig 2.1.
v(G) ¢

V4 e
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{"' 1.V2,V3, \"4} 1
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_ N {vi1,V2,Va}
Fig 2.2

Throughout this paper we consider G as a non trivial graph and we use the notation T{ (G} to represent the
lattice < T(G), € > . The undefined terms and notations used in this paper are from [3], [4] and [5].

“{Vs}

[%]

111.ON THE LATTICE T(G)

Remark 3. 1: The smallest element of T(&) is empty set and the largest element is V(G).

Theorem 3.2: A singleton set {Eﬂz} is a trail set if and only if 17; does not belong to a circuit.

Proof: Let A = {iﬂt} be a trail set. If 17; belong to a circuit, then all the vertices of that circuit also belong to A, a
contradiction.
Conversely, If 77; does not belong to a circuit, then 4 = {vi} is a trail set.

Remark 3. 3: T{G) is atomic where atoms are as follows.
(i) Trail sets containing single vertex.
(if) Trail sets containing all vertices of maximal circuits of G.

Theorem 3.4: T( ) is a two element chain if and only if either G is P, or G contains a spanning circuit.

Proof: Let T(G) be a two element chain. Then there are only two trail sets @ and V' (&) such that @ < V(G ),
which implies V' (G) is an atom. Therefore G contains a spanning circuit. Conversely, let G contains a spanning
circuit, then @, V(&) are the only two trail sets, such that @ < V(G ).Thus T((G) is a two element chain.

Remark 3.5: T(G) is a two element chain for all graphs containing spanning circuit. Moreover T(&) is a chain
only in this case. Infact if G does not contain spanning circuit, then G contains atleast one bridge. Therefore
T(G) will contain atleast two atoms. Thus T{G) will contain a sublattice as shown in Fig 3.1. Hence we can

conclude that T(G ) is a chain if and only if G has a spanning circuit.
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@
Fig 3.1

Example 3.6: We note that the graphs shown in figures 2.1 and 3.2 are not isomorphic but their lattices shown
in figures 2.2 and 3.3 are isomorphic.

vii=) g

{V1V2,V3,V4} o V2,V3,Ve. Vs

v} s}
Fig 3.2 o

Fig 3.3

Theorem 3.7: G contains n-1 bridges if and only if T(G) contains n atoms.

Proof: Let G contains n-1 bridges. Since G is a connected graph, the removal of these n-1 bridges results into a
disconnected graph with n components. Each component is either a single vertex or a circuit. Therefore trail
sets of vertices of these components form atoms of T(G). Hence T(G) contains n atoms. Conversely if T(G)
contains n atoms, then each atom is either a set with single vertex or a set containing vertices of a circuit. But
then since G is connected, clearly G must contain n-1 bridges.

IV.DERIVED GRAPH

Let G be a connected graph with n-1 bridges, say €, €5, ...&,_; and G* be the graph obtained from G by
deleting all bridges of G. Then G* is a disconnected graph with n components. These components are either
single vertices or sub graphs of G containing circuit. Let us denote the vertex set of components as Ty, T,,... Ty.
These n components are connected by n-1 edges which are bridges of G. If there is an edge connecting one

vertex of T to one vertex of Tj, then they are adjacent. Let G, be the graph with vertex set {T1, T, ... T, } and
edge set {El, Eap wn en_l}. We call G4 as the derived graph of G, which is a connected acyclic graph with n

vertices and n-1 edges. Hence it is a tree.
For example, the graph given in Fig 4.2 represents the derived graph G4 of the graph G given in Fig 4.1.,

Vi
V7 Vio
Va Vs
v hd
T] TI TS
Vi Y.
V4 Vs Vg Vo

Fig4.2

I

Fig4.1l

where T1={Vv1}, To;={V2Va,Va}, Ts={VsVe,V7,Ve}, Ts={Vo} and Ts={Vvio}
We use the notation T{G ;) to represent the lattice < T(G4), € >.

Remark4.1: If G itself is a tree , then G is isomorphic to Gy.
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Remark4.2: Let Gq be the derived graph of G and T(G ;) be the lattice of trail sets of G4 .Then the lattices T(&)
and T(G ;) are isomorphic.

Remark4.3: Following statements are equivalent.
i) G has spanning circuit

i) Gy is a trivial graph

iii) T(G) is a two element chain.

