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Abstract

Let G be a simple graph. A subset S < V(G) is called a strong (weak) perfect dominating set of G if
INs() N'S| = 1(|Nw(w) N S| = 1 for every u € V(G) - S where Ny(u) = {v € V(G)/ deg v >deg u} (N,(u) ={v
€ V(G)/ deg v < deg u}. The minimum cardinality of a strong (weak) perfect dominating set G is called the
strong (weak) perfect domination number and is denoted by ys,(G) (ywp(G)). In this paper strong perfect
domination number of some standard graphs and their middle graphs are determined.
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I. INTRODUCTION

By a graph, it is meant that a finite, undirected graph without loops and multiple edges. Let G be a
graph with vertex V and edge set E. Let p =|V (G)| and q = |E (G)|. The minimum and maximum degrees of
vertices in G are denoted by 8(G) and A(G) respectively. A dominating set D of G is a subset of V (G) such
that every vertex in V - D is adjacent to one vertex in D. A dominating set of G of minimum cardinality is a
minimum dominating set of G and it cardinality is the domination number of G. It is denoted by y(G). A
dominating set S is a perfect dominating set of G if [N (v) N S| =1 for each v € V- S. Every graph G has at
least the trivial perfect dominating set consisting of all vertices in V. Minimum cardinality of the perfect
dominating set of G is the perfect domination number of G and it is denoted by v,(G). Motivated by this
definition, the strong perfect domination in graph is defined. In this paper strong perfect domination number
of standard graphs and their middle graphs are determined.

Definition 1.1: The middle graph M(G) of a graph G is the graph whose vertex set is V(G)UE(G) and in
whichtwo vertices are adjacent if and only if either they are adjacent edges of G or one is a vertex of G and
the other is an edge incident with it.

Definition 1.2:The wheel W, is defined to be the graph K;+C,,_;,n>4

Definition 1.3: The helm H, is the graph obtained from the wheel W, with n spokes by adding n pendant
edges at each vertex on the wheel’s rim.

Definition 1.4: A flower is a graph obtained from a helm by joining each pendant vertex to the central vertex
of the helm.

Definition 1.5:Bistar is the graph obtained by joining the apex vertices of two copies of star Ky ..

Il. STRONG PERFECT DOMINATION IN GRAPHS
Definition 2.1: A subset S € V (G) is called a strong (weak) perfect dominating set of G if |[Ng(w)N S| = 1(N
w(WNS| =1 for every ue V(G) — S where Ng(u) ={v € V(G)/ deg v > deg u} (N, (u) = {v € V(G)/deg v <
deg u}). The minimum cardinality of a strong(weak) perfect dominating set G is called the strong(weak)
perfect domination number and is denoted byys,(G)(Yuwp(G)).

Remark 2.2: The maximum cardinality of a strong (weak) perfect dominating set of G is called the strong
(weak) perfect domination number and is denoted by I'sy(G) (Twp(G)).

Example 2.3: Consider the following graphs G.

VoV3
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Fig. 1
Let S = {vava}, INs(v)N S| = Hvava}nS| = {v2}| = 1, [Ns(Va)NS| =[{va,v2}nS|=[{v2}= 1,INs(vs)NS| =
{v:}n S| = {vs}| = 1. Therefore S is a strong perfect dominating set of G. T = {v,,vs}, [Ns(v)NS| =
INs(v3)NS| = [Ns(V4)NS| = {v,} = 1. T is also a strong perfect dominating set of G. Therefore y4,(G) < 2. G has
no full degree vertex. Therefore ys,(G) > 2. Hence v4,(G) = 2.

Remark 2.4: 1 < y;,(G) < n where n =|V (G)|. For: If G has a full degree vertex thenyg,(G) = 1 and
Yspo(Kmn) =m+n, mn= 2, m=n.

Remark 2.5:y (G) <y (G) < v5(G).
Remark 2.6: A strong dominating set of a graph G need not be strong perfect dominating set of G.

Example: Consider the following graph G

V1 VoV3Vy

VgVs5VeV7

Fig.2

Let S = {v,, v3} is a strong dominating set but it is not a strong perfect dominating set. Since|Ny(vs)NS| =
INs(ve)NS| = [{va,vs} = 2 # 1. Hence S is not a strong perfect dominating set of G. T; = {v,,v4,v7}, T2 =
{v1,v3,vg} and T3 = {v,,v3,Vs,ve} are strong perfect dominating sets of G. ys,(G) = 3 and I'y,(G) = 4.Therefore

¥s(G) <¥5(G).

