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I. INTRODUCTION

In 1965 the concept of fuzzy sets was defined by Zadeh [16] since then, to use this concept in topology
and analysis, many authors have expansively developed the theory of fuzzy sets and applications. As a
generalization of fuzzy sets, George and Veermani [4] modified the notion of fuzzy metric spaces with the
help of continuous t-norms. Many researchers have obtained common fixed point theorems for mappings
satisfying different types of commutativity conditions.Pant [9,10,11] introduced the new concept
reciprocally continuous mappings and established some common fixed point theorems. Atanassov [3]
introduced and studied the concept of intuitionistic fuzzy sets, In 2004, Park [12] defined the concept of
intuitionistic fuzzy metric space with the help of continuous t- norms and continuous t-conorms. Recently, in
2006, Alaca et al. [1] using the notion of intuitionistic fuzzy sets and defined the concept of intuitionistic fuzzy
metric space with the help of continuous t-norms and continuous t-conorms as a generalization of fuzzy metric
space which is introduced by Kramosil and Michalek [7]. Turkoglu et al. [14] gave generalization of Jungck’s
[5]. Common fixed point theorem in intuitionistic fuzzy metric spaces. They first create the concept of weakly
commuting and R-weaklycommuting mappings in intuitionistic fuzzy metric spaces. The concept of weakly
compatible mappings is most general as each pair of compatible mappings is weakly compatible but the
converse is not true. After that, many authors proved common fixed point theorems using different mappings in
such spaces. Al-Thagafi and N. Shahzad [2] introduced the concept of occasionally weakly compatible
mappings which is more general than the concept of weakly compatible mappings.The aimed of this paper
presents some common fixed point theorems for more general commutative condition i.e. occasionally
weakly compatible mappings in intuitionistic fuzzy metric spaces.

Il. PRELIMINARIES

Definition (2.1)[12]: A binary operation *: [0, 1] x [0, 1]—[O0, 1] is continuous t-norm if * is satisfying the
following conditions:

(i) * is commutative and associative;

(ii) * is continuous;

(iii) a* 1 = aforall ae [0, 1];

(iv)a*b<c*dwhenevera<candb<dforalla,b,c,de [0, 1].

ISSN: 2231-5373 http://www.ijmttjournal.org Page 120




International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 58 Issue 2 — June 2018

Definition (2.2)[12]: A binary operation ¢: [0, 1] x [0, 1]—[0, 1] is continuous t-conorm if ¢ is satisfying the
following conditions:

(i) ¢ is commutative and associative;

(i1) ¢ is continuous;

(iii)a® 0=aforalla € [0, 1];

(iv)a0b>c 0 dwhenevera<candb<dforall a, b, c, de [0, 1].

Definition (2.3)[1]: A 5-tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy metric space if X is an arbitrary
set, * is a continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X?x (0, o) satisfying the
following conditions:-

(1) Mx,y,t) +N(x, y,t) <1, forall x,y € Xand t > 0;

(if) M(x, y, 0) = 0, for all X, y € X;

@iy M(x,y,t) =1, forallx,y e Xand t > 0 if and only if x = y;

(iv) M(x, y, t) = M(y, x, t), for all x, y e X and t > 0;

(V) M(x,y,t) * M(y,2,8) <M(x, z, t +s), forall x,y, ze X and s, t > 0;
(vi) For all x, y € X, M(X, ¥,): [0, 00) — [0, 1] is continuous;

(vii) lim e M(x y 1) =1, for all x, ye X and t > 0;

(Viii) N(x,y,0)=1forall X,y € X;

(ixX) N(x, y,t) =0 for all x, ye Xandt> 0 ifand only if x = y;

(X) N(X,y,t) = N(y, x, t) for all x, ye X and t > 0;

(xi) N(x,y,t) ON(y, z,8) > N(x, z, t + s) forall x, y,z € Xand s, t > 0;
(xii) For all x, y € X, N(X, Y, -) : [0, 0)—[0, 1] is continuous;

(xiii) im0 N(X y ) =0 ,forall x,yin X;

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and N(x, y, t) denote the
degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.

Remark [2.1]:Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the form (X, M, 1-

M, *, 0) such that t-norm * and t-conorm ¢ are associated as:
x0y=1-((1-x) * (1-y) ), for all x, ye X

Remark [2.2]:In intuitionistic fuzzy metric space (X, M, N, *,0), M(X, ¥y, .) is non-decreasing and N(x, v, -)
is non-increasing for all X, y € X.

