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ABSTRACT. In this paper, we introduce the concepts of gw-closed sets and gw-open

sets in weak structure spaces. Further, we study some of their properties.

1. Introduction

In 1970, Levine [8] introduced the notion of generalized closed (briefly, g-closed)
sets in general topology. Csdszdr [4] introduced a new notion of structures called
weak structures. Al-Omari and Noiri [1] introduced generalized closed sets in weak
structures. In this paper we introduce the notions of gw-closed sets and gw-open sets
in weak structure spaces. The relation of the class of generalized closed sets with the
class of gw-closed sets are to be given. Also we study some of their properties.

2. Preliminaries

Throughout this paper, by a space X, we always mean a topological space (X,
7) with no separation properties assumed. Let H be a subset of X. We denote the
interior, the closure and the complement of a set H by int(H), cl(H) and X\H or H¢,
respectively.
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Definition 2.1. [9] Let X be a space. A subset H of a space X is said to be semi-open
if HCcl(int(H)).
The family of all semi-open sets in X is denoted by SO(X).

The complement of a semi-open set is called semi-closed.

Definition 2.2. [3] The semi-closure of the subset H of a space X is the intersection
of all semi-closed subsets of X containing H and it is denoted by scl(H).

Definition 2.3. [2] A subset H of a space X is called a semi-generalized closed set

(briefly sg-closed) if scl(H)C U whenever HCU and U is semi-open in (X,T).
Theorem 2.4. [2| Every semi-closed set is sg-closed but not conversely.

Definition 2.5. [12] Let X be a space and H a subset of X. A point z€ X is called a
0-cluster point of H if cl(V)NH#D for every open set V containing x. The set of all
0-cluster points of H is called the 0-closure of H and is denoted by cly(H).

A subset H of a space X is said to be 0-closed if cly(H)=H. The complement of a
0-closed set is called 0-open. The collection of all 0-open sets in X is denoted by Ty.

Ty forms a topology on X.

Definition 2.6. [8] Let X be a space. A subset H of a space X is said to be generalized
closed (briefly, g-closed) if cl(H)C U whenever HCU and U is open in (X, 7).

The complement of a g-closed set is called g-open.

Definition 2.7. [7] Let X be a space. A subset H of a space X is said to be Qw-closed
if clo(H)C U whenever HCU and UeSO(X).

Remark 2.8. [9, 12| For a subset of a space, we have the following implications.

f-open — open — semi-open.

Definition 2.9. [13] Let X be a space. A subset H of X is said to be g-closed if
cl(H)CU whenever HCU and UeSO(X).

The complement of a g-closed set is called §-open.

Theorem 2.10. [8] A subset H is g-open iff FCint(H), whenever F is closed and

FCH.
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Definition 2.11. [4, 10] Let X be a nonempty set and wCP(X) where P(X) is the
power set of X. Then w is called a weak structure (WS in short) on X if O € w.

A non-empty set X with a weak structure w is called a weak structure space (WSS
in short) and is denoted by (X, w). Each member of w is said to be w-open and the

complement of a w-open set is called w-closed.

Definition 2.12. [10] Let (X, w) be a WSS. Let H C X. Then the interior of H
(briefly i, (H) ) is the union of all w-open sets contained in H and the closure of A
(briefly c,,(H)) is the intersection of all w-closed sets containing H.

Remark 2.13. [1] If w is a WS on X, then i,(0)=0 and c,(X)=X.

Theorem 2.14. [4] If w is a WS on X and A,B € w then

(1) @w(A)SAC e, (A),

(2) ACB=i,(A)Ciy(B) and c,(A)Ceyw(B),

(3) uw(tw(A))=tw(A) and cy(cw(A))=cu(A),

(4) ip(X — A)=X — c(A) and c,(X — A)=X —i,(A).

Lemma 2.15. [1] If w is a WS on X, then

(1) z€iy(A) if and only if there is a w-open set GCA such that z€ G,
(2) z€cy,(A) if and only if GNA#D whenever z€ Gew,
(3) If Acw, then A=i,(A) and if A is w-closed then A=c,(A).

Definition 2.16. [1] Let w be a WS on a space X. Then HCX is called a generalized
w-closed set (qu-closed in short) if ¢, (H)C U whenever HCUET.

The complement of a gw-closed set is called gw-open.

Lemma 2.17. [1] For a WS w on a space X, every w-closed set is a gw-closed set

but not conversely.

