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Abstract

A bipolar fuzzy graph is a generalization of graph theory by using bipolar fuzzy sets. The bipolar fuzzy
sets are an extension of fuzzy sets. In this paper the concept of an edge regular bipolar fuzzy graph is introduced
and some relationship between degree of a vertex and degree of an edge in bipolar fuzzy graphs are studied.
Also some properties of an edge regular bipolar fuzzy graphs are provided.
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I. INTRODUCTION

In 1965,L.A.Zadeh[1] initiated the concept of bipolar fuzzy sets as a generalization of fuzzy sets.
Bipolar fuzzy sets are an extension of fuzzy sets whose membership degree range is [-1,1]. In a bipolar fuzzy set,
the membership degree 0 of an element means that the element is irrelevant to the corresponding property, the
membership degree (0,1] of an element indicates that the element somewhat satisfies the property, and the
membership degree [-1,0) of an element indicates that the element somewhat satisfies the implicit
counter-property. Although bipolar fuzzy sets and intuitionistic fuzzy sets look similar to each other, they are
essentially different sets. In many domains, it is important to be able to deal with bipolar fuzzy information. It is
noted that positive information represents what is granted to be possible, while negative information represents
what is considered to be impossible. This domain has recently motivated new research in several direction.
Akram[2] introduced the concept of bipolar fuzzy graphs and defined different operations on it. A.Nagoorgani
and K.Radha[3,4] introduced the concept of regular fuzzy graphs in 2008 and discussed about the degree of a
vertex in some fuzzy graphs. K.Radha and N.Kumaravel[5] introduced the concept of edge degree, total edge
degree and discussed about the degree of an edge in some fuzzy graphs. S.Arumugam and S.Velammal[6]
discussed edge domination in fuzzy graphs.A.Nagoorgani and M.Baskar Ahamed[7] discussed order and size in

fuzzy graph. A.Nagoorgani and J.Malarvizhi [8] discussed properties of it complement of a fuzzy graph. In this
paper we introduce edge regular bipolar fuzzy graph. We provide some relationship between degree of a vertex
and degree of an edge. Also we study some properties of edge regular bipolar fuzzy graph.

Il. PRELIMINARIES

In this section, some basic definitions and preliminary ideas are given which is useful for proving theorems.

2.1.Bipolar fuzzy graph[1]: By a bipolar fuzzy graph, we mean a pair G = (A,B) where

A= (uh,p)is a bipolar fuzzy set in V and B = (g, k) is a bipolar fuzzy relation on E such that
g () < min (uf (), 13 () and pf (x,y) = max (uf (x), 1 () for all(x, ) € E. We call
A the bipolar fuzzy vertex set of V, B the bipolar fuzzy edge set of E respectively. Note that B is symmetric
bipolar fuzzy relation on A. we use the notation xy for an element of E. Thus,

G = (A\B) is a bipolar fuzzy graph of G* = (V, E) if ug (xv) < min (uj(x), u5(v)) and
ph (xy) = max (pf (x),p (v)) forall xy €E,

2.2. Degree of a vertex[8]: Let G:(A,B) be a bipolar fuzzy graph on G*: (V, E). The degree of a vertex
(e (), 1 () is d g (e (), 11y () = Z (g (o) e (29)) = e (g (x3), 15 (237))

The minimum degree of G is §(G) =N {d - (u5(x), u (x)), ¥ x e V}

The maximum degree of G is §(G) =U {d (5 (x), 1 (%)), Vx e V}
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2.3. Total degree of a vertex[4]: Let G:(A,B) be a bipolar fuzzy graph on G*: (V, E). The total degree of a
vertex (puf (x), gl (x))is t dg (uf (x), 1 (%)) = X x=:;(au§ (), g (x3)) + (G (), 1y ()

xVE
2.4. Degree of an edge in a graph[6]: Let G*: (V, E) be a graph and let ¢ = uw €E be an edge in G*. Then
the degree of the edge uw €E is defined by dg+ (uw) = dg+(u) + dg+(v) — 2

2.5. Degree of an edge in a bipolar fuzzy graph[5]: Let G:(A,B) be a bipolar fuzzy graph on G*: (V, E}. The
degree of an edge (g (x¥), g (x¥))is
e (50). 4 0)) == (425 00, ek 00+ e ((1af (¥, 1 ()= 20 09, 14k ()

= EIE_FE (_ﬂ»ﬁ (.’IZJ;[—LE: (xz]) + E}'E’EE (P-I'g (}sz:ﬂg (}?Z]j]
XEE ¥E=

The minimum edge degree of G is J¢ (G) = m{dG (,ug (Xy), 18 (xy))#xy € E}
The maximum edge degree of G is §(G) = U {d (ugz(xv),un(xy)), ¥ xy € E}

2.6. Example.

x (0.2,-0.4) Y_—————_
0.2,- 0.5) (0.5,-0.4)

(0.1,-0.5)