Example [2.1]:Let (X, d) be a metric space, define t-norm a * b=Min {a, b} and t- conorm

a0 b=Max{ab} and forall x,y e Xandt>0

 Ng(x,y,t) = &)

Mq(x.y.0) = t+d ()

_t
t+d(x,y)
Then (X, M, N, * 0) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric (M, N)
induced by the metric d the standard intuitionistic fuzzy metric
Definition (2.4)[1]: Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then

(a) A Sequence {x,} in X is said to be Cauchy sequence if for all t >0 and p > 0,

liMpse M(Xnip Xn,¢) = 1,liMgse N(Xnsp Xn,¢) =0

(b) ) A Sequence {x,}in X is said to be Convergent to a point xe X if , for all t >0,

liMpse M(Xnep Xn 1) =1, liMpoe N(Xnep Xn,t) =0
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Since * and ¢ are continuous, the limit is uniquely determined from (v) and (xi) of definition (2.3), respectively.

Definition (2.5)[1]: An intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be complete if and only if
every Cauchy sequence in X is convergent.

Definition (2.6)[13]: Let A and B be mappings from an intuitionistic fuzzy metric space (X, M, N, *, 0) into
itself. Then the maps A and B are said to be compatible if, for all t > 0,

limy- M(ABX, BAX,, t) =1 limy—e N(ABX, BAX,, t) =0
Whenever {x,} is a sequence in X such that- lim;-. AX, = liMy-BX, = X, for some xe X.
Definition (2.7)[6]: Two self-maps A and B in a intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be
weak compatible if they commute at their coincidence points. i.e. Ax = Bx for some x in X, then
ABx = BAX.

Definition (2.8)[6]: Let (X, M, N, *,0) be an intuitionistic fuzzy metric space, A and B be self maps in X, Then
a point x in X is called a coincidence point of A and B iff Ax = Bx. In this case y = Ax = Bx is called a point of
coincidence of A and B.

It is easy to see that two compatible maps are weakly compatible but converse is not true.

Definition (2.9)[ [2]: Two self mappings A and B of a intuitionistic fuzzy metric space (X, M, N, *, 0) are said
to be occasionally weakly compatible(owc) iff there is a point x in X which is coincidence point of A and B at
which A and B commute.

Lemma (2.1)[1]: Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space and {y,} be a sequence in X, if

there exit a number ke(0, 1) such that-
M(Yn+2, Yn+1 K = M(ypsq, Y oD
N(Yn+2, Yn+1 K < N(¥piq Yp, o )

Forallt>0andn=1,2,3.......... , then {y } is a Cauchy sequence in X.

Lemma (2.2)[15]: Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space and for all x, y in X, t > 0 and if

there exists a number ke(0, 1)
M(X, y, kt) >M(x,y,t) and N(x,y, kt) <N(x, y, t), then x=y.

I1l. MAIN RESULT

Theorem3.1Let (X, M, N, *, ¢ ) beacomplete Intuitionistic Fuzzy Metric Spaces with continuous t-norm
andletA,B,S and T be self-mappings of X. Let the pairs {A, S} and {B, T}be owc. If thereexistsq € (0, 1)
suchthat-

M(Ax, By, qt) > min{M(Sx, Ty, t), M(Sx, Ax, t), M(By, Ty, t),

M(AX,Ty,t), M(By,SX,)}.................. 1)

And

N(Ax, By, qt) < max { N(Sx, Ty, t), N(Sx, Ax, t), N(By, Ty, 1),

N(AX,Ty,t), N(By,SX,t) } ..o, 2)

for allx, yeXand for all t > 0,then thereexists a unique pointweXsuch that Aw = Sw =w and a unique

point ze X such that Bz = T z = z. Moreover,z=w,so thatthereisauniquecommonfixedpointofA,B,Sand
T.
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Proof:Let the pairs (A, S) and (B, T)be owc, so there are points x, yeX such that Ax=Sx and By =Ty. We claim
that Ax=By If not, by inequality (1) & (2) —

M(AX,By,qt)= min {M(Sx, Ty,t), M(Sx,Ax,t),M(By, Ty,t), M(Ax,Ty,t),M(By,Sx, )}
=min {M(AXx,By,t), M(Ax,Ax,t),M(By,By,t), M(Ax,By,t),M(By,Ax,t)}
=M (Ax, By, t)
And

N(AX,By,qt)< max {N(Sx,Ty,t) ,N(Sx,Ax,t), N(By,Ty,t), N(Ax,Ty,t),N(By,Sx,t)}
=max {N(Ax,By,t), N(Ax,Ax,1),N(By,By,t), N(Ax,By,t),N(By,Ax,t)}
= N(AXx, By, ).