Definition 2.18. [1] A space X is called a w-T% -space if for every qw-closed set H
of X, ¢, (H)=H.
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Definition 2.19. [1] Let X be a space and w be a WS on X. Then (X, 7) is said to
be w-reqular if for each closed set F of X and each xZF, there exist disjoint w-open

sets U and V such that €U and FCV.

Definition 2.20. [1] Let X be a space and w be a WS on X. Then (X, 7) is said
to be w-normal if for any two disjoint closed sets A and B there exist two disjoint

w-open sets U and V such that ACU and BCV.

3. Properties of gw-closed sets

In this section we introduce gw-closed sets and study some of its properties.

Definition 3.1. Let w be a WS on a space X. Then HCX is called a gw-closed set
if cw(H)ZU whenever HCUeSO(X).

The complement of a gw-closed set is called gw-open.

Remark 3.2. (1) Let w be a WS on a space X. Then ¢, (H)Ccl(H) for any set
HCX.
(2) Let w be a WS on a space X. Then every gw-closed set reduces to §-closed
(resp. sg-closed, Qw-closed) if one takes w to be T (resp. SO(X), 14).
(3) For a WS w on a space X, every w-closed set is gw-closed. In fact, if H is
a w-closed set with HCUeSO(X) then H=c,,(H)C U, so that H is gw-closed.
That the converse is not true is shown by the following Fxample 3.3.
(4) For a WS w on a space X, every gw-closed set is qw-closed set. In fact, if H is
a gw-closed set with HCUeTCSO(X) then ¢, (H)CU, so that H is gw-closed

set. That the converse is not true is shown by the following Example 3.4.

Example 3.3. Let X={a, b, ¢} and 7 ={¢, {a}, {qa, b}, X}. Ifw ={¢, {b}, {a,b}},
then w is a WS on X. It is easy to check that the subset {b, c} is gw-closed but not

w-closed.

Example 3.4. Let X={a, b, ¢} and 7 = {¢, {a}, {a, b}, X}. If w = {0, {a}},
then w is a WS on X. It is easy to check that the subset {a, c} is gw-closed but not

quw-closed.
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Remark 3.5. The Union (resp. the Intersection) of two gw-closed sets is not in

general gw-closed.

Example 3.6. Let X={a, b, c} and 7 ={¢, {b}, {b, ¢}, X}. Ifw = {9, {q, b}, {q,
ct}, then w is a WS on X. It is easy to check that M ={b} and N ={c} are gw-closed
sets and MUN={b, ¢} is not a gw-closed set in X.

Example 3.7. Let X={a, b, ¢} and 7 = {¢, {b}, {b, ¢}, X}. If w = {o, {a}, {q,
ct}, then w is a WS on X. It is easy to check that S={b} and T={c} are gw-closed
sets and SNT=0 is not a gw-closed set in X.

Theorem 3.8. Let w be a WS on a space X. If H is gw-closed, then c,,(H)—H does

not contain any non-empty semi-closed set.

Proof. Let F be a semi-closed subset of X such that FCc,(H)—H, where H is gw-
closed. Since X—F is semi-open, HCX—F and H is gw-closed, ¢,,(H)CX—F and thus
FCX—c,(H). Thus FC(X—c,(H))Ne, (H)=0 and hence F=0.

If ¢,,(H)—H does not contain any non-empty semi-closed subset of X, then H need
not be gw-closed in general.

Example 3.9. In Example 3.6, let H={a}. Then ¢, (H)—H=X—{a}={b, ¢} does not

contain any non-empty semi-closed set, but H is not a gw-closed set in X.

Corollary 3.10. Let w be a WS on a space X and HCX be a gw-closed set. Then
cw(H)=H if and only if c, (H)—H is semi-closed.

Proof. Let H be a gw-closed set. If ¢,,(H)=H, then ¢, (H)—H=0, and ¢, (H)—H is a
semi-closed set.

Conversely, let ¢,,(H)—H be a semi-closed set, where H is gw-closed. Then by Theo-
rem 3.8, ¢, (H)—H does not contain any non-empty semi-closed set. Since ¢, (H)—H

is a semi-closed subset of itself, ¢,,(H)—H=0 and hence c,,(H)=H.