Theorem4.4: T(G) is planar if and only if Gq is a path.
Proof: Let T(G) be planar. If Gy is not a path, then there exist a vertex with degree at least three as shown in Fig
4.3. Then T(G) contains a subposet as shown in Fig 4.4, which implies T(&) can not be planar(see[6]).

(T To.To.Ts},

T» T3 T,. T3} 4
- e {T:. T2} {Th. 3}'
T T4 {T>} '
Fig 4.3 G°
Fig 4.4

Conversely, if Gq is a path T,T,...T,as shown in Fig4.5, then TG} will be as shown in Fig 4.6 and hence it is
planar.

A

//%

)‘\Q// .
’ LT - ’ .
J’l’ \\
- . * L] - -
{T.} {T2} {Ts} {Tos} (T, j
.alr N
Fig 4.5 !

Theorem4.5: An element A € (G ;) is doubly irreducible if and only if A = {T} where T is a pendant vertex
of Gq.
Proof: Let A € (G ;) be doubly irreducible. If A = {T} where T is a vertex with two edges incident on it, say
TT,and TT,. Then A= {T,T;}A{T,T,}, a contradiction. On the other hand if A contains more than one
element, say A= {Ty,T,,...T,} E (G ) then A = VL {T.}. Therefore A = {T,} for some i, since A is
join irreducible.

Conversely, for any vertex T in Gg, A ={T} € T(G,) is an atom of T(G ). Therefore A is join
irreducible. If A is meet reducible, say A=BAC=BnNC for some B,C€ 1(G;) such that
A+xBA+Cthen TEBNC Consider UEEB , VE CwhereT#=U  T#V. Let T,U;,U; ...Ube a
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shortest path connecting T and U in B. Also let T, Vy,V; ...V be a shortest path connecting T and V in C. If

U=V, then UE B N C, contradiction to B N C = {T}. Also, if U; #= V;, then {T, U }and {T, V] are
two edges incident on T, contradiction to T is pendant vertex of G4. Hence A must be irreducible.

Theorem4.6: For any connected graph G, T((&) is lower semimodular.
Proof: Let G be the derived graph of G, with vertex set {T1, Ty, ... Ty, }.
Since Gy is a tree, if AV B covers both A and B, then A, B, AV B are of the form {T-L,Tj, ...Tk,Tl} ,

{T-l,Tj, N Tm} and {T-l,Tj, T, TL,Tm} respectively. Where {T-L,Tj, Tk} are common elements in A
and B. Clearly A A B = {Ti,Tj, Tk} and it is covered by both 4 and E. Hence T(G) lower semi modular.

Remark 4.7: The following statements are equivalent.
i) G isagraph with single bridge.
||) Gy is P,.
iii) T(G) will be of the form as shown in Fig 4.7

{T1. T2}
{T1} (T}
(1)
Fig 4.7

Remark 4.8: The following statements are equivalent.
i) G is agraph with two bridges.
i) GqisPs.
iii) T(G) will be of the form as shown in Fig 4.8.

Theorem 4.9: T( &) contains n atoms if and only if G contains n-1 bridges.

Proof: If T{G) contains n atoms, then T{ G ;) also contains n atoms. Therefore Gy is a tree with n vertices and
hence it contains exactly n-1 edges which are nothing but bridges of G.

Conversely, if G contains n-1 bridges, then Gy contains n vertices. Therefore T(G ;) as well as T(G) will
contain n atoms.

Theorem 4.10: A chain containing more than two elements cannot be realized as the lattice of trail sets.
Proof: If G is a trivial graph, then TG} is a two element chain. If G4 is not a trivial graph, then G contains at
least one edge. Therefore T( & ;) contains a subposet as shown in Fig4.7.

Theorem 4.11: A lattice shown in Fig 4.9 cannot be realized as a lattice of trail sets [for 1t = 3]
Proof: For 1 = 3 | Gy will contain a subgraph Ps.Therefore T{G ;) will contain a subposet as shown in Fig
4.8. Thus lattice shown in Fig 4.9 cannot be realized as a lattice of trail sets [for 1z = 3]
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Remark4.12: Lattices shown in Fig 4.10, Fig 4.11 cannot be realizable as lattice of trail sets as they are not
lower semi modular.

