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Abstract

In this paper, a class of linear systems of singularly perturbed second order ordinary differential
equations of reaction-diffusion type with Robin boundary conditions is considered. The components of the
solution % of this system exhibit boundary layers with sublayers. A piecewise-uniform Shishkin mesh is
introduced and is used in conjunction with a classical finite difference discretisation, to construct a numerical
method for solving this problem. It is proved that the numerical approximations obtained with this method are
essentially first order convergent uniformly with respect to all of the parameters. Numerical illustration is
provided to support the theory.
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I. INTRODUCTION
The following two point boundary value problem is considered for the system of singularly perturbed linear
second order differential equations,
—Ei" () + A = f(x), x€Q=(0,1) ®
with
w(0) — £, (0) = o,
u(1) + Eu (1) = ¢ )
Here 1 is a column n -vector, E, E, and A(x) are n X n matrices, E = diag(¥),& = (&, ...,&,), E. =
diag(Ve), Ve = (e, ..., J&,) with 0 < g <1 for all i =1,..,n. The parameters ¢ are assumed to be
distinct and for convenience, the ordering ¢, ..., &, is assumed.
The above problem can be rewritten in the operator form,
Li=f on Q (3)
ﬁOﬁ(O) = ¢01 ﬁlﬁ(l) = ¢1! (4)
where the operators L, 8,,5; are defined by
L=—-ED?+A, By=1-E.D, B =1+E.D
2
where [ is the identity operator, D = % and D? = ;—2 are the first and second differential operators.
Forall x € [0,1], it is assumed that the components a;; (x) of A(x) satisfy the inequalities
a;(x) > Y1 la; ()| forl <i<nanda;(x) <0fori+j (5)
and for some «a,

0<a <Mingeqigez (X ay (). (6)
It is also assumed, without loss of generality, that
£ < (7)

Further the functions a;;, f; are assumed to be in cen=2(@Q),n>1, for i,j=1,..,n where Q= [0,1].
From the above assumptions, the problem (1),(2) has a solution i € C(Q)NC@V(Q), n > 1.
The reduced problem obtained by putting each &; = 0,i = 1, ...,n, in the system (1) is the linear algebraic
system,
. A (x) = f(x), 8
where Tio (x) = (g, (6), 2 (x), .., o, (x) ) . The problem (1),(2) is singularly perturbed in the following
sense. The solution i is expected to have the following layer pattern. Each component u; fori =1,...,n is
expected to exhibit twin boundary layers at x = 0 and x = 1 of width 0(,/e,), while the components w; for
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i =1,..,n— 1 have additional twin boundary layers of width 0(y/&,,_1), the components u; fori = 1,..,n — 2
have additional twin boundary layers of width 0(y/¢,_,) and so on.

The norms ||ly|lp = sup,eply(x)| for any scalar-valued function y and domain D , and
1¥1lp = max; << |lyellp for any vector-valued function y = (1,5, ..., ¥,)7, are introduced. Throughout the
paper, C denotes a generic positive constant, which is independent of x and of all singular perturbation and the
discretization parameters. Furthermore, inequalities between vectors are understood in the componentwise
sense.

For a general introduction to parameter-uniform numerical methods for singular perturbation problems, see
[11,[2].[3] and [4]. In [5], the existence, uniqueness and asymptotic estimates of solutions of the singularly
perturbed Robin problem for the general nonlinear second-order ordinary differential equation with a small
parameter £ > 0 is discussed, by taking the study of radially symmetric solutions for Poisson equation. In [6], a
singularly perturbed advection-diffusion two-point Robin boundary value problem whose solution has a single
boundary layer is considered. Based on the piecewise linear polynomial approximation, the finite element
method is applied to the problem. Estimation of the error between solution and the finite element
approximation is given in energy norm on Shishkin-type mesh. In [7], the method and technique of the
diagonalization are employed to transform a vector second-order nonlinear system into two first-order
approximate diagonalized systems. The existence and the asymptotic behaviour of the solutions are obtained for
a vector second-order nonlinear Robin problem of singular perturbation type.

Il. ANALYTICAL RESULTS

The operator L satisfies the following maximum principle.
Lemmal LetA(x) satisfy (5),(6). Let 1,17 be any vector-valued function the domain of L such that
Bo (0) =0, By (1) = 0. Then LP(x) = 0 on x € Q implies that ) (x) = 0 on x € Q.
Proof : Leti*,x* be such that ;- (x*) = min; min, g ; (x) and assume that the lemma is false.
Then, ;(x*) < 0. Forx* = 0, (ﬁ@i*(O) =1;+(0) — \/er ¥ .(0) < 0and for x* =1,
(ﬁlﬁ)i*(l) = ¥;+(1) + /e ¥ (1) < 0, contradicting the hypothesis. Therefore, x* ¢ {0,1} and

P (x7) > 0.
Thus,

n
L () = =" () + ) ) P (x) <,
j=1
which is contradicts the assumption and proves the result for L.

