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Abstract 

              In this paper we define interval valued fuzzy relation equation and solution operators. Also, we find the 
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given to illustrate its effectiveness. 
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I. INTRODUCTION 

A fuzzy matrix is a matrix over a fuzzy algebra and the algebraic operations on fuzzy matrices are 

max-min operations, which are different from that of the standard operations on real and complex matrices. 

Thomason has introduced the concept of fuzzy matrices [17].  After that a lot of works have been done on fuzzy 

matrices and its variants [10, 13, 14]. It is well known that the membership valued completely depends on the 

decision makers, its habit, mentality etc. So, sometimes it happens that the membership valued cannot be 

measured as a point but, it can be measured appropriately as an interval. The elements of Fuzzy matrix are the 

subintervals of the unit interval [0,1], then the fuzzy matrix is known as interval valued fuzzy matrix (IVFM). 

The concept of IVFMS as a generalization of fuzzy matrix was introduced and developed by shyamal and pal 

[16], by extending the max-min operations on fuzzy algebra F=[0,1], for elements Fba , determined as 

 baba ,max and  baba ,min.  and the standard order  of real numbers over F. A study on fuzzy 

relational equation was introduced by sanchez [15] and later developed by many researchers. A new algorithm is 

proposed to solve the fuzzy relation equation P  Q = R with max-min composition and max-product 

composition [5]. In [9], consistency of the interval valued fuzzy relational equations and the complete set of 

solutions of xA = b where A is an interval valued fuzzy matrix and b is an interval valued vector is determined 

and equivalent condition for the existence of maximum solution is obtained. In [11] modified algorithm is 

proposed to solve the interval valued fuzzy relational equation as a generalization of that of fuzzy relational 

equations. In section 2, we present the basic definitions and example required results on interval valued fuzzy 

relational equation. In section 3, we introduce interval valued fuzzy relation equations and solution operators. In 

section 4, we discuss the methods of finding the maximal solution of interval valued fuzzy relational equation 

with respect to unknowns R and Q. 

 

II.   PRELIMINARIES 

 

1)  Fuzzy Relation:  Let X and Y be two non empty sets. A fuzzy relation R between X and Y is a fuzzy subset 

of  X  Y where ]1,0[:  YX
R

  

2)  Interval Valued Fuzzy Relation:   Let X and Y be two non empty interval valued fuzzy sets. An interval 

valued fuzzy relation R between X and Y is defined as an interval valued fuzzy subset of X Y associated with 

an interval-valued membership function ]),(),,([),( yxyxyx
UL

RRR
  for all (x, y) in X  Y where the 

values of ),( yx
L

R
  and ),( yx

U
R

 denote the left and right end points of ),( yxR with 

1),(),(0  yxyx
UL

RR
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3) Interval valued Inverse fuzzy Relation :   A fuzzy relation XYR 1
is called the inverse of the interval 

valued fuzzy relation YXR  which is defined as ),(),(1 yxRxyR  Xx and Yy  for all 

pairs XYxy ),( and ),(),(
1

yxxy
RR

 


,
where ],[

UL
RRR

  1R
 is the membership function of 

R-1. R-1 is also defined as R-1 = Rt and 

 (R-1)-1 = R. 

 

A.  Interval Valued Fuzzy Relation Composition Rules  

 

1)  Max-Min composition:   Consider two interval valued fuzzy relations R1 and R2  

YXyxR ),(
1

and ZYzyR ),(
2

 

The max-min composition of R1 and R2 is given as follows: 
















)),(),,(((minmax),,(
21

21
zyyxzxRoR

RRYy


   ]),(,),([,]),(),,([minmax),,(],[],[
22112211 zyzyyxyxzxRRoRR

ULUL RRRR
Yy

ULUL 


  

2)  Example of Max-Min Composition:  Consider X = 
















321321
,,,,, yyyYxxx and 









21
, zzz  

Let YXR 
1

and ZYR 
2

be two interval valued fuzzy relations 

    
321

yyy  

R1 =  





















]1.,6[.]8.,6[.]7.,5[.

]6.,3[.]4.,2[.]9.,7[.

]9.,6[.]8.,4[.]3.,2[.

3

2

1

x

x

x

 and 

               
21

zz  

R2 =  





















]5.,2[.]9.,7[

]8.,6[.]5.,3[.

]4.,0[]8.,5[.

