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Abstract  
             In this article, we start from the combinatorial version of the coupon collector problem, in order to 

generalize it to the infinitely generated groups. We introduce it analogously to the waiting time in order to 

complete an n-collection and then after, we establish the graph invariance associated with a finitely generated 

group. We compute the average of this waiting time for monogenic and free groups. 
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I. INTRODUCTION 

 

The coupon collector problem is a standard combinatorial problem which consists of estimating the expected 

number of coupons purchases needed to complete the collection of all possible n different types. 

By generalizing this problem, let the coupons be obtained by using an arbitrary probability distribution, and 

then consider other related process, the problem has been found to be modelled by many practical situations. 

The usefulness of this model has been seriously hampered by the computational difficulties in obtaining any 

numerical results concerning moments or distributions (see [1,2]).  

In this article we give an interpretation of the problem of the collector in terms of random walks.  

For more details on random walks one can see [4,5,6,9,10;11]. We will establish, as in [3,7], an invariant of 

locally compact groups. 

 

Therefore, we consider a finitely generated group 𝐺 with neutral element 𝑒. Let 𝑆 be a finite minimal generating 

subset of  𝐺. We define for all  𝑥  of  𝐺 − {𝑒} the length of  𝑥  by : 

𝑙𝑠 𝑥 = 𝑀𝑖𝑛   𝑘 ∊  ℕ∗ ;  ∃ 𝑠1, 𝑠2, ….  , 𝑠𝑘 ∶   𝑥 =  𝑠1 , 𝑠2 … . 𝑠𝑘 ,  𝑙𝑠 𝑒 = 0 . 

Let 𝑆𝑘 =   𝑥 ∊ 𝐺  𝑙𝑠 𝑥 = 𝑘}, 𝑎𝑛𝑑 𝐵𝑛 𝑆 =   𝑥 ∊ 𝐺+ 𝑙𝑠 𝑥 ≤ 𝑛}, where 𝐺+ = ∪𝑛 ∊ℕ 𝑆
𝑛 . 

For a positive integer 𝑛 we consider Ω= 𝐺ℕ. 

Let  𝑋𝑖 ∶  Ω → 𝐺  be the 𝑖-th canonical projection. 

We denote by 𝐴|𝐵 the event 𝐴 such that 𝐵 is realized. 

We define a probability 𝑃 on Ω, such that ( 𝑋𝑛)  is a Marrkov chain, with transition rule given by: 

ꓯ 𝑘 ∊ ℕ , ꓯ 𝑠 ∊  𝑆 , ꓯ 𝑔 ∊  𝐵𝑛−1 𝑆 ꓵ𝑋𝑘(Ω) , 𝑃 (𝑋𝑘+1 = 𝑔 | 𝑋𝑘 = 𝑔 ) = 
𝑙𝑆 𝑔 

𝐶𝑎𝑟𝑑 ( 𝐵𝑛−1 𝑆  )
 , and 

𝑃 (𝑋𝑘+1 = 𝑔𝑠 | 𝑋𝑘 = 𝑔 ) = (1- 
𝑙𝑆 𝑔 

𝐶𝑎𝑟𝑑 ( 𝐵𝑛−1 𝑆  )
 ) 

1

𝑐𝑎𝑟𝑑 (𝑆)
 , 

ꓯ 𝑘 ∊ ℕ , ꓯ 𝑔 ∊  ( 𝐵𝑛 𝑆 − 𝐵𝑛−1 𝑆  )  ꓵ𝑋𝑘(Ω) , 𝑃 (𝑋𝑘+1 = 𝑔 | 𝑋𝑘 = 𝑔 )  = 1 

and 𝑃 (𝑋𝑘+1 = 𝑙  𝑋𝑘 = 𝑔  = 0 in the other cases. And 𝑋0 has a uniform (𝐵𝑛−1 𝑆 ) distribution. 

We define the random variable  𝑈𝑛 = 𝑐𝑎𝑟𝑑{𝑘 ; 𝑙𝑆 𝑋𝑘  ≤ 𝑛 − 1},  which is the waiting time of arrival at the first 

element of length 𝑛 in 𝐺. 