Therefore Ax = By, i.e. Ax = Sx = By = Ty. Suppose that there is another point z such that Az = Sz then by (1)
we have Az =Sz =By =Ty, so Ax = Az and w = Ax = Sx is the unique point of coincidence of A and S. By
Lemma 2.14 w is the only common fixed point of A and S. Similarly there is a unique point z € X such

thatz =Bz =Tz

Assume that w # z, we have

M(w, z, qt) = M(Aw, Bz, qt)

>min {M(Sw,Tz,t),M(Sw,Az,1t),M(Bz,Tz,t), M(Aw,Tz,t),M(Bz,Sw,t)}
=min {M(w,z,t),M(w,z,t),M(z,z,t), M(w,z,t),M(z,w,t)}
=M(w, z, 1)
And

N(w, z, qt) = N(Aw, Bz, qt)
<max {N(Sw,Tz,t),N(Sw,Az,1t),N(Bz,Tz,t), N(Aw,Tz,t),N(Bz,Sw,t)}
=max {N(w,z,t),N(w,z,t),N(z,z,t), N(w,z,t),N(z,w,t)}
=N(w, z, t)

Therefore we have z = wby Lemma 2.14 and z is a common fixed point of A, B, S and T. The uniqueness
of the fixed point holds from (1) &(2).

Theorem3.2L et (X, M, N, *,0) beacomplete Intuitionistic Fuzzy Metric Spaces andletA,B,S and T be self-
mappings of X. Let the pairs (A, S) and (B, T )be owc. If there exists q € (0, 1) suchthat-

M(Ax, By, qt) >¢(min{M(Sx, Ty, 1), M(Sx, Ax, t), M(By, Ty, 1),
M(AX,Ty,t),M(By,Sx,t)})

And

N(AX, By, qt) < ¥(max{N(Sx, Ty, t), N(Sx, Ax, t), N(By, Ty, ),
N(AX, Ty,t),N(By,Sx,t)})

forall x,y € Xand ¢:[0,1] — [0,1] and ¥ : [0, 1] — [0, 1] such thatand ¢(t) >t, ¥(t) <t forall0<t<1,
then there exists a unique common fixed point of A, B, Sand T.

Proof:The proof follows from Theorem 3.1.
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Theorem3.3Let (X, M, N, *, ¢) be a complete Intuitionistic Fuzzy Metric Spaces andletA,B,S and T be self-
mappings of X. Let the pairs (A, S) and (B, T ) be owc. If there existsq € (0, 1) suchthat

M(Ax, By, qt) =o(min{ (M(Sx, Ty, t), M(Sx, Ax, t), M(By, Ty, t),

M(AX, Ty,t),M(By,SX,t)}).............. 3)

And

N(Ax, By, qt) < Y(min{ (N(Sx, Ty, t), N(Sx, Ax, t), N(By, Ty, 1),

N(AX, TY,t),N(BY,SX,0)}).eenenen.... 4)

for all x,y € X and¢: [0, 1]° — [0, 1] and ¥ : [0, 1]°— [0, 1] Such thatd(t, 1, 1,t,t) > t for allo<t<1,
then there exists a unigue common fixed point of A, B, Sand T.

Proof: Let the pairs (A, S) and (B, T)are owc, so there are points X, yeX such that Ax=Sxand By =Ty . We
claim that Ax# By by inequality (3) & (4) -

M(AXx, By, qt) =¢(min{ (M(Sx, Ty, t), M(Sx, Ax, t), M(By, Ty, t),

M(AXx,Ty,1),M(By,Sx,t)})

= o(min{ (M(AX, By, t), M(AX, Ax, t), M(By, By, t),

M(AXx,By,t),M(By,Ax,t)})

= ¢(min{ (M(AX, By, 1), 1, 1, M(Ax,By,t), M(By,Ax,1)})

> M(AX, By, 1),

And

N(Ax, By, qt) < W(max{ (N(Sx, Ty, t), N(Sx, Ax, t), N(By, Ty, t),

N(AX,Ty,t),N(By,Sx,1)})

= Y(max{ (N(AX, By, t), N(Ax, Ax, t), N(By, By, t),

N(AXx,By,t),N(By,Ax,t)})

=¥(max{ (N(Ax, By, t), 1, 1,N(Ax,By,1),N(By,Ax,t)})

<N (AX, By, 1),

a contradiction, therefore Ax = By, i.e. AXx = Sx = By = T y.Suppose that there is a another point z such
that Az = Sz then by (3) we have Az = Sz = By = Ty, so Ax = Az and w = Ax = T x is the unique point of
coincidence of A and T . By Lemma2.14 w is a unique common fixed point of A and S. Similarly there is a

unique point ze X such thatz =Bz =T z. Thus z is a common fixed point of A, B, Sand T . The uniqueness of
the fixed point holds from (3).