(0.6,-0.4) W

Fig.2.1
dG (P"ﬁ(x]rﬂﬁ [:x:]j = (D'Er_ﬂ'gj
t dG [:.I['Cfil> (xj,ﬂlﬁ [xj] = (0'5:_1'4:]
5(6)=(0.3,-1.1)
A(G) = (1.0,—0.4)
de (g (xy), 143 (xy)) = (04,-0.7)
t dg (pg (xy), u3 (xy)) = (0.6,—1.1)
5:(6) = (0.4,—1.3)
AL(G) = (1.1,-0.7)

2.7. Order of a bipolar_fuzzy graph[7]: The order of a bipolar fuzzy graph G is defined by
0(6) = Z e (), 1 ().

2.8. Size of a bipolar fuzzy graph[7]: The size of a bipolar fuzzy graph G is defined by

2.9. Regular bipolar fuzzy graph[3]: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E'). If each vertex in G
has same degree k then G is said to be regular bipolar fuzzy graph (or) k-regular bipolar fuzzy graph.

2.10. Theorem([7]: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E'). Then
T eer Ao (5 (x), 1 (x)) = 25(6).

2.11. Theorem[3]: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E'). Then
3 tdg (42F (9, 1) (9 = 25(G) + O(G).

xeV

I1l. SOME RESULTS BASED ON VERTEX DEGREE AND EDGE DEGREE

3.1. Theorem: Let G: (A,B) be a bipolar fuzzy graph on a cycle G*: (V, E'). Then
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EIEV dG [H’ﬁ [.’Ij, I"t’i [.'IIj) = Ex}'EE dG [ﬂg (x}r:]rﬁg [:x}r:])
ie) Xyey dg (v) =Xy ep do (uv).

3.2. Theorem: Let G: (A,B) be a bipolar fuzzy graphon &*: (V, E'). Then
Zoyes o (pg(xy),ug (x)) = D do. (ud (), 5 () (a2 (Xy), g (xy)) Where

dg- (g ), 2g () = d - (2a (), 214 () +d - (20 (¥), 2 (y)) — 2 forallx, y eV
Proof:

By the definition of edge degree in a bipolar fuzzy graph, edge degree is sum of the membership values of its
adjacent edges.

Therefore in X, <z d¢ [,u,g (xv), i (xy) ),every edge contributes its membership value exactly number of
edges adjacent to that edge times.

Thus, in Zpe g de (B (ey), 1 (xy) ) each (pf (x), 15 (x¥)) appears dg= (g (x37), 1 (x3))
times and these are the only values in that sum.

Hence X,ye s do (1B (x3), 45 (x3)) =X,y cp do (5 (x37), 15 (x37) ) (5 (x3), 15 (x37)).

3.3. Theorem: Let G: (A,B) be a bipolar fuzzy graph on a k-regular bipolar fuzzy graph G*: (V, E'). Then
Tapez o (62 Gey). ¥ Gey) ) = 20k - 1)5(6)

IV. EDGE REGULAR BIPOLAR FUZZY GRAPHS

4.1. Edge regular bipolar fuzzy graph: Let G: (A,B) be a bipolar fuzzy graph on G* : (V, E). If each edge in
G has same degree k, then G is said to be an edge regular bipolar fuzzy graph (or) k-edge regular bipolar fuzzy
graph.

4.2. Remark: G is k-edge regular bipolar fuzzy graph if and only if 6z (G) = Az(G) = k.

4.3. Remark: A complete bipolar fuzzy graph need not be edge regular. For example, in figure 4.3, G is not
bipolar edge regular, but it is complete.

4.4. Example: Consider the following bipolar fuzzy graph G: (A,B)

x 0.4,-02) y_———— _

(0.7,-0.9)

(0.4,- 0.6)

(0.4,-0.3) {0.7,-0.9)  |(0.3,-0.6)

(0.9,-0.7)
0.3,-0.7) 2

Fig.4.1
Here, G is (1.4,-1.8) edge regular bipolar fuzzy graph. But it is not a regular bipolar fuzzy graph.

4.5.Example: Consider the following bipolar fuzzy graph G: (A,B)
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X (05-06) y ———~

(0603) (06,03)

(05-06) 2

Fig.4.2
Here G is (1.1,-0.9) regular bipolar fuzzy graph. But it is not an edge regular bipolar fuzzy graph.

4.6. Example: In the following figure 4.3, G is neither edge regular nor regular bipolar fuzzy graph.

Fig.4.3
4.7. Example: Consider the following bipolar fuzzy graph G: (A,B).

(0.8-09)

03-0.2)

Fig.4.4

Here G is both (1.2,-0.8) edge regular bipolar fuzzy graph and (0.9,-0.6) regular bipolar fuzzy graph.

4.8 Remark: From the above examples, it is clear that in general there does not exist any relationship between
edge regular and regular bipolar fuzzy graph.