We remark that for finite groups 𝑈𝑛 =  +∞from a certain rank, in the next we suppose that 𝐺 is infinite.We are 

interested in asymptotic behavior of𝜓𝑆 𝑛 = 𝐸 𝑈𝑛  𝑋0 = 𝑒)in the folllowing sense: 

For two  real valued functions  𝑓, 𝑔 defined on a discrete subset of ]0, +∞[, we define the relation 𝑓 ≼  𝑔  by: 

∃ 𝛼 , 𝛽 ∈  ]0, +∞[,  ∀ 𝑥 ∈ ]0, +∞[  ;  𝑓 (𝑥) ≤  𝛼𝑔  𝛽𝑥 +  𝛼 

where 𝑓 and 𝑔 are the linear interpolations of 𝑓 and 𝑔. When 𝑓 ≼  𝑔  and  𝑔 ≼ 𝑓 , we write  𝑓 ≍  𝑔 .The 

asymptotic behavior of  𝑓  is the equivalence class of  𝑓  for the relation ≍ . 
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II. STABILITY OF THE ASYMPTOTIC BEHAVIOR OF THE AVERAGE WAITING TIME 

𝝍𝑺 𝒏  

 

In this section we show that the asymptotic behavior of 𝜓𝑆 𝑛 is independent of the generating set 𝑆, which 

allow us to construct an invariant of the Cayley graph (𝐺+, 𝑆). 

Proposition 1.  

If 𝑆 and 𝑆′ are two minimum generating sets of 𝐺 such that 𝐺+ = ∪𝑛 ∊ℕ 𝑆
𝑛 =∪𝑛 ∊ℕ 𝑆′

𝑛 ,then 𝜓𝑆 𝑛 ≍ 𝜓𝑆′ 𝑛 . 
 

Proof. 

There exists a positive integer 𝑝 such that 𝑆 ⊂  ⋃𝐾=0
𝑝

𝑆′𝑘 . By an induction on   𝑖, one gets 

{ 𝑖 , 𝑙𝑆 𝑋𝑖 ≤ 𝑛 − 1 }   ⊂   {𝑖 , 𝑙𝑆 ′ 𝑋𝑖  ≤ 𝑛𝑝 − 1  }, 

hence 

𝐸(𝑈𝑛) ≤  𝐸(𝑈′𝑛𝑝 ). 

It follows that 𝜓 𝑛 ≤ 𝜓 𝑛𝑝 hence  𝜓𝑆 𝑛 ≼ 𝜓𝑆′ 𝑛 , and exchanging the roles of 𝑆 and 𝑆′ we obtain the 

result.∎ 

In the sequal, we denote 𝜓 𝑛 the asymptotic behavior of   𝜓𝑆 𝑛 . 

 

III. FOR INFINITE MONOGENIC GROUP 

 

In this section we prove the following result. 
 

Theorem 3.1. 

If 𝐺  is an infinite monogenic group, then the average waiting time on 𝐺 satisfies   𝜓 𝑛  ≍ 𝑛𝑙𝑛 𝑛 . 
 

Proof. 

 The group 𝐺 is monogenic, then there exists 𝑎 ∊ 𝐺 such that 𝑆 = {𝑎} is a minimal generating subset of  𝐺 .We 

can write  𝑈𝑛 = 𝑐𝑎𝑟𝑑 𝑘 ; 𝑙𝑆 𝑋𝑘 < 𝑛 =  ∑𝑖≥11{ 𝑋𝑖∈𝐵𝑛−1} so 𝑈𝑛 = 1{ 𝑋0∈𝐵𝑛−1} + 𝑉𝑛where𝑉𝑛 =  ∑𝑖≥11{ 𝑋𝑖∈𝐵𝑛−1} 

For 𝑘 ∈  0, …… , 𝑛 − 1 , 𝑙𝑒𝑡 𝑢 𝑛, 𝑘 =  𝐸 𝑈𝑛  𝑙𝑆 𝑋0 = 𝑘), so𝜓 𝑛 =  𝑢 𝑛, 0 . 

Then for all 𝑘 ∈  0, …… , 𝑛 − 1 , 
𝑢 𝑛, 𝑘 =  𝐸 𝑈𝑛  𝑙𝑆 𝑋0 = 𝑘) 

=  𝐸 𝑉𝑛  𝑙𝑆 𝑋0 = 𝑘) + 1 

=  𝐸 𝑉𝑛  𝑙𝑆 𝑋0 = 𝑘 ,  𝑙𝑆 𝑋1 = 𝑘 ) P 𝑙𝑆 𝑋1 = 𝑘 | 𝑙𝑆 𝑋0 = 𝑘  +                                     𝐸 𝑉𝑛  𝑙𝑆 𝑋0 
= 𝑘 ,  𝑙𝑆 𝑋1 = 𝑘 + 1)P 𝑙𝑆 𝑋1 = 𝑘 + 1 | 𝑙𝑆 𝑋0 = 𝑘  + 1  