Theorem 2.7: For any path P,
nif m = 3n,neN
Then yp(Pm) = yn+ 1if m =3n+ 1,neN
n+2if m=3n+2,neN

Proof:Case (i): Let G =P3,, n € N. Let vy, V,, Va,....,v3, be the vertices of G. {v,,Vs,....,vs, _ 1} IS a strong
perfectdominating set of G. vs,(G) < nfor all n € N. Since n =y ((G) <ys(G). Therefore yg5(P3n) = n for all
neN

Case(ii):Let G=P3,.1,neN.Letvy,Vy,....,vanbe the vertices of G.{V,,V5,Vs,....,Van
1Vans1}{V1,Va, Vs, ..., Van b {V2, V3 ve....,Van} are some strong perfect dominating sets of Pgni1.ysp(Pans1) < ntl
for all n € N. Since n+1 = y4(P3n41) < Ysp(Pan+1). Therefore ygp (Pansa) = n+1.
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Case(iii):
LetG=P;,.5,neN. LetV(G)={V1,V2, . .V3n,V3n+1,V3n+2}.{V1,V3,V6, v .,Vgn,Y3n+?},{V2,V5,V8, ........ ,Y3n.
1,30 Vansp@nd{vo,Vs,Vg........... ,V3n-1,Van,Van+2} are some strong perfect dominating sets of P3n.,. Since n+2 =

Ys(Pan+2) < Ysp(Pans2). Hence ygp(Pansz) = N+2.
Theorem 2.8: For any cycle Cy,

nifm=3n
Thenys,(C) = sn+1lifm=3n+1
n+2ifm=3n+2

Proof:

Case(i): Let G =Cj3, n € N. Let V(G) = {V1,V2,....,V3n}. {Vl,V4,V7,....,V3n_2},{V2,V5,V8, ................... ,Van _ 1}
and {Vz,Vg,Vo,....,van} are strong perfect dominating sets of Csn. v55(Csn) < n for all n €N. It is verified that
there is no strong perfect dominating set of n-1 vertices. Therefore yg ) >n. Hence yg(Csn) = n forall n € N.
Case(ii): Let G= Cana, n € N. Let V(G)= {V1.Vo,....Vane }-{V1,V2, Vs, . . Vanay,
{V2,V3,V6,.....Van} {Va,Va,V7,....,vans1} are some strongperfect dominating sets of Cgqsq. Therefore ygp(Cane1) <
n+1,n € N. It is verified that there is no strong perfect dominating set of n vertices. ys(Cani1) = nt1. Hence
Ysp(Cans1) = N+1.

Case(iii):Let G = Czu2 N EN. Let V(G) = {Vl,Vz, ..... ,V3n+2}.{V1,V2,V3,V5,....,Vgn},{Vz,Vg,V4,V7,...
oo Vanit 1 {V3,Va, Vs, Vs, . ..., Vanio} are some strongperfectdominating sets of Caqio. Ysp(Caniz) < nt2 for alln €
N. It is verified that there is no strong perfect dominating set of n+1 vertices. ysp(Csn2)>n+2. Hence
Ysp(Canvz) = N+2.

Theorem 2.9: Let G be a connected graph with n vertices. If A (G) =n — 2 and G contains exactly two
maximum degree vertices which are non-adjacent then y4,(G) = n

Proof: Let u and v be two non-adjacent vertices in G such that degu=degv=A(G)=n-2. LetSbhea
strong perfect dominating set of G. S must contain u and v. Also the vertices other than u and v must belong
to S. Since otherwise [Ns(w)NS| > 2, where w €V(G), w # u,v, a contradiction. Hence ys,(G) = n.

Remark 2.10:

1 yp(Kn)=1,n€N.
2. 7p(Kin) =1, n€N.
3yp(Wn)=1,n€eN.

Theorem 2.11: y55(D ) = 2. 1,5€ N

Proof: Let G = D,.. Let u and v be the central vertices of G. Let uy,uy,....,u, be the vertices adjacent with u
and vy,v,,....,Vs be the vertices adjacent with v. Clearly {u , v} is the unique strong perfect dominating set of
G. Therefore v4(G) = 2.

) _ 2ifm=n
Theorem 2.12:y5p(Kmp) = {m +nifm £n
Proof: Let G = Ky p.
Let V(G) ={vy,Va,....,VmU1,Us,....,un}.
Case(i): Let m = n. {v;,u;} 1 <i,j <nis a strong perfect dominating set of G. Hence ys,(G) < 2. Since G has
no full degree vertex, ys,(G) > 2. Hence v4,(G) = 2.
Case(ii):Let m # n. Without loss of generality let m < n, degvi>degu;, 1 <i<m, 1 <j < n. Each v; strongly
dominates all u;’s, 1 <j <m and v;’s are mutually non adjacent. Let S be a strong perfect dominating set of
G. Then S contains all v;, 1 <i<m. Some [Ng(uj)NS| > 2, all uy;’s belong to S. Hence ysp(Knn) = m+n.