3

2

1

y

y

y

 

 Now we compute R1   R2 by using max-min composition 



































































































 9.,6.9.,7.,9.,6.min,5.,3.,8.,4.min,8.,5.,3.,2.minmax),(

11
21

zx
RoR



 



































































































 8.,5.9.,7.,6.,3.min,5.,3.,4.,2.min,8.,5.,9.,7.minmax),(

12
21

zx
RoR



 



































































































 9.,6.9.,7.,1.,6.min,5.,3.,8.,6.min,8.,5.,7.,5.minmax),(

13
21

zx
RoR



 



































































































 8.,4.5,.2.,9.,6.min,8.,6.,8.,4.min,4.,0,3.,2.minmax),(

21
21

zx
RoR


 

                 8.,6.5.,2.,1.,6.min,8.,6.,8.,6.min,4.,0,9.,7.minmax),( 2321
zxRoR



































































































 5.,2.5.,2.,6.,3.min,8.,6.,4.,2.min,4.,0.,9.,7.minmax),(

22
21

zx
RoR
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By using the max-min composition we have the following result. 

        
21

zz  

T = R1  R2 =  





















]8.,6[.]9.,6[.

]5.,2[.]8.,5[.

]8.,4[.]9.,6[.

3

2

1

x

x

x

 

III. INTERVAL VALUED FUZZY RELATION EQUATION and SOLUTION OPERATORS 

 

 

1)  Interval Valued Fuzzy Relation Equation: Let 
nm

ijUijL
nm

ij
rrrR



















 ,  and  





















jkUjkL

nm
jk

qqqQ ,  be two interval valued Fuzzy matrix, then interval valued Fuzzy Relation 

Equations (IVFRE) have the form  

QRT    (1) 

where R, Q and T are the interval valued Fuzzy relations and   is the max-min composition. 

 

2)  Inverse Interval Valued Fuzzy Relation Equation: 

Consider IVFRE of the form QRT  , the inverse interval valued Fuzzy relation is defined as 

  11   QRT   

As   111 
 RQQR  then inverse interval valued fuzzy relation is   

111   RQT           (2) 

 

3)  Example of Interval Valued Fuzzy Relation Equations: 

Let X = 
















32121
,,,, yyyYxx  and  21, zzz  

Consider two interval valued fuzzy relations YXR  and ZXT   with membership degrees ),( yx
R



and ),( zx
T

 respectively. 

We have to compute a interval valued fuzzy relation Q by using the IVFRE of the form QRT  . 

Taking R-1 on both sides we have QTR  1 , then TRQ 1 ,where XYR 1 is the inverse relation 

YXR 
 
with ),(),(

1
yxxy

RR
 


 

                  
21

zz  

   Let   T  =    














]9.,7[.]3.,0[

]7.,4[.]6.,3[.

2

1

x

x

 

                 
321

yyy  

              R  = 














]8.,0[]7.,5[.]7.,3[.

]9.,5[.]7.,2[.]4.,1[.

2

1

x

x
 

                     
21

xx  

R-1  =  





















]8.,0[]9.,5[.

]7.,5[.]7.,2[.

]7.,3[.]4.,1[.

3

2

1

y

y

y

 

where XYR 1  

Now we compute Q by using the operation .  
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Here  












),(,),(((minmax,

1
zxxyzy

TRXxQ


 



































































 3.,0,7.,3.min,6.,3.,4.,1.minmax),(

11
zy

Q
    





















 3.,0.,4.,1.max     = 





 4.,1.  

    


































































 9.,7.,7.,3.min,7.,4.,4.,1.minmax),(

21
zy

Q
   





















 7.,3.,4.,1.max  = 





 7.,3.  

     


































































 3.,0,7.,5.min,6.,3.,7.,2.minmax),(

12
zy

Q
  





















 3.,0,6.,2.max  = 





 6.,2.  

     


































































 9.,7.,7.,5.min,7.,4.,7.,2.minmax),(

22
zy

Q
  





















 7.,5.,7.,2.max  = 





 7.,5.  



































































 3.,0,8.,0min,6.,3.,9.,5.minmax),(

13
zy

Q
  





















 3.,0,6.,3.max = 





 6.,3.  



































































 9.,7.,8.,0min,7.,4.,9.,5.minmax),(

23
zy

Q
























 8.,0,7.,4.max = 





 8.,4.  

     

               
21

zz  

Therefore Q = R-1 T = 





















]8.,4[.]6.,3[.

]7.,5[.]6.,2[.

]7.,3[.]4.,1[.