Theorem 3.11. A subset H of a space X with a WS w on it is gw-closed if and only

if scl({z})NH # O for every z€c, (H).
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Proof. Let H be a gw-closed set in X and suppose if possible that there exists x€c,,(H)
such that scl({x})NH={. Therefore, HCX—scl({x}), and so ¢, (H)CX—scl({x}).
Hence x¢c,,(H), which is a contradiction.

Conversely, suppose that the condition of the theorem holds and let U be any semi-
open set containing H. Let x€c,(H). Then by hypothesis scl({x})NH#D, so there
exists zescl({x})NH and so zeHCU and U is semi-open. Thus {x}NU#(). Hence
x€U, which implies that ¢, (H)CU. This shows that H is gw-closed.

Theorem 3.12. Let w be a WS on a space X and HCGCe,, (H), where H is gw-closed.
Then G is gw-closed.

Proof. Let GCUeSO(X). Since H is gw-closed and HCU, ¢,,(H)CU. Now, GCc,(H),
cw(G)Cey(H) and hence ¢, (G)CU.

Theorem 3.13. Let X be a space and w be a WS on X. Then H is gw-open if and
only if FTi, (H) whenever FCTH and F is semi-closed.

Proof. Let H be a gw-open set and FCH, where F is semi-closed. Then X—H is
guw-closed set contained in a semi-open set X—F. Hence c,(X—H)CX—F, that is
X—i,(H)CX-F. So FCi,(H).

Conversely, suppose that FCi,(H) for any semi-closed set F whenever FCH. Let
X—HCU, where UeSO(X). Then X—UCH and X—U is semi-closed. By assumption,
X-Udi,(H) and hence ¢, (X—H)=X—i,(H)CU. Therefore X—H is gw-closed and

hence H is gw-open.

Theorem 3.14. Let w be a WS on a space X. If H is semi-open and gw-closed subset
of X, then ¢, (H)=H.

Proof. Obvious.

Theorem 3.15. Let w be a WS on a space X. Then the following are equivalent:

(1) For every semi-open set U of X, ¢, (U)CU.
(2) Every subset of X is gw-closed.
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Proof. (1) = (2). Let H be any subset of X and HCUeSO(X). Then by (1) ¢, (U)CU
and hence ¢,,(H)Cc,(U)CU. Thus H is gw-closed.
(2) = (1). Let UeSO(X). Then by (2), U is gw-closed and hence c¢,,(U)CU.

Theorem 3.16. Let w be a WS on a space X. If a subset H of X is gw-open, then
U=X whenever U is semi-open and i, (H)J(X—H)CU.

Proof. Let UeSO(X) and i,,(H)U(X—H)CU for a gw-open set H. Then X—UC(X—i,,(H))NH.
That is X—UC ¢, (X—H)—(X—H). Since X—H is gw-closed, by Theorem 3.8, X—U=()
and hence X=U.

Theorem 3.17. Let w be a WS on a space X. If a subset H of X is gw-open and
i (H)CGCH, then G is gw-open.

Proof. We have X—HCX-GCX—i,(H)=c,(X—H). Since X—H is gw-closed, it fol-
lows from Theorem 3.12 that X—G is gw-closed and hence G is gw-open.

Let us introduce gw-T 1-space.

Definition 3.18. A space X is called a gw-T% -space if for every qw-closed set H of
X, cw(H)=H.

Example 3.19. Let X={a, b, ¢}, 7 = {¢, {a}, {a, b}, X} and w = {¢, {a}}. Then
guw-closed sets are {b, c}, X. Therefore (X, 7) is a gw- Ty -space.

Example 3.20. Let X={a, b, ¢}, 7 = {9, {a}, {a, b}, {a, ¢}, X} and w = {9, {a,
b}, {a, c}}. Then gw-closed sets are {b}, {c}, {b, ¢}, ¢, X. Therefore (X, 7) is not

a gw—T% -space.
Proposition 3.21. Fvery gw—T% -space 18 w—T% -space.
Proof. 1t follows from Remark 3.2(3).

Theorem 3.22. Let w be a WS on a space X. Then the implication (1) = (2) holds.

If i, ({2} Jew for every x€X, then the following statements are equivalent:
(1) Xisa gw-T1-space.
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(2) Every singleton is either semi-closed or {z} =i, ({z}).

Proof. (1) = (2). Suppose {x} is not semi-closed subset for some x€X. Then X—{x}
is not semi-open and hence X is the only semi-open set containing X—{x}. Therefore
X—{x} is gu-closed. Since X'is a gu-T-space, cu(X—{x})=X—i,({x})=X—{x} and
thus {x}=i,({x}).