Fig 4.10 Fig 4.11

Theorem4.13: Let T be any vertex of Gg. Degree of T = k in Gg if and only if {T} is covered by k elements in
T(Gg)

Proof: If degree of T =k, then there are k edges incidenton T . Let T4, T4, ... Ty,

be the adjacent vertices of T. Then {T, Ty}, {T. T, },... {T, Ty} are the elements which cover {T} .

Conversely, Let £T} be covered by k elements, say {T, Ty}, {T.T,},... {T. Ty} .Therefore vertex T is
incident with k edges. Hence degree of T =k

Theorem4.14: T(G ;) is complemented if and only if either G is a single vertex( trivial graph ) or G is P,
Proof:LetT[Gd] be complemented. If G4 is not a single vertex or P,, then G4 must contain P as a subgraph.
Let TT;Ty be the subgraph of Gy. Then {Tj} is not complemented. And hence T(Gd] is not complemented, a

contradiction. Conversely, if Gyis a trivial graph, then T(G ) is a two element chain. If Gg is P,, then T(G ;)
will be as shown in Fig4.7. Clearly both are complemented.

Theorem4.15: [(T(G ) = [V (Gp)l
Proof: Let WV(G) = {T;,T,,..T,} . Then the longest chain in T(Gg s
0= {T,}=<{T,T,} <+ < {T,Ty, ..T, 4} < {Ty, T, ... T,.}. Which is of length n.

nt1
Theorem4.16: If Gy is P, , then [T(G ;) | = %} +1

Proof: Let G4 be a path with n vertices. Then there are n trail sets with single element, n-1 trail sets with two

elements and so on continuing like this finally one trail set with n elements. Including empty set,
nint+l)

[€(Ga) | =+ (= 1) + (n—2).. +1+1 =20 1 g

Theorem4.17: Following statements are equivalent for any derived graph Gg.
1. GgisPyorP,.
2. T(G,) is distributive.

3. T(G,)is modular.
4. T(G ;) satisfies lower covering condition.

Proof: (1) = (2): If Gq is Py, then T(G ;) is a two element chain. If Gy is P, then T{ G ;) is of the form as shown
in Fig 4.7. Both are distributive.
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(2) = (3) = (4) is true for all lattices.

To prove (4) = (1) : Let T(G ) satisfy lower covering condition. If G4 is not P; or P,, then G4 contains P , say
TTiTe Clearly @ = {T.} A {Tp.} < {T;}. But {T},} < {T}, Ty } < {T\} v {T.}. Contrdiction to 7(G)
satisfies lower covering condition. Hence G4 must be P, or P,.

Remark4.18: T(G ;) is dually atomic. Dual atom D;= V(Gy) - T; ,where T; is a pendant vertex of Gq. Thus the
number of dual atoms of T(G ;) = the number of pendant vertices of G

Remark4.19: For any graph G, T{ &) satisfies Jordan dedekind chain condition since it is lower semi modular.

V. ONTHE LATTICE OF TRAIL SETS OF ACONNECTED DIRECTED GRAPH

A (directed) walk in a digraph is an alternating sequence of vertices and edges Vo,e1,Vs....eqVy in which
each edge e; is vi.1v;. A closed walk has the same first and last vertices, and a spanning walk contains all the
vertices. A path is a walk in which all vertices are distinct, and a closed path is called a cycle. If there is a
path from u to v, then v is said to be reachable from u. Each walk is directed from the first vertex vyto the
last vertex v, A semiwalk is an alternating sequence Vq,e;,Vs....enVn Of vertices and edges in which each
edge e; is viqV; or vivi;. Similarly a semipath, semicycle are also defined.

A digraph is strongly connected , if every two vertices are mutually reachable, it is unilaterally
connected , if for any two points at least one is reachable from the other, and it is weakly connected if
every two points are joined by a semipath. A digraph is disconnected if it is not even weak. For any digraph
G, the undirected graph obtained by removing the directions is called it’s underlyng graph.

Let G be a connected directed graph. Let E (G) be the edge set of G. A subset A of E (G) is said to be Trail
set of G if it satisfies the following conditions,

i) Forevery g = A, all edges which lie on the trail connecting end vertices of e; € A. Also if there is

any circuit from any end vertex of e;to itself , then all the edges of that circuit belong to A.
i) Forany trail e; & e & A all the edges connecting end vertices of this trail belong to A and also

all edges which connect end vertices of a trail contained in the above trail belong to A.