=  𝐸 𝑉𝑛  𝑙𝑆 𝑋1 = 𝑘  ) P 𝑙𝑆 𝑋1 = 𝑘 | 𝑙𝑆 𝑋0 = 𝑘  +                                                          𝐸 𝑉𝑛  𝑙𝑆 𝑋1 
= 𝑘 + 1)P 𝑙𝑆 𝑋1 = 𝑘 + 1 | 𝑙𝑆 𝑋0 = 𝑘  + 1  

=  
𝑘

𝑛
𝑢 𝑛, 𝑘  +   

𝑛 − 1

𝑛
𝑢 𝑛, 𝑘 + 1 + 1, 

Hence𝑢 𝑛, 𝑘 = 𝑢 𝑛, 𝑘 + 1 +
𝑛

𝑛−𝑘
 so, 𝑢 𝑛, 0 =  ∑

𝑛

𝑛−𝑘

𝑛−1
0 ≍ 𝑛𝑙𝑛(𝑛)and it follows that 𝜓 𝑛  ≍ 𝑛𝑙𝑛 𝑛 . ∎ 

 

IV. FOR A FREE GROUP 

 

Free groups form a fairly representative class of non-amenable groups (see [8]).For a free group, we have the 

following result. 

 

Theorem 4.1. 

Let 𝐺  be a free group with 𝑝generators,𝑝 > 1. Then the average waiting time of the visit of the 𝑛 −th ring is 

𝜓 𝑛  ≍ 𝑛. 
 

Proof. 

We consider a minimal generating subset 𝑆 = {𝑥1, …… . . , 𝑥𝑝} of 𝐺.Keeping the notations introduced in the 

preceding section, we  have 

𝑢 𝑛, 𝑘 = 1 +
𝑘

𝑝𝑛 𝑢 𝑛, 𝑘 + (1 −
𝑘

𝑝𝑛)𝑢 𝑛, 𝑘 + 1 , 

therefore; 

𝑢 𝑛, 𝑘 −  𝑢 𝑛, 𝑘 + 1  = 
1

1−
𝑘

𝑝𝑛

   , 
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hence  𝑛, 0 =  ∑
1

1−
𝑘

𝑝𝑛

𝑛−1
𝑘=0  ,   and we obtain 𝑛 ≤ 𝜓 𝑛  ≤ 𝑛

𝑝𝑛

𝑝𝑛−𝑛+1
  , and the result follows.∎ 

 

V. LOWER AND UPPER BOUNDS OF 𝝍 𝒏  

We have the following property about the lower bound 𝜓 𝑛 . 

Proposition 2. 

For any finitely generated group  𝐺,  𝜓 𝑛 ≥ 𝑛 . 

Proof. 

When 𝑋0 = 𝑒 is realized, then 𝑋1 = 𝑋0 or 𝑋1  ∈ 𝑆 , hence 𝑙𝑆 𝑋1 ∊ {0,1}, and by induction  

𝑙𝑆 𝑋0 ≤ 𝑛 − 1 , 𝑙𝑆 𝑋1 ≤ 𝑛 − 1 , …… ..  , 𝑙𝑆 𝑋𝑛−1 ≤ 𝑛 − 1are realized, we get 0, …… , 𝑛 − 1  ⊂ { 𝑖 , 𝑙𝑆 𝑋𝑖 <
𝑛 }  , hence𝐸 𝑈𝑛  𝑋0 = 𝑒) ≥ 𝑛 ,  so we obtain the lower bound.∎ 

Proposition 3. 

For any finitely generated group  , for non slow random walk , 𝜓 𝑛 ≼ 𝑛𝑙𝑛 𝑛 . 
 

Proof. 

We have 

𝑢 𝑛, 𝑘 ≤  
𝑘

𝑐𝑎𝑟𝑑  𝑆𝑛  
 𝑢 𝑛, 𝑘 + (1 − 

𝑘

𝑐𝑎𝑟𝑑  𝑆𝑛  
)𝑢 𝑛, 𝑘 + 1  + 1 

and since the random walk on 𝐺 is not slow then for any 𝑛, we have 𝑆𝑛  ⊊ 𝑆𝑛+1, so for all positive integer 𝑛, 

𝑐𝑎𝑟𝑑 𝑆𝑛  ≥ 𝑛 , then 

𝑢 𝑛, 0 ≤   
𝑐𝑎𝑟𝑑 𝑆𝑛 

𝑐𝑎𝑟𝑑 𝑆𝑛 − 𝑘

𝑛−1

𝑘=0

≤  
𝑛

𝑛 − 𝑘

𝑛−1

𝑘=0

≤ 𝑛  1 + ln 𝑛  . 
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