(2) = (1). Let H be a gw-closed subset of X and xec,,(H). We show that xeH. If {x}
is semi-closed and x¢H, then x€(c,,(H)—H). Then {x}CX—H and hence HCX—{x}.
Since H is a gw-closed set and X—{x} is a semi-open subset of X, ¢, (H)CX—{x}
and hence {x}CX—c,(H). Therefore, {x}€c,(H)N(X—c,(H))=0. This is a contra-
diction. Therefore, xeH. If {x}=i,({x}), since xec,(H), then for every w-open set
U containing x, we have UNH#£(. But {x}=i,,({x}) is w-open and {x}NH#(. Hence
x€H. Therefore, in both cases we have x€H. Therefore, ¢, (H)=H and hence X is a

quw-T 1-space.

4. gw-regular spaces and gw-normal spaces

Definition 4.1. Let X be a space and w be a WS on X. Then (X, 7) is said to
be gw-regular if for each semi-closed set F of X and each xZF, there exist disjoint

w-open sets U and V such that z€ U and FCV.

Example 4.2. Let X={a, b, ¢}, T={¢, {a}, {b, ¢}, X} and w={¢, {a}, {b, c}, {b},
X}. Then semi-closed sets are {a}, {b, c}, ¢, X. Therefore (X, 7) is a gw-regular.

Theorem 4.3. Let w be a WS on a space X. Consider the following statements:

(1) X is gw-reqular.

(2) For each € X and Ue SO(X) with x€ U; there exist Vew such that x€ VCe,, (V)CU.
Then the implication (1) = (2) holds. If i, (H)ew for every w-closed set H of a space

X, then the following statements are equivalent.

Proof. (1) = (2). Let x¢(X—U), where UeSO(X). Then by (1) there exist dis-
joint G, Vew such that X—UCG and x€V. Thus VCX—G and hence xeVCc, (V)
Cey(X—G)=X-GCU.
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(2) = (1). Let F be a semi-closed set and x¢F. Then xeX—FeSO(X) and hence there
exist Vew such that xeVCc, (V)CX—F. Therefore, FCX—c,,(V)=i,(X-V)ecw.

The implication (2) = (1) in the above theorem need not be true in general.

Example 4.4. Let X={a, b, ¢, d} and 7 ={¢, {a}, {b}, {a, b}, {a, b, ¢}, X} with
a WS w ={¢, {a}, {b}, {c}, {d}}. Since for each Hew, ¢, (H)=H, then for each
UeSO(X) with €U there exist Vew such that z€ Ve, (V)CU. But if F={c, d},
aZF, it is clear that X is not gw-reqular.

Theorem 4.5. Let X be a space and w be a WS on X, and consider the following
statements:
(1) X is gw-regular.
(2) For each semi-closed set F' and x¢F, there exist Ucw and a gw-open set V
such that z€ U, FCV and UNV={.
(3) For each HCX and each semi-closed set F with HNF=(), there exist Ucw and
a gw-open set V such that HNU#(D, FCV and UNV=(.
Then the implications (1) = (2) = (3) hold. If i,(H)ew for every gw-open set H of

X, then the statements are equivalent.

Proof. (1) = (2). Obvious.

(2) = (3). Let HCX and F be a semi-closed set with HNF=(). Then for acH, a¢ F,
and hence by (2), there exist Uew and a gw-open set V such that acU, FCV and
UNV=(. Hence HNU#({), FCV and UNV=0.

(3) = (1). Let x¢F, where F is semi-closed in X. Since FN{x}=0, by (3) there exist
Ucw and a gw-open set W such that xeU, FCW and UNW=(). Then by Theorem
3.13 we have FCi,(W)=Vew and hence UNV=(.

Definition 4.6. Let X be a space and w be a WS on X. Then (X, 7) is said to be
gqw-normal if for any disjoint semi-closed sets A and B there exist two disjoint w-open

sets U and V such that ACU and BCV.

Example 4.7. Let X={a, b, c}, 7={¢, {b}, {b, ¢}, X} and w={¢, {a, b}, {c}, X}.