Let T(G) be the set of all trail sets of G together with the empty set. Define a binary relation = on T(G)
by, for A, B € T(G), A < B if and only if A = B. Then clearly = is a partial order on T{G ). Moreover
< 1(G), == forms a lattice where for A, B € 1(G), A AB=AMNBand AV B =<AUBZ= is the
smallest convex edge set containing AUB.

For example, the lattice given in Fig 5. 2 represents the lattice << T(G), ==of the connected digraph
G given in Fig 5. 1.

E(G)

{es.ex,EZ} b
{ez,e;,e3}

%
Fig 5.2

Here after we use T(G) to denote << T(G), == where G is a connected directed graph.

Remark 5. 1: The smallest element of T{G) is empty set and the largest element is E(G).

Remark 5. 2: T(G) is atomic where atoms are as follows

(i)sets containing edges of a maximal strongly connected subgraphs of G.

(if)singleton sets {e;} if there is no directed trail connecting end vertices of e; and also there is no directed circuit
from any end vertex of ¢; to itself.
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Theorem 5. 3: T( &) is a two element chain if and only if either G is a digraph containing single edge or G is a
strongly connected digraph.

Proof: Let T(G) be a two element chain, then @ and E(G) are the only trail sets in G such that @ < E(G).

Therefore E(G) itself is an atom of T{&). Hence G is a digraph containing single edge or G is a strongly
connected digraph.
Conversely, let G be a strongly connected digraph. Then every pair of vertices are connected by two

directed trails. Therefore @ and E(G) are the only trail sets in G such that @ < E{G ).

Corollary 5.4 : If G is as given in theorem 5.3, then [T(G) | = 2 I(7(G) ) = L and T(G) is a Boolean
algebra.

Theorem 5. 5: T(G) is a three element chain if and only if G = 5 U A where S is the maximal strongly
connected subgraph of G and A is a nonempty set of edges whose initial(terminal) vertices belong to S and they
share a common terminal(initial) vertex.

Proof: Let T({G) be a three element chain of the form @ < A4, < E(G). Where 4, is either singleton set, say
Ay = {e-l} or set of edges of a maximal strongly connected subgraph of G. If A; = {el} is an atom and
Ay < E(G), then T(G)contains a subposet as shown in Fig 5.4 Therefore A, must be a set of edges of a
maximal strongly connected subgraph of G. Also G = A; U A where A is a nonempty set of edges whose
initial(terminal) vertices belong to A and they share a common terminal(initial) vertex. We take 4; = 5.
Conversely ,let G = 5 U A where S is the maximal strongly connected subgraph of G and A is a nonempty set
of edges whose initial(terminal) vertices belong to S and they share a common terminal(initial) vertex.Then @
E(S) and E(G) are the only trail sets in G such that @ < E(5) < E(G).

Corollary 5.6 : If G is as given in theorem 5.5, then |T(G) | =3 I(z(G) ) = 2 and T(G) is a Boolean
algebra.

Theorem 5. 7: Depending on the nature of underlying graph , T(G) will be as follows.

Figure 5.4,5.6,5.8,5.10,5.12 represent lattices T(G)  corresponding to underlying graphs Figures
5.3,5.5,5.7,5.9,5.11 respectively.

{e1e:}
@ . . fe,
€1 €2 {el} {e'}
Fig 5.3
D Fig 5.4
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€1 €2 €3

Fig 5.5

E(G)
e e {en,eneq) {en.exes)
e
4 e {e1€2}
Fig 5.7
Fig5.8 9
E(G)
ey {ei,ez.e3}
es {eqd
es {e1. ez}
Fig 5.9 e
Fig 5.10
€
€y
€3
Fig 5.11
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Theorem 5.8: If underlying graph of digraph G is of the form as shown in Fig 5.13, then T(G) is a
Boolean algebra.

Fig 5.13

Proof: If G is of the form as shown in Fig 5.13 , then T(G) is a lattice for A, B E T(G),

AAB=AMNBand A VB = AUB. Clearly T(&) is a complemented distributive lattice. Hence T(G) is a
Boolean algebra.