3

2

1

y

y

y

,  ZYQ   

 

A.     - Operator 

Let 
nmij

aA






 and 

nm
ij

bB








 be two interval valued fuzzy matrix, then  operator is defined as  

A  B = 

nm

ijij
ba



































 

= 
 





































































ijUijLijUijLijUijL

ijUijLijUijL

bbaaifbb

bbaaif

,,,

,,1,1

 (3)
 

It is also called Sanchez Operator. 

1) Remark:   If 1















ijLijL

ba   and 
ijUijUijU

bba 

















  

then 

























1,,,

ijUijUijUijLijL
bbaba 

 

2) Example of  - Operato r :  Let A = 














]8.,7[.]4.,3[.

]9.,6[.]5.,2[.
 and B = 















]5.,2[.]6.,3[.

]7.,6[.]9.,5[.
then A  B = 















]5.,2[.]1,1[

]1,7[.]1,1[
 

3)Properties of  - Operator: 

 If 

,0, 







ijUijL

bb

 then  
















ijUijLijUijL

bbaa ,, 

will be given as 
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ijUijLijUijL

ijUijLijUijL

bbaaif

bbaaif

A

,,0,0

,,1,1

0

 
 

 If 

 0,0, 



















ijUijL

nm
ij

aaaA

 
 

            and   



















ijUijL

nm
ij

bbbB , then  

   1,1,0,0 









ijUijL
bbBA   

 If

 
 0,0, 




















ijUijL

nm
ij

aaaA and 




















ijUijL

nm
ij

bbbB , =  1,1  then

 

   1,11,1, 







 

ijUijL
aaBA  

 If

 

 1,1, 



















ijUijL

nm
ij

aaaA  and 



















ijUijL

nm
ij

bbbB , then 

          

  


















ijUijLijUijL
bbbbBA ,,1,1   

  - Operator is not commutative 

 

































ijUijLijUijLijUijLijUijL

aabbbbaa ,,,,   

Let  A = 














]8.,7.[]4.,3.[

]9.,6.[]5.,2.[
  and   

B = 














]5.,2[.]6.,3[.

]7.,6[.]9.,5[.
 

 A  B = 














]5.,2.[]1,1[

1.,7.[]1,1[

 

(4)

 

 B  A = 














]1,1[]1,1[

]1,1[]5.,2[.

 

(5) 

           From  equation (4) & (5) ABBA    

           Therefore   - Operator is not commutative. 

  - Operator is not associative 
















































































ijUijLijUijLijUijLijUijLijUijLijUijL

ccbbaaccbbaa ,,,,,, 

 

Let A = 














]8.,3[.]7.,5[.

]7.,4[.]6.,2[.

,    

B = 














]8.,6[.]6.,5[.

]7.,3[.]4.,1[.
and C = 















]9.,7[.]6.,2[.

]8.,4[.]7.,3[.
 

Consider  CBA   = 




























]1,1[]1,2[.

]1,1[]1,1[

]8.,3[.]7.,5[.

]7.,4[.]6.,2[.
  =















]1,1[]1,2[.

]1,1[]1,1[
                 (6) 
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Consider   CBA   = 




























]9.,7[.]6.,2[.

]8.,4[.]7.,3[.

]1,1[]1,6[.

]1.,3[.]4.,1[.
  =















]9.,7[.]6.,2[.

]1,8[.]1,1[
  (7) 

From equation (6) & (7)     CBACBA  )()( 
. 

 

B.    - Operator 

Let 
nmij

aA









 and 

nm
ij

bB










 be two Interval valued Fuzzy matrix, then  operator is defined as  

        A  B = 
 

 


























































ijUijLijUijL

ijUijLijUijL

bbaaif

bbaaif

,,0,0

,,1,1
 

- Operator is also known as equality operator. 

 

 

1) Remark :If 1















ijLijL

ba   and 0















ijUijU

ba 
 
then 

      

 1,0,, 















ijUijUijLijL

baba   

2)  Example of  - Operator:  Let A = 














]8.,7[.]4.,3[.

]9.,6[.]5.,2[.
 and B = 















]5.,2[.]6.,3[.

]7.,6[.]9.,5[.

 

then A  B = 















]0,0[]1,0[

]1,0[]0,0[
 

3)  Properties of - Operator: 

 - Operator holds the commutative property 

 - Operator does not holds the associative property. 

