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Abstract

In this article, we start from the combinatorial version of the coupon collector problem, in order to
generalize it to the infinitely generated groups. We introduce it analogously to the waiting time in order to
complete an n-collection and then after, we establish the graph invariance associated with a finitely generated
group. We compute the average of this waiting time for monogenic and free groups.
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. INTRODUCTION

The coupon collector problem is a standard combinatorial problem which consists of estimating the expected
number of coupons purchases needed to complete the collection of all possible n different types.

By generalizing this problem, let the coupons be obtained by using an arbitrary probability distribution, and
then consider other related process, the problem has been found to be modelled by many practical situations.
The usefulness of this model has been seriously hampered by the computational difficulties in obtaining any
numerical results concerning moments or distributions (see [1,2]).

In this article we give an interpretation of the problem of the collector in terms of random walks.

For more details on random walks one can see [4,5,6,9,10;11]. We will establish, as in [3,7], an invariant of
locally compact groups.

Therefore, we consider a finitely generated group G with neutral element e. Let S be a finite minimal generating
subset of G.We define for all x of G — {e} the length of x by :
I((x)=Min{k € N*; 35;,5),.e. ,Sp: X= 51,5 ....5:}, L;(e)=0.

LetS* = {x € G |l;(x) = k},and B,(S) = {x € GT|l,(x) < n}, where G* = U,, oy S™.
For a positive integer n we consider Q= GV,

Let X; : Q — G be the i-th canonical projection.

We denote by A|B the event A such that B is realized.

We define a probability P on €, such that ( X,,) is a Marrkov chain, with transition rule given by:

ls(g)

Card (Bn-1(5)) "’ and

EeN,BeS,§e B (HOX(Q,P Xy =gl Xe=g)=

- — — (1. ls(g) 1
PKivi =951 X =g)=(1 Card (Ba—1(5)) ) cara ®’

& eN, e (B,(S)— Br1(9)) OX4(Q) P Xpp1 =91 X =9) =1
and P (X,,,1 =L |X, = g) = 0inthe other cases. And X, has a uniform (B,,_; (S)) distribution.

We define the random variable U,, = card{k ;l;(X;) <n — 1}, which is the waiting time of arrival at the first
element of length n in G.

We remark that for finite groups U,, = +oofrom a certain rank, in the next we suppose that G is infinite.We are
interested in asymptotic behavior ofis(n) = E(U,, | X, = e)in the folllowing sense:

For two real valued functions f, g defined on a discrete subset of ]0, +oo[, we define the relation f < g by:
Ja,B €]0,+x[, Vx €]0,4[ ; f(x) < ag(fx) + a

where fand gare the linear interpolations of f and g. When f < g and g < f, we write f = g.The
asymptotic behavior of f is the equivalence class of f for the relation = .
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1. STABILITY OF THE ASYMPTOTIC BEHAVIOR OF THE AVERAGE WAITING TIME
Ps(n)

In this section we show that the asymptotic behavior of ¢ (n)is independent of the generating set S, which
allow us to construct an invariant of the Cayley graph (G1,5).

Proposition 1.
If S and S’ are two minimum generating sets of G such that G* = U,, oy S™ =U,, oy S™ then 5(n) = Pg(n).

Proof.
There exists a positive integer p such that S c ULOS”‘. By an induction on i, one gets
{i,lX)<n-1} c {i,lg(X;)) <np-—-11},
hence
EUy) < E(U').
It follows that Y (n) < Y(np)hence YPs(n) < YPs(n), and exchanging the roles of S and S’ we obtain the
result.m
In the sequal, we denote 1 (n)the asymptotic behavior of ¢(n).

1. FOR INFINITE MONOGENIC GROUP

In this section we prove the following result.

Theorem 3.1.
If G is an infinite monogenic group, then the average waiting time on G satisfies ¥ (n) = nin(n).

Proof.
The group G is monogenic, then there exists a € G such that S = {a} is a minimal generating subset of G .We
can write U, = card{k ;ls(X;) <n} = ¥ix11(x,ep,_,} O Un = lixpen, o3 + VowhereV, = ¥ 1(x,e8, 4}
Fork €10, ..... ,n—13}, letu(n, k) = E(U, |ls(Xy) = k), sop(n) = u(n,0).
Then forall k € {0, ... ... ,n—1},
u(n k) = E(U, |ls(Xo) = k)

= E(V 1s(Xo) = k) + 1

= E(Vn |ls(X0) =k, ls(X1) =k) P(ls(Xl) =k| ls(Xo) =k ) + E(Vn |ls(Xo)
= EW, [ls(X1) =k )P(Is (X)) =k | s(Xp) =k) + EW, |Is(X1)

-1
unk+1)+1,

Henceu(n, k) = u(n, k + 1) + nnTk so, u(n,0) = 23—171"7 = niln(n)and it follows that Y (n) = nin(n). =

k
= —u(nk) +
n

V. FOR A FREE GROUP

Free groups form a fairly representative class of non-amenable groups (see [8]).For a free group, we have the
following result.

Theorem 4.1.
Let G be a free group with pgenerators,p > 1. Then the average waiting time of the visit of the n —th ring is

Yn) =n.

Proof.

We consider a minimal generating subset S = {x;, ... ....., x, } of G.Keeping the notations introduced in the
preceding section, we have
uln, k) =1+ pk—nu(n, K+ 1 - pin)u(n,k + 1),

therefore;
1

k ’
1—
pr

un, k) — u(n,k+1) =
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pTL
pt-n+1’

hence (n,0) = Y2_i——, andweobtainn <y((n) <n and the result follows.m

1
1_p"

V. LOWER AND UPPER BOUNDS OF y(n)
We have the following property about the lower bound y(n).
Proposition 2.
For any finitely generated group G, ¥(n) =n.
Proof.
When X, = e is realized, then X; = X, or X; € S, hence l;(X;)e {0,1}, and by induction

LX) <n—-1,kX)<n—-1,......,Is(X,_1) <n— 1are realized, we get{0, ... ... n—1} c{i, (X)) <
n} , henceE (U, |X, = e) =n, so we obtain the lower bound.m

Proposition 3.
For any finitely generated group , for non slow random walk , (n) < nin(n).

Proof.

We have
k k
u(n, k) < card 5 uln, k) + a1- W)u(n,k +1)+1
and since the random walk on G is not slow then for any n, we have S* < S™*1, so for all positive integer n,

card(S™) = n,then
= card(S™) = n
< — = < — < )
u(n,0) < kz_ocard(sn) < ;n_k <n(1+In()
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