Theorem3.4Let (X, M, N, *, ¢) be a Complete Intuitionistic Fuzzy Metric Spaces andletA,B,S and T be self-
mappings of X. Let the pairs {A, S} and {B, T } be owc. If there exists q € (0, 1), for all x,y € Xand t>

M(Ax, By, qt) = M(Sx, Ty, t) *M(AX, Sx, t) *M(By, Ty, t)*M(Ax, Ty, t).......... %)
And
N(Ax, By, qt) <N(Sx, Ty, t) *N(AX, Sx, t) *N(By, Ty, t)*N(AX,Ty,t)............ (6)
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then there exists a unique common fixed point of A, B, Sand T .

Proof:Let the pairs (A, S) and (B, T)are owc, there are points X, yeX such that Ax=Sxand By =Ty . We
claim that Ax =By by inequality (5) & (6)—

We have

M(AX, By, qt) > M(Sx, Ty, t) *M(AX, Sx, t) *M(By, Ty, t)*M(Ax, Ty, 1)
= M(AX, Ty, t) *M(AX, AX, t) *M(By, By, t)*M(AX, Ty, t)

= M(AX, Ty, t) *1x1 «M(AX, Ty, t)

>M(Ax, Ty, t)

And

N(AX, By, qt) < N(Sx, Ty, t) *N(Ax, Sx, t) *N(By, Ty, t)*N(Ax, Ty, t)
= N(AX, Ty, t) *N(AX, AX, t) *N(By, By, t)*xN(AX, Ty, t)

= N(AX, Ty, t) 1«1 *N(AX, Ty, t)

< N(AX, Ty, t)

Thus We have Ax =By, i.e. Ax = Sx = By = T y.Suppose that there is a another point z such that Az = Sz
then by (5)&(6) we have Az =Sz = By = Ty, so Ax = Az and w = Ax = Sx is the unique point of coincidence
of A and S . Similarly there is a unique point z eXsuch that z = Bz = Tz. Thus w is a common fixed point of
A, BSandT.

Corollary 3.5:Let (X, M, N, *, ¢ ) be Complete Intuitionistic Fuzzy Metric Spaces andletA,B,S and T be self-
mappings of X. Let the pairs {A, S} and {B, T}be owc. If there exists q € (0, 1), for all X,y € Xandt>
01

M(AX, By, qt) > M(Sx, Ty, t) *M(AX, Sx, t) *M(By, Ty, t)*
M(By,Sx 2t) *M(AX, Ty, O)......... (7)
And

N(AX, By, qt) < N(Sx, Ty, t) *N(AX, Sx, t) *N(By, Ty, t)*
N(By,Sx 2t) *N(Ax, Ty, t)......... ®)
Then there exists a uniqgue common fixed point A, B, S, and T.
Proof: We have
M(Ax, By, qt) > M(Sx, Ty, t) *M(AX, Sx, t) *M(By, Ty, t)*
M(By,Sx 2t) *M(AXx, Ty, t)
M(Ax, By, qt) > M(Sx, Ty, t) *M(AX, Sx, t) *M(By, Ty, t) *M(Sx, Ty, t) *
M(Ty,By,t)*xM(AX, Ty, t)
> M(Sx, Ty, t) *M(AX, Sx, t) *M(By, Ty, t) *M(AX, Ty, t)

And
N(Ax, By, qt) < N(Sx, Ty, t) *N(AX, Sx, t) *N(By, Ty, t)*N(By,Sx 2) *

N(AX, Ty, t)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 125




International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 58 Issue 2 — June 2018

N(Ax, By, qt) < N(Sx, Ty, t) *N(AX, Sx, t) *N(By, Ty, t) *N(Sx, Ty, t) *

N(Ty,By,t)xN(AX, Ty, t)

< N(SX, Ty, t) *N(AX, Sx, t) *N(By, Ty, t) *N(AX, Ty, t)

And therefore from theorem (3.4), A, B, S and T have a common fixed point.

1IV. CONCLUSION

In view of theorem3.1 is generalization of the result. The pairs of self maps has been restricted to
occasionally weak compatible mapping.
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