 

C.    - Operator 

Let 
nmij

aA









 and 

nm
ij

bB










 be two Interval valued Fuzzy matrix, then  operator is defined as  

nm

ijij
baBA

































   

                 = 

 





































































ijUijLijUijLijUijL

ijUijLijUijL

bbaaifbb

bbaaif

,,,

,,0,0

 

 

 1) Remark:If 0


























ijUijUijLijLijL

baandbba  ,

 

then 

























ijLijUijUijLijL

bbaba ,0,,   

2)  Properties of  - Operator: 

  - Operator does not holds the commutative property  

  - Operator does not satisfies the associative property 

 

D.    - Operator 

Let 
nmij

aA









 and 

nm
ij

bB










 be two Interval valued Fuzzy matrix, then  operator is defined 

as 
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   nm

ijij
BABA

































   

              = 
 





































































ijUijLijUijLijUijL

ijUijLijUijL

bbaaifbb

bbaaif

,,,

,,0,0
 

1)  Remark: If 
ijLijLijLijUijU

bbaandba 
































 0 , then 

























ijLijUijLijUijL

bbbba ,0,,   

2) Properties of  - Operator: 

  - Operator does not hold the commutative property 

 - Operator does not hold the associative property. 

 

E.   Composition of  - Operator  

 

Consider two interval valued fuzzy relations YXR  and ZYQ  . Relationship between these 

two interval valued fuzzy relations when using  composition is defined as ZXQR  with 

membership function is defined as  

     








 zyyxzx
QRYyQR

,,max, 


     ZzandYyXx  ,  

1)   Example of   Composition:   Let 








321
,, xxxX , 









321
,, yyyY and









321
,, zzzZ  

Consider two interval valued fuzzy relations YXR  and ZYQ  which are given below respectively. 

We are to compute ZXT  using  composition. 

  
321

yyy  

R =  





















]9.,6[.]1.,2[.]3.,0[

]8.,3[.]7.,4[.]7.,2[.

]5.,2[.]6.,3[.]4.,1[.

3

2

1

x

x

x

 

  
321

zzz  

Q =  





















]9.,2[.]6.,5[.]7.,4[.

]8.,5[.]7.,3[.]4.,2[.

]7.,6[.]8.,2[.]7.,3[.

3

2

1

y

y

y

  

ZzandYyXxzyQyxRzxT 
















 ,,@,,  


















 zyQyxRzxT ,@,, = 





















]9.,6[.]1.,2[.]3.,0[

]8.,3[.]7.,4[.]7.,2[.

]5.,2[.]6.,3[.]4.,1[.

 





















]9.,2[.]6.,5[.]7.,4[.

]8.,5[.]7.,3[.]4.,2[.

]7.,6[.]8.,2[.]7.,3[.

 









11

, zx
QR



 
















































7.,4.5.,2.,4.,2.6.,3.,7.,3.4.,1.min 

Yy

                                                       
      1,1,4.,2,1,1min 

  



 4.,2.  









21

, zx
QR



















































6.,5.5.,2.,7.,3.6.,3.,8.,2.4.,1.min 

Yy

 

    




























 1,1,1,1,1,1min 



 1,1  
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31

, zx
QR



















































9.,2.5.,2.,8.,5.6.,3.,7.,6.4.,1.min 

Yy

 





























 1,1,1,1,1,1min





 1,1  









12

, zx
QR



















































7.,4.8.,3.,4.,2.7.,4.,7.,3.7.,2.min 

Yy

 





























 1,7.,4.,2.,1,1min 



 4.,2.  









22

, zx
QR



 
















































6.,5.8.,3.,7.,3.7.,4.,8.,2.7.,2.min 

Yy
 

    



























 1,6.,1,3.,1,1min

     




 1,3.  









32

, zx
QR



















































9.,2.8.,3.,8.,5.7.,4.,7.,6.7.,2.min 

Yy

 

   



























 1,2.,1,1,1,1min

   




 1,2.  









13

, zx
QR



















































7.,4.9.,6.,4.,2.1,2.,7.,3.3.,0min 

Yy

 

     




























 7.,4.,1,4.,1,1min     





 7.,4.  









23

, zx
QR

  

















































6.,5.9.,6.,7.,3.1,2.,8.,2.3.,0min 

Yy

 

    



























 6.,5.,1,7.,1,1min

 




 6.,5.  









33

, zx
QR



















































9.,2.9.,6.8.,5.1,2.,7.,6.3.,0min 

Yy

 

    




























 9.,2.,1,8.,1,1min  





 9.,2.  

             
321

zzz  

Therefore T (x,z) =  





















]9.,2[.]6.,5[.]7.,4[.

]1,2[.]1,3[.]4.,2[.

]1,1[]1,1[]4.,2[.