4.9. Theorem: Let B be a constant function in G: (A,B) on G*: (V, E). If G is regular, then G is an edge
regular bipolar fuzzy graph.
Proof:

Let (15 (x3), 1 (x3) ) = c for all xy € E, where c is a constant.
Assume that G is a k-regular bipolar fuzzy graph.

Then dz [ﬂi[x],;.c‘;f [x:]) =kforalx eV

By definition of edge degree,
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do (5 00), 1y () == d ((aef (%), 12l (%)) g ((ual (), 2 ()~ 2( B0y, 12 (%))
forallxy € E

de (pg(xy), u (xy)) = 2(k — c) forall xy € E
Hence G is an edge regular bipolar fuzzy graph.

4.10. Remark: The converse of above theorem need not be true.

4.11.Theorem: Let G: (A,B) be a bipolar fuzzy graph on a k-regular bipolar fuzzy graph G*: (V, E'). Then E is
a constant function if and only if G is both regular and edge regular bipolar fuzzy graph.
Proof:

Let G: (A,B) be a bipolar fuzzy graph on a k-regular bipolar fuzzy graph G*: (V, E').
Assume that E is a constant function.

Let [,ug (xv), (x}r]) = ¢ forall xy € E, where c is a constant.
To prove that G is both regular and edge regular bipolar fuzzy graph.
Since G* is k-regular, dee(pf (), 1 (x)) =k forallx € V
o dg (ph (), uf () = Ty e s(0f (x3), 18 (xy) ) forall x € V
= Ex;—esc forallx € V

=c d-(ph(x), u(x)) forallx € V

de(ph (), 1 (x)) = ckforallx € V

Hence G is a regular bipolar fuzzy graph.
Now,

de (ps(xy), uf (xy)) =Xazek ¢ + Layerclorall xy € E
xXEE

EZY
=c(k-1) + c(k-1) forall xy € E
o dg (pE(ey), e (xy)) = 2¢(k — 1) forall xy € E
Hence G is also edge regular bipolar fuzzy graph.
Conversely,assume that G is both regular and edge regular bipolar fuzzy graph.

Let dg [Hﬁ(x]rﬂﬁ (3‘3]) =k, forallx €V
& dg(ug(xy),ul (xy)) = kyforallxy € E

To prove that E is a constant function.
By definition of edge degree,

ky=ky+ky— 2((.“5 (x}r],pg(xy]), forallxy € E
((uiCew), 1l (x3)) = (2ky — k) /2 forallxy € E
Hence E is a constant function.

4.12.Theorem: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E') such that E is a constant function. Then G
is edge regular if and only if G* is edge regular bipolar fuzzy graph.
Hence G is edge regular bipolar fuzzy graph.

4.13.Theorem: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E') such that E is a constant function. Then G
is regular if and only if G* is regular bipolar fuzzy graph.

Proof:

Let (5 (), u¥ () ) = c forall xy € E, where ¢ iis a constant,

Assume that G is regular bipolar fuzzy graph.

Let de(pf(),u(x))=kforallx €V

Then
dg [I-‘i[x]r#ﬂ (x]) = Ex}-ea[ﬂg [xy],ﬂﬁ [x}r]l forallx € V
I:}'
k = Ex}'EEC
xEY

k=c ds'[ﬂfﬁ [x],p:;[x]) =mforallx €V
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d. [ﬁﬁ(x],pﬁ (x]) =k/cforallx eV
Hence G is regular bipolar fuzzy graph.
Conversely, assume that G~ is m-regular bipolar fuzzy graph.

Then dg-(pf(x),u} (x)) =mforallx € V
dg (f-"i (x]rﬁﬁ [x]) =Xayeec, forall x EV
s

=y
de (1 (), 1 (%)) = ¢ dg= (15 (), 1} (%))
de(ph(x), 1 (x)) = em ,forall x € V
Hence G is regular bipolar fuzzy graph.

4.14. Theorem: The size of a k-edge regular bipolar fuzzy graph G : (A,B) on a k- edge regular bipolar fuzzy
graph G* : (V. E) isi—kwhere q = |E|

Proof:
The size of G is
S(G) = Xyee(pf (x¥), up (x¥))
xEY
Since G is k-edge regular bipolar fuzzy graph and G * is k4 edge regular bipolar fuzzy graph,
de (g (), uf (x3)) = k, dg+ (g (x9), 18 (xv)) = ky forall xy € E
By theorem 3.2

Ex}'EE dG (_F’g [:.'X}F:],ﬂ,ﬁ [:x}r:]) =Ex}'EE I'T'Cl (_F’g [.X}Fj,ﬁﬁ [.X}Fj)
gk = k; 5(6)

k
Hence S(G) = :_

V. CONCLUSION

In this paper, we have found some relationship between degree of a vertex and degree of an edge in
bipolar fuzzy graphs and studied some results between regular and edge regular bipolar fuzzy graphs. The
results discussed may be useful for further study on totally edge regular bipolar fuzzy graphs.
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