Theorem 5.9: If G is a directed path with n edges, then
0 6 =22 4

(i) I(z(G) ) ==n.

Proof: (i) If G is a directed path with n edges, then there are 7 trail sets with single edge, 7t — 1 trail sets with

two edges, 1t — 2 trail sets with three edges and so on, finally one trail set with n edges. Including empty set,
nint+l)

7@ | =n+(r—VD+nr-2)++1+1 =——+1

(ii) Let esep....... e, be the directed path.
Then @ < {e,} < {ey.e,} < - < {ej,e,,...e,} is the maximum chain.
Hence [(T(G) ) = n

Theorem 5.10: Let G be a digraph containing Euler trail. An element A € T(G ) is doubly irreducible if and
only if A = {e,}where &; is a pendant edge without containing circuits at its end vertex OR A =S, where S is
a set of edges of a maximal strongly connected subgraph of G such that A is adjacent to at most one vertex of G.

Proof: Let G be a digraph containing Euler trail. Let A € T(G) be doubly irreducible. Then A = {e;Jor A=S.
Otherwise A will be join reducible.

If A = {e, ]} where &; is a pendant edge containing circuits at its end vertex, then & = {e, ] can not be a trail
set. IFA = {e-l} is not a pendant edge, then either &; belongs to a directed circuit or there exist a directed path

g;e;e,. If e; belongs to a directed circuit, then A= {E-L} can not be a trail set. If there exist a directed path

e;e;e, , then{e;} = < {e}-, e.} = A < {e,,e;} > acontradiction. Let A = S, where S is a set of edges of a

maximal strongly connected sub graph of G. If A is adjacent to two or more vertices of G say €;,€; be the
corresponding edges , then A = == A U {e}-} =A< AU{e,} = acontradiction.

Conversely, if A = {ei}where €; is a pendant edge without containing circuits at its end vertex OR A
=S, where S is a set of edges of a maximal strongly connected subgraph of G such that A is adjacent to at most
one vertex of G, then A is an atom of T(G). Therefore A is join irreducible. Let A = {e;}where €; is a
pendant edge without containing circuits at its end vertex. If A is meet reduciblesay 4 = B8 A C = E n C for
some B,C € t(G) such that A # B,A # C .Then e; EB NC . Consider €; €5 e, €C where
g; *+ &;, 8, * €. Lete;f1f; ... &; be the shortest path connecting e;,€;in B. Also let €;91 95 ---€; be the
shortest path connecting €;,€,in C. If f; = g4, then f; € B N C a contrdiction to B N C = {e,}. Also if
f1 # g4 ,then &; contains circuit at its end vertex since G contains an euler trail a contradiction. If A =S and

A=BAC=FEnNCfor someB,C € 1(G)such thatA # B, A # C, then A is adjacent to atleast two
vertices. Hence a contradiction.
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Theorem 5.11 Let G be a directed graph containing Euler trail. Then T(G ) is complemented if and only if G is
any of the following three forms.

i) G contains a spanning circuit.

i) G is a directed path containing atmost two edges.

iii) G is of the form as shown in Fig 5.14, Fig 5.15 where C; and C, are directed circuits.

E(G)
{C1 e} (Ca &}
—>——=» .;,—o%—'
G e (& G e ¢ G
Fig 5.14 Fig 5.15 C1 C2
Fig 5.169

Proof : Let T(G) be complemented. If G is not of the form as given in the theorem, then either G contains a
directed path containing three edges €;€;€, OR G = 5UA where S is the maximal strongly connected
subgraph of G and A is a nonempty set of edges whose initial(terminal) vertices belong to S and they share a
common terminal(initial) vertex. If G contains a directed path containing three edges €;€;€, then {e-l} is not
complemented. If G = S U A then T(G) is a three element chain. Hence T(G ) is not complemented.

Conversely, if G contains a spanning circuit or G is a directed path containing one edge, then T(G}is a two
element chain. If G is a directed path with two edges or of the form as shown in Fig 5.14 where C;and C, are

directed circuits, then T( &) is of the form as shown in Fig 5.4 . If G is of the form as shown in Fig 5.15, then
T(G) is of the form as shown in Fig 5.16. In all these cases T{G) is complemented. Hence the result.
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