Then semi-closed sets are {a}, {c }, {a, ¢}, ¢, X. Therefore (X, 7) is a gw-normal.
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Theorem 4.8. Let X be a space and w be a WS on X, and consider the following
statements:
(1) X is gw-normal.
(2) For any pair of disjoint semi-closed sets M and N of X, there exist disjoint
qw-open sets P and Q) of X such that MCP and NCQ.
(3) For each semi-closed set M and each semi-open set N containing M, there
exist a gw-open set P such that MCPCc, (P)CN.
Then the implications (1) = (2) = (3) hold. If i, (M)cw and c, (M) is w-closed

for every gw-open set M of X, then the statements are equivalent.

Proof. (1) = (2). Let M and N be a pair of disjoint semi-closed sets of X. Then by
(1) there exist disjoint w-open sets P and Q of X such that MCP and NCQ. Then
(2) follows from Remark 3.2(3).

(2) = (3). Let M be a semi-closed set and N be a semi-open set containing M.
Then M and X—N are two disjoint semi-closed sets. Hence by (2) there exist dis-
joint gw-open sets P and Q of X such that MCP and X—NCQ. Since Q is gw-open
and X—N is a semi-closed set with X—NCQ, by Theorem 3.13, X—NCij,(Q). Hence
Cuw(X—=Q)=X—1,(Q)CN. Thus MCPCc¢,(P)C ¢, (X—Q)CN.

(3) = (1). Let M and N be two disjoint semi-closed subsets of X. Then M is a
semi-closed set and X—N is a semi-open set containing M. Thus by (3) there exists
a gw-open set P such that MCPCc, (P) CX—N. Thus by Theorem 3.13, MCi,(P)
and NCX—c,(P), where i,(P) and X—c,(P)=i,(X—P) are disjoint sets. Since P is
gw-open, i,,(P)ew and i,,(X—P)ew. Hence X is gw-normal.

The implication (3) = (1) in the above theorem need not be true in general.

Example 4.9. Let X={a, b, ¢} and 7 = {¢, {a}, {a, ¢}, {a, b}, X} . Let w be a
WS on a space X and w = {¢, {a, c}, {a, b}}. Then it can be easily checked that
(X, 7) is not gw-normal but for each semi-closed set M and each semi-open set N

containing M, there exists a gw-open set P such that MCPCec, (P)CN.

Theorem 4.10. Let X be a space and w be a WS on X and consider the following

statements:
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(1) For each g-closed set M and each open set N containing M, there exists a
w-open set P such that cl(M)CPCc, (P)CN.

(2) For each closed set M and each g-open set N containing M, there exists a
w-open set P such that MCPCec,, (P)Cint(N).

(3) For each g-closed set M and each open set N containing M, there exists a
guw-open set P such that cl(M)ZPCec,(P)CN.

(4) For each closed set M and each open set N containing M, there exists a Gw-
open set P such that MC PCe,, (P)CN.

(5) For each closed set M and each g-open set N containing M, there exists a

gw-open set P such that MC PCc,, (P)Cint(N).

Then the implications (1) = (2)= (3)= (4)= (5) hold. If i,(M)cw for every guw-

open set M of X, then the statements are equivalent:

Proof. (1) = (2). Let M be a closed set and N be a g-open set containing M. Then by

Theorem 2.10 MCint(N). Since M is g-closed and int(N) is open, by (1) there exists

a w-open set such that PCc,, (P)Cint(N).

(2) = (3) and (3) = (4) are obvious.

(4) = (5). Let M be a closed set and N be a g-open set containing M. Since N

is g-open and M is closed, by Theorem 2.10 MCint(N). Thus by (4), there exists a

gw-open set P such that MCPCc,, (P)Cint(N).

(5) = (1). Let M be a g-closed subset of X and N be an open set containing M. Then
cl(M)CN, where N is g-open. Thus by (5), there exists a gw-open set G such that

cl(M)CGCc,(G)Cint(N)C N. Since G is gw-open and cl(M)CG, by Theorem 3.13,

cl(M)Ci,(G). Put P=i,(G). Then Pew and cl(M)CPCc,,(P)=cy (i (G))Cey, (G)CN.

5. Conclusion

A new class of generalized closed sets called gw-closed sets in weak structure is
defined and studied. Properties of gw-closed sets are given. Also the new notion of
gw-open sets (or the complement of gw-closed sets) is introduced and investigated.
Properties of gw-T 1-space, gw-normal and gw-regular are defined and studied. Prop-
erties and Characterizations of gw-normal and gw-regular are given.
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