3

2

1

x

x

x

 

 

F.   Composition of  - Operator  

Consider two interval valued fuzzy relations YXR  and ZYQ  . Relationship between these 

two interval valued fuzzy relations when using  composition is defined as  

ZXQR  with the membership function is defined as  

      ZzandYyXxzyyxzx
QRYyQR










 ,,,min, 


 

1) Example of   Composition:  Let 








21
, xxX , 









321
,, yyyY and 









21
, zzZ  

Consider two interval valued fuzzy relations YXR  and ZYQ   are given below respectively. 

We are to compute ZXT  using  composition. 

  
321

yyy  

R =  














]3.,2[.]9.,5[.]7.,4[.

]8.,6[.]6.,3[.]5.,2[.

2

1

x

x

  

   21
zz  
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Q = 





















]5.,1[.]9.,6[.

]4.,2[.]7.,6[.

]8.,5[.]7.,3[.

3

2

1

y

y

y
 

R  Q =  














]3.,2[.]9.,5[.]7.,4[.

]8.,6[.]6.,3[.]5.,2[.

   

       





















]5.,1[.]9.,6[.

]4.,2[.]7.,6[.

]8.,5[.]7.,3[.

 









11

, zx
QR
















































 9.,6.8.,6.,7.,6.6.,3.,7.,3.5.,2.min 

   



 0,0  









21

, zx
QR
















































 5.,1.8.,6.,4.,2.6.,3.,8.,5.5.,2.min    





 0,0  









12

, zx
QR

  














































 9.,6.3.,2.,7.,6.9.,5.,7.,3.7.,4.min 

 



 0,0  









22

, zx
QR
















































 5.,1.3.,2.,4.,2.9.,5.,8.,5.7.,4.min 

 




 0,0  

           
           21

zz  

R  Q =

















]0,0[]0,0[

]0,0[]0,0[

2

1

x

x
 

Let us point out some other properties of -operator as follows: 

 min (a, (a @ b)) = min (a, b)  b 

 a  b  b 

 a  max (b, c)  a @ b 

 a @ min (a, b)  b 

 a @ max (b, c)  a @ c 

IV. MAXIMUM SOLUTION of INTERVAL VALUED FUZZY RELATION EQUATION 

 

In this section we discuss the methods of finding the maximal solution of interval valued fuzzy relation 

equation (IVFRE) with respect to unknowns R and Q. The methods for finding the maximal Q and maximal R 

respectively for IVFRE of the form R Q=T. Here  denotes the maximal solution. 

 

A.  Determination of Maximal Q 

  For determination of maximal Q, we discuss some results. 

 

1) Theorem:  If R and Q are two interval valued Fuzzy relations and YXR  and ZYQ  , then 






  QoRRQ @1 . 

where  R  = 















ijUijLUL

rrRR ,,   

Q  = 















ijUijLUL

qqQQ ,,   

 
   = max-min composition and  

 @ = composition made by -operator. 

Proof: 

Let A   =   ZYQoRR  @1
 

ZYQoRRQoRR
UUULLL
































  @,@ 11  

Consider      
















zxxyzy

LLLL
QRRXxA

,,min,
1 
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zxyx
LLL

QRRXx
,,min


  

   

     































































zttxyx

LLL
QRYtRXx

,,,minmax,min 
 

   

            



















zttxzyyxyx

LLLLL
QR

ytYt
QRRXx

,,,minmax,,,,min,min
,

  

Now        






























zyyxyxzy

QRRXxA
LLL

,,,min,min,   

We know that a  (min (a, b))  b 

ZzandYyzyzy
LL

QA












 ,,   

Hence 






 

LLLL
QoRRQ @1

.
Similarly 








 

UUUU
QoRRQ @1

.
Therefore  QoRRQ @1

.
 

2)   Example : Let 








321
,, xxxX , 









321
,, yyyY and 









321
,, zzzZ  

                             
321

yyy  

Given   R =  





















]8.,6[.]9.,5[.]6.,4[.

]6.,4[.]7.,3[.]5.,1[.

]6.,5[.]5.,4[.]3.,2[.

3

2

1

x

x

x

 

  
321

xxx  

    Q =  





















]1,9[.]8.,5[.]9.,7[.

]7.,6[.]4.,3[.]4.,2[.

]6.,3[.]7.,6[.]5.,3[.

3

2

1

y

y

y

  

R o Q =  





















]8.,6[.]8.,5[.]8.,6[.

]7.,4[.]6.,4[.]6.,4[.

]6.,5[.]6.,5[.]6.,5[.

  

@

]8.,6[.]6.,4[.]6.,5[.