Lemma 2 Let A(x) satisfy (5),(6). Let be any vector-valued function the domain of L, then for each
i 1<i<nandx€Q,

- - 1, -
¥, = max {lgoss O, 185 . 2 L3kl

Proof : Define the two functions,

N R R 1, =) - _
6:() = max {16 @, |65 O e} de, xed

and & = (1,..,1)". Using the properties of A(x), it is not hard to verify that 8, 6%(0) > 0, 3,6* (1) = 0 and

L6*(x) = 0on Q. It follows from Lemma 1 that 6*(x) > 0 on Q as required.

Standard estimates of the solution (1),(2) and its derivatives are contained in the following lemma.
Lemma 3 Let A(x) satisfy (5),(6) and let % be the solution of (1),(2). Then foreach i =1,...,nand x € Q,

lu, (01 < ¢|If].
k
[0l < ce 2(lall + I£1D), for k = 1,2,

(k=2) (k—

2)
WP <ce, 7 g Ul +||F| + &, 2 IF4 2P, fork = 3,4.
Proof : The bound on # is an immediate consequence of Lemma 2.
Rewriting the differential equation (1) gives
i =El(Ai-f) 9)
and it is not hard to see that the bounds on u'’; follow from (9).
To bound u'; (x), for each i and x, consider an interval N = [a,a + \/¢;],a > 0 such that x € N. By the mean

value theorem, for some y € N, a <y < a + /¢,
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ui(a + \/?l) —u;(a)

&

u;(y) =
which leads to,

1
)| < Ce, 2l (10)
Now, for any x € N,

|Mm=mm+fw@w
y
By using (10),

1
lw; GOl < Ce; (1l + [1f D).
Differentiating the equation (1) once and twice and using the bounds of u; u;" and u;", the bounds of ul.(?’)
and uf‘“ follow.

Consider the Shishkin decomposition of the solution of % of the BVP (1),(2) into smooth and singular
components,

U=Uv+w (11)
Taking into consideration, the sublayers that appear for the components, the smooth component # is subjected to
further decomposition
Up = Upn T EVnp,
Up-1 = uO,n—l + gnv%—l,nl

(12)
%1 = uO,l + gnvll,nl
as all the components have ¢, layers. Since components except u,, have g, _; sublayers, the components
Vp_1, -, U takes the form,
Up—1 = uO,n—l + ‘En(vn—l,n + En—lvn—l,n—l):
Up—2 = uO,n—Z + En(vn—Z,n + Sn—lv‘r{—z,n—l)'
Vi = Uy + &, (Viy + g1 Vi) (13)
Further, u,_,,u,_3, ..., u; uy have g,_, sublayers and hence that leads to the decomposition,
Up—2 = uO,n—Z + &n (vn—Z,n + En—1 (vn—Z,n—l + En—Zvn—Z,n—Z))
Vnog = Ugp-3 + &n(Vnogn + &1 (Wnozn1 + En2Vn_32-2))
V1 = Ugq + (Vg + Eami (V1o + Ei2Vins)) (14)
Proceeding like this, it is not hard to see that
) ) = W) + () (15)
Where 7(x) = (¥1,¥2, - ¥a)"
" £16) &, €283 En o g\ /V1a V12 Vg T
vy | _ 0 E2&3...&, .. &n 0 V2.2 Vg (16)
Yn 0 0 e & 0 0 . Unn
That is,
. . T
— ()
v =8 (%) (17)

é;] = (0'0' 0§41 En 1§42 - Eny En—1&n, En)
Bl = (0,0, e, Vii Vijs1s s Vin )
Then using (11), (15) in (1),(2), it is found that the smooth component of the solution u satisfies
L =f,on Q, (18)
Bov(0) = Boiiy(0) + Bo7(0)
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B19(1) = Byt (1) + By (1) 19)