Theorem 2.13: Let G be a connected graph with [V (G) | = n then v4,(GO K;) =n

Proof:Let V(G) = { v1,Va,....,vny. Let Uy, Uy,....,u, be the vertices such that viand u; are adjacent. Let S be a y,
— set of G.Let |S| = mym < n. The vertices in S strongly unique dominate the pendant vertices u ;’s.
Remaining n — m pendant vertices together with vertices ofS form a strong perfect dominating set of
GOKj.Hence ys,(GOKy)) =m+n-m=n.
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Theorem 2.14: yo(Hy) =n+1,n>3.

Proof: Let V(H,) = {V,v3,Va,....,vp,Ug,Up,...,un b E(Hy) = {wwi/ 1 < i < njU{vuy/ 1 < i < n} U{v/
1<i<n-1}U{vyvidU{viui/ 1 <i<n }. {v}u{ugU,,....,us} is the unique strong perfect dominating set of
Hn. Hence ysp(Hp) = n+1.

Theorem 2.15:Let G be a connected graph ys(G) = 1 if and only if G contain atleast one full degree vertex.

I1l. STRONG PERFECT DOMINATION IN SOME MIDDLE GRAPH

Theorem3.1: Let Py, be the path on m vertices, m > 2.

Thenyg(M(Pr)
_{ 2Zn—1lifm=3nn=>2
2n+1lifm=3n+1lor3n+2,n=>1

Proof: Let V (Pm) = {V1,Va,....,vm} and E(Py,) = {ei/ej = ViVisy,1 <i<m -1}

Case(i): Let m = 3n, n > 2 V(M(P3,)) = {V1,V2,....,V3n,€1,€2,....,€3n — 1}. EACh €; is adjacent with v; and vj,q, 1<
i <3n — 1. Their vertices v;’s are mutually non adjacent. Also e;j is adjacent with ej,1,1 <j <3n — 2.The sub
graph induces by ej,ey,....,e3, 1 is a path Pg,_1 S = {e1,€3,6s,...-,63n _ 3,€3n - 1,V5,Vs,....,Van - 4} IS the unique
strong perfect dominating set of M(P3).|S| = 2n — 1. Hence y5p(M(P3n)) =2n—1,n> 2.

Case(ii): Let m = 3n+1, n > 1. V(M(P3n+1)) = {V1,Va,....,Vans1,€1,€2,. . ...,€3n3.EaCh e is adjacent with v; and Vi.q,
1 <1< 3n and each ¢; is adjacent with g1, 1 <j< 3n+1. T = {e,,65,€s,...€30n_1,V1,Va,V7,...Vans1} IS the unique
strong perfect dominating set of M(Pap.1).|T| = 2n+1.

Case(iii): Let m = 3n+2, n > 1. V(M(P3pn+2)) = {V1,V2,....Van+2,€1,€2,....€3041}- Each g; is adjacent with v; and
Viz1,1< 1 <3n+1 and each ¢ is adjacent with ej.1,1<j<3n. Any strong perfect dominating set must contain
either e, or e, Since if both e; and e, belong to any strongperfect dominating set S then | Ny(v2)NS| = |{e1,e2}|
= 2 >1, a contradiction, Hence no other strong perfect dominating set without e; and e, exists. S; =
{91,6‘3,66, ............... 3n 3,6‘3n,V5,V8,....,V3n_1,V3n+2} S, = {ez,es,eg,......,egn _ 1,€3n +1,V1,Va,V7,....,V3y _ 2} are
strongperfect dominating sets of M(Pz:2), n > 1. |Sq = 2n+1 and [S,| = 2n+1. Therefore ysp(M(Pans2) <
2n+1, n> 1. It is verified that no other strong perfect dominating set of 2n vertices exist. Hence ysp(M(P3n+2))
> 2n+1. Therefore ysp(M(P3n+2) =2n+1,n>1

2nifm=3n
Theorem 3.2:LetC, be the cycle on m vertices theny,(M (C)) =42n+2if m=3n+1
2n+4ifm=3n+2

Proof: Let G=C,,, m > 3. Let V(G)={v1,Vy,....,vm}. Let E(G)={ei/ei=VVi.1,1<i <m-1} U{en=vivn}. V(M(G))
= {V1,Va,....,V3,,€1,62,....,€3n}.EaCh €; is adjacent with ej,;,1< i< m -1 and e; and e, are adjacent. Each v; is
adjacent with e; and ej.1,1< i <m — 1.The vertex v, is adjacent with e; and en,,dege; = 4 = A(G),1< i <m and
degvi=2,1<i<m.