]9.,5[.]7.,3[.]5.,4[.

]6.,4[.]5.,1[.]3.,2[.

RoQ @R 1-






















  





















]8.,6[.]8.,5[.]8.,6[.

]7.,4[.]6.,4[.]6.,4[.

]6.,5[.]6.,5[.]6.,5[.

 

                 

















































































]1,1[]1,1[]1,1[min]1,5[.]1,1[]1,1[min]1,1[]1,1[]1,1[min

]1,8[.]1,1[]1,1[min]1,8[.]1,6[.]1,1[min]1,8[.]1,6[.]1,1[min

]1,1[]1,1[]1,1[min]1,1[]1,1[]1,1[min]1,1[]1,1[]1,1[min

  

 























]1,1[]1,5[.]1,1[

]1,8[.]1,6[.]1,6[.

]1,1[]1,1[]1,1[

 

Therefore Q   R
-1 @ )( QR  . 

3)   Theorem:  If  R and Q be two interval valued fuzzy relations YXR  and ZYQ  , then 

TTRoR 






  @1

 



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 58 Issue 1 – June 2018 

 

ISSN: 2231-5373                          http://www.ijmttjournal.org                                      Page 56 
 

where  R  = 















ijUijLUL

rrRR ,,   

Q  = 
















ijUijLUL

qqQQ ,,   

   = max-min composition  

 @= composition made by -operator. 

 

4)  Theorem: If R and Q be a two interval valued fuzzy relations YXR  and ZYQ  , then 

 
1

1
@











 QoRQR  

where  R  = 















ijUijLUL

rrRR ,,   

Q  = 
















ijUijLUL

qqQQ ,,   

   = max-min composition , @ = composition made by -operator. 

5)  Theorem: If Q and T be the two interval valued fuzzy relations ZYQ  and ZXT   then 

TQoTQ 










1

1@  

where  Q  = 















ijUijLUL

qqQQ ,,   

T  =
















ijUijLUL

ttTT ,,   

 
 = max-min composition, @ = composition made by -operator. 

6) Theorem: 

Let YXRRR
UL







 , and ZXTTT
UL







 ,  be the two interval valued fuzzy relations, the set of fuzzy 

relations ZYQQQ
UL







 , such that


















ULULUL

TTQQoRR ,,,
 
contains a greatest element 












 

ULUL
TTRR ,@, 11 . 

7)  Theorem: 

Let YXRRR
UL







 , and ZXTTT
UL







 ,  be the two interval valued fuzzy relations, 

ZYQQQ
UL







 , such that 


















ULULUL

TTQQoRR ,,, . 
















































ULULULULUL

TTQQoRRZYQQQQS ,,,,,
 


















 

ULULUL
QQSTTRRand ,,@, 11 , then












 

ULUL
TTRR ,@, 11

 
is the greatest element in 







UL

QQS ,  

Proof: 
*

,Let 







UL

QQS  















































 










ULULULUL
TTQQoRRZYQQFuzzyvaluedInterval ,,,,

and 







*

,
UL

RRS  

Let 












































ULULULULUL

TTQQoRRRRSQQ ,,,:,,

*

then, we have 














































 

ULULULULUL
TTRRQQoRRRR ,@,,,@, 1111  

we know that 







































 

ULULULUL
QQoRRRRQQ ,,@,, 11  
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then it shows that  




















 

ULULUL
TTRRQQ ,@,, 11

 

By theorem 4.1.5 we have 


















 

ULULUL
QQSTTRR ,,@, 11

 

Then it shows that 
*

11 ,,@,































 

ULULUL
QQSTTRR  

then











 

ULUL
TTRR ,@, 11

will be the greatest element in .,

*





















UL

QQS  

Hence











 

ULUL
TTRR ,@, 11

 be the greatest element in .,

*





















UL

QQS  

Therefore 



















 

ULULUL
TTRRQQ ,@,, 11  

which is the maximum relation 






UL

QQ ,  satisfying the equation 


















ULULUL

TTQQoRR ,,,
.
 

8) Necessary condition for existence of Q
:
 

The necessary condition for the existence of Q = 




 

UL
QQ ,  satisfying the interval valued fuzzy relation 

equation (1) is  

ZzandXxyxzx

ULUL
RRYyTT






























,max,

,,


 
 (8) 

9)  Example of determining the maximal 
Q

:
 

Consider 








321
,, xxxX , 









321
,, yyyY and 









321
,, zzzZ . 

Suppose ZXTTandYXRR
ULUL













 ,, are two interval valued fuzzy relations given below 

respectively. 

321
yyy  

R =  





















]6.,3[.]9.,8[.]7.,5[.

]6.,4[.]1.,7[.]3.,2[.

]9.,7[.]4.,3[.]8.,6[.

3

2

1

x

x

x

 

   
321

zzz  

and  T =  





















]7.,5[.]6.,3[.]7.,6[.

]7.,5[.]6.,3[.]7.,6[.

]5.,4[.]4.,3[.]5.,4[.

3

2

1

x

x

x

  

Q = R-1@ T  























]6.,3[.]6.,4[.]9.,7[.

]9.,8[.]1.,7[.]4.,3[.

]7.,5[.]3.,2[.]8.,6[.

 @  





















]7.,5[.]6.,3[.]7.,6[.

]7.,5[.]6.,3[.]7.,6[.

]5.,4[.]4.,3[.]5.,4[.

 

     
     
      


















]1,1[]1,1[]5,.4[.min]1,1[]1,3[.]4,.3[.min]1,1[]1,1[]5,.4[.min

]7,.5[.]7,.5[.]1,1[min]6,.3[.]6,.3[.]1,1[min]7,.6[.]7,.6[.]1,1[min

]1,1[]1,1[]5,.4[.min]6,.3[.]1,1[]4,.3[.min]1,1[]1,1[]5,.4[.min
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Q
= 





















]5.,4[.]4.,3[.]5.,4[.

]7.,5[.]6.,3[.]7.,6[.

]5.,4[.]4.,3[.]5.,4[.

 






 

UL
QQ ,  satisfies IVFRE (1)  

i.e., 

















 

ULULUL
TTQQoRR ,,,  

R Q = 





















]6.,3[.]9.,8[.]7.,5[.

]6.,4[.]1,7[.]3.,2[.

]9.,7[.]4.,3[.]8.,6[.























]5.,4[.]4.,3[.]5.,4[.

]7.,5[.]6.,3[.]7.,6[.

]5.,4[.]4.,3[.]5.,4[.

 

=  





















]7.,5[.]6.,3[.]7.,6[.

]7.,5[.]4.,3[.]7.,6[.

]5.,4[.]4.,3[.]5.,4[.

 

= 






UL

TT ,  

= T. 

10)  Example of determining the maximal Q
:
 

Consider








321
,, xxxX , 









21
, yyY and









21
, zzZ  

Suppose ZXTTandYXRR
ULUL













 ,, are two interval valued fuzzy relations given below 

respectively.  

we are to compute 





 

UL
QQ ,  when  

21
yy  

R = 





















]3.,2[.]9.,5[.

]1,7[.]8.,3[.

]8.,6[.]4.,2[.

3

2

1

x

x

x

 

 

 

 

 

 

 

21
zz  

T = 





















]5.,2[.]6.,5[.

]5.,3[.]7.,6[.

]4.,3[.]7.,6[.

3

2

1

x

x

x

 

Now Q =














]4.,3[.]7.,6[.

]5.,2[.]1,6[.
 

Q also satisfies the IVFRE. i.e., TQR   

 

B.   Determination of maximal R 

For determination of maximal R, we discuss some results 
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1) Theorem: Let ZYQQQ
UL







 , and ZXTTT
UL







 ,  be the two interval valued fuzzy relations, then 

the set of interval valued fuzzy relations YXRR
UL







 , such that 


















ULULUL

TTQQoRR ,,,   
contains a 

greatest element 1

,@,





























ULUL

TTQQ

 

2) Theorem: 
ZYQQQ

UL









 ,Let

and ZXTTT
UL







 ,  be the two interval valued fuzzy relations, 





















UL

RRS , be the set of interval valued fuzzy relations   YXRR UL ,  

such that 


















ULULUL

TTQQoRR ,,,
 















































ULULULULUL

TTQQoRRYXRRfuzzyvaluedIntervalRRS ,,,,,   

if and only if 


















































ULULUL
RRSTTQQ ,,@,

1

11  
and it is the greatest element in 





















UL

RRS ,  

Proof: 

Let 





























































ULULULULUL

TTQQoRRYXRRfuzzyvaluedIntervalRRS ,,,,,

*  

and 




















*

,
UL

RRS  

Let 












































ULULULULUL

TTQQoRRRRSRR ,,,:,, *  

then we have  
1

1

1
1

,@,,,@,

















































































ULULULULUL

TTQQQQoRRQQ
 

By known lemma, we have 
1

1

,,@,,


























































ULULULUL

QQoRRQQRR
 

then it shows that 
1

1

,@,,




































ULULUL

TTQQRR  

Now from theorem B . 1) we have 



















































ULULUL
RRSTTQQ ,,@,

1
1  

Then it shows that 
*1

1

,,@,


















































ULULUL
RRSTTQQ

 

then 

1
1

,@,






























ULUL

TTQQ  will be the greatest element in 
*

,




















UL

RRS

. 