Case(i):Let m = 3n, n > 1.The sub graph induced by ey,€,....,e3, IS Csn.Let S = {ey,64,67,...,€31_ 2 }.Each g; in
S strongly dominates €; _ 1,€+1,Vi,Vi - 1,4 <1 < 3n — 2 and e; strongly dominates e;,ezn,Va, and vy.Since the
vertices V,,Vs,....,va, 1 IS not dominated by any vertex of S and they are not adjacent with one another. They
together with S form a vy, — set of M(G).Similarly S,= {e,,€5,€5,................ ,830-1,V3,V,....,Van} and Sz =
{€3,66,€0,....,€3n,V1,V4,V7,.. ..,V3n -2} are the yg, - Sets of M(G). |Sj| = 2n, i = 1,2 and 3. Therefore y5,(M(Csn)) <
2n. It is verified that no other strong perfect dominating set of 2n - 1 vertex exists. Hence ys,(M(C3n)) > 2n.
Therefore ys,(M(Csp)) = 2n.

Case(ii): Let m = 3n+1,n>1.The sub graph induced by ey,e,,....,e3n+1 IS Cans1. Lt S = {€1,€2,85,........... ,€3n-
1V1}. Each e;in S strongly dominates e;.1,6i41,Vi, Vi1, 5 <i<3n-1and e;,e, strongly dominate e e3,.1,V3 and
V3n+1. Since the vertices vy,vo,....,v3, are not dominated by any vertex of S and they are not adjacent with
one another. They together with S form ayg, — set of M(Capyiq). 1.€) Sy = {€1,€2,€5,. . ...830-1,V1,Va,V7,.. .., Van}. [Sa
= 2n+2.Therefore ysp(M(Csns1)) < 2n+2. It is verified that no other strong perfect dominating set of 2n+1
vertex exists. Hence YsM(Can+1) > 2n+2. Thereforeys;M(Csns1) = 2n+2.
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Case(iii): Let m = 3nt2n > 1. The subgraph induced by e1,6;,....,€30+2 IS Cspsp. Let S=
{e1,62,€3,6s,....,€3n,V1,Vo}. Each e; in S strongly dominates e;.1,8j+1,V;,Vi.1, 6 < i< 3n and ey,€,,€3, are strongly
dominate e4,€3n42,V1,Van+1. Since the vertices vy,vo,....,van+1 are not dominated by any of S and they are not
adjacent with one another. They together with S form a vyg- set of  M(Csnip). 1.8) Si=
{€1,62,€3,€6,....,830,V1,V2,Va,V7,....,Vans1}. |S1| = 2n+4. Therefore v5(M(Caniz)) < 2n+4. It is verified that no
other strong perfect dominating set of 2n+3 vertices exists. Thereforeys;M(Csni2) > 2n+4. Hence ysp(M(Cani2)
=2n+4.

Theorem 3.3: Let G=K; ;n>1,then ygoM(Kyn)) = n ysp(Kyp).

Proof: Let V(G) = {V,V1,Va,....,vp} deg v =nand deg v; = 1,1 <i <n, E(G) = { eile; = w;,1< i<n}. VIM(Ky,))
= {V,V1,Va,....,Vn,1,E2,....,en} V and v; are adjacent with e;,1 < i <n and each e; is adjacent with all other g;’s.
Therefore the sub graph induced by {v,e;,€,,....,e,}is a complete graphK,.;,deg v = n, dege; = n+1 = A(G),1 <
i<nanddegvi=1,1<i<n. Each ejstrongly dominatesv ,viande; 1 <j<n,forl<i<n,i#j. Sj={
eifU{ vj/l <j<n,j#i} isay,, —set of M(Ky,) and [Sj| = n. Thereforeys,(M(Kyn) = n ysp(Kyp).

Theorem 3.4: y55(M(Dyg)) = rts+1, 1,s>1

Proof: Let V(Dys) = {u,v,UpUz,....,urVi,Vo,....,vs}. Lete = uv, g = uju, | <i<r, ffj=vjv, 1 <j<s. LetG =
M(Dys). V(G) =V(Drg)u{eeifj, 1 <i<r, 1 <j<s}, dege=r+s+2 = A(G), degu =r+1, deg v =s+1 degu; =
degvj=1,1<i<r, 1<j<s, degei=r+l, | <i<r, deg fi= s+1, 1 < j< s.{e,ug,Uy,....,.u,Vy,Vy,....,vs} iS the
unique strong perfect dominating set of G. Hence ys(G) = r+s+1.

IV. CONCLUSION
In this paper strong perfect domination number of standard graphs and their middle graphs are determined.
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