So 

1
1

,@,,






































ULULUL

TTQQRR
 

is the maximum relation for






UL

RR , satisfying the equation


















ULULUL

TTQQoRR ,,,  

3)  Necessary condition for Existence of R : 

The necessary condition for the existence of R = 





 

UL
RR ,  satisfying the IVFRE (1) is 

ZzandXxzyzx

ULUL
QQYyTT






























,max,

,,

  

 

4)  Example of Determining the maximal  R : 
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Consider








321
,, xxxX , 









321
,, yyyY and 









321
,, zzzZ  

Suppose ZXTandZYQ  are two interval valued fuzzy relations given below respectively.  
  

321
zzz  

Q =   





















]7.,6[.]7.,3[.]4.,2[.

]4.,3[.]3.,2[.]1,8[.

]9.,8[.]4.,3[.]8.,6[.

3

2

1

y

y

y

 

 

321
zzz  

and  T =  





















]7.,4[.]7.,3[.]5.,2[.

]7.,6[.]7.,3[.]8.,6[.

]6.,5[.]6.,3[.]6.,4[.

3

2

1

x

x

x

  

Note: First we check the necessary condition for the existence of 




 

UL
RR ,  using theorem  B. 3). 

Here given Q and T satisfies the equation 






























zyzx

ULUL
QQYyTT

,max,
,,


 

Now we compute 1
1

,@,,








































ULULUL

TTQQRR

 

     321
xxx  

      


























 

]7.,4[.]7.,6[.]6.,5[.

]7.,3[.]7.,3[.]6.,3[.

]5.,2[.]8.,6[.]6.,4[.

=,

3

2

1

1

z

z

z

TT
UL

 

1,@, 













ULUL

TTQQ   

@

]7.,6[.]7.,3[.]4.,2[.

]4.,3[.]3.,2[.]1,8[.

]9.,8[.]4.,3[.]8.,6[.























   





















]7.,4[.]7.,6[.]6.,5[.

]7.,3[.]7.,3[.]6.,3[.

]5.,2[.]8.,6[.]6.,4[.

 


















































































]1,4[.]1,1[]1,1[min]1,1[]1,1[]1,1[min]6,.5[.]1,6[.]1,1[min

]1,1[]1,1[]5,.2[.min]1,1[]1,1[]8,.6[.min]1,1[]1,1[]6,.4[.min

]7,.4[.]1,1[]5,.2[.min]7,.6[.]1,1[]1,1[min]6,.5[.]1,1[]6,.4[.min  























]1,4[.]1,1[]6.,5[.

]5.,2[.]8.,6[.]6.,4[.

]5.,2[.]7.,6[.]6.,4[.

 

    
1

1

,@,,






































ULULUL

TTQQRR
  

 

321
yyy

 























]1,4[.]5.,2[.]5.,2[.

]1,1[]8.,6[.]7.,6[.

]6.,5[.]6.,4[.]6.,4[.

3

2

1

x

x

x

 

Note:  

Here we check whether 





 

UL
RR ,  satisfies the IVFRE i.e.,  



















ULULUL

TTQQoRR ,,,  or not 
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ULUL
QQoRR ,,   























]1,4[.]5.,2[.]5.,2[.

]1,1[]8.,6[.]7.,6[.

]6.,5[.]6.,4[.]6.,4[.























]7.,6[.]7.,3[.]4.,2[.

]4.,3[.]3.,2[.]1,8[.

]9.,8[.]4.,3[.]8.,6[.

 

= 





















]7.,4[.]7.,3[.]5.,2[.

]7.,6[.]7.,3[.]8.,6[.

]6.,5[.]6.,3[.]6.,4[.

 

= 






UL

TT ,  

=




 T  

Here 




 

UL
RR ,  satisfies the IVFRE 



















ULULUL

TTQQoRR ,,,
 

 

V.   CONCLUSION 

 In this paper, definition of interval valued fuzzy relation equation and some solution operators are 

introduced. Also we find the maximal solution of interval valued fuzzy relation equation using the composition 

TQR  . Numerical examples are given to clarify the developed theory. 
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