From (13), (14) it is observed that the components v; ;,

i=1...,n j=ii+1,...., nsatisfy the following system of equations:
&
11V + AV + o0+ AV = ——Ugy
& .
A Vi + AUz + 0+ AopVpp = — 7 Y2
n
(20)
_ En—1
an-11V1n + An-12V2n + -+ An—1nVUnn = _g_uO,n—l
n
&,
EnlUnn T AQuiVip + QuaVpy + 0+ AWy = __nuo,n
n
with
Unn (0) ~VénVUnn (0) =0, Un,n(l) + VénUnn (1) =0, (21)
&1 "
A1 Vipn-1t A2Vppp—1 t o+ A1 Vp—1n-1 = _g_lvl,n
n—
&) "
A2 Vip—1t ApVyp—1 + "+ Aop_1Vp—1pn-1 = — P Von
'
(22)
En—2
An—21V1in-1 1t Qu22V2 -1t t A 201 Vp—1n-1 = % VUn-2n
n—1
” En—1
En—1Vn-1n-1 1T QGu-11V1n-1F F+ Ap10-1Vn-1n-1 = —7  Vn-in
n—1
with
Un—1n-1 (0) BERY) gn—lvn—l,n—l(o) = 01 Un—1n-1 (1) Y En—lvn—l,n—l(l) =0 (23)
and so on. Lastly
&
A11V12 + ApVpp = ——Vy3
&2
" £ "
EVpp + A1V + AUz = —évzs (24)
with v22(0) = VEv5,5(0) = 0,v;5(1) = Vev;,(1) = 0 (25)
and 811}1'1 + al_lvlyl = _V1,2 (26)
v11(0) —vEv11(0) =0, vy ;(1) —+/grvy (1) =0. 27
The singular component of the solution % satisfies
Lw=0, on Q (28)
Bow(0) = By (u —v)(0), Bw(1) =By (U —v)(1) (29)
From the expression (20) — (27), using Lemma 3 for #, it is found that for i = 1,..,n, j=1,...,n,
i<j k=01234,
WO <cate 20, e (30)
ij 1= j r=j+1°r

From (15), (17) and (30) the following bounds for v;,i = 1,2, ...,n hold:
v®| < c k=012
Ol <sc(1+ 22, k=34

L,BR B;,,i = 1,...,n, associated with the solution of %, are defined on Q by

The layer functions B;
B = e N B = B~ ), B0 = BE) + B

The following elementary properties of these layer functions, forall 1 <i <j<nand0 < x <y < 1, should

be noted:
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B;(x) = B;(1 - x), B} (x) < B} (x), B/ (x) > B{(),0 < B} (x) < 1, Bf (x) < Bf'(x), Bf (x) <B{(y),0<
BR(x) < 1. B;(x) is monotone decreasing for increasingx e [0, %] . B;(x) is monotone increasing for increasing
[1 1] B,(x) < ZB-L(x) forx e [0,1],Bi(x) < 2BR(x) forx e E 1],35 (Z%InN) < N2

The interesting points x ) are now defined.

Definition 1: For B}, B/, eachi,j,1 <i # j <nand eachs,s > 0, the points x(s) is defined by

(s) L, (s)
Bl x()  BI ()

ol — J L] l
ef e]? (3 )

BIR(I_XS)) _ B}e("z‘(;)) (32)
& ef

It is remarked that

In the next lemma, the existence, uniqueness and ordering of the points xl.(j) are established. Sufficient
conditions for them to lie in the domain ‘Q are also provided.

Lemma4: Foralli,jsuchthatl <i <j<mnandsuchthat0 <s < 3/2, the points x(s) exist, are uniquely
defined and satisfy the following equalities

L
. LHON B];s ) ve [0,x%), @ < B;g_fx)x e (x9,1]. (33)
In addition, the followmg ordering holds,
(S) < xL(fr)lj, ifi+1<jand x(s) 1(1511, if i <j. (34)
Also
) < 25 J; and x& e (0,2),if i <. (35)

Analogous results holds for Bf, B and the points 1 — xl.(;).

Proof: The proof is as given in [8].
Bounds on the singular component w of 4 and its derivatives are contained in
Lemma5 Let A(x) satisfy (5),(6). Then there exist a constant C, such that, foreachi =1, ...,nand x € Q,

k Bg(x)
w0l < CB,(x), W™ (x)|<CXi, 1,’;, fork = 1,2

w® | < cxn B%(,’?, Jew® (o) = C -

Bq x)

Proof : To derive the bound on w, define H(x) = (64,0,, ...,6,)T, where Gi—(x) = CB,(x) + w;(x), for
geachi=1,..,nand x € Q.
For a proper choice of C, B,6% (0) >0, pB,6% (1) >0,. Alsoforx € Q,
n

(L6%), () = ~Cer - Bu() + C Z a; (1)B, (x) £ 0

—c(z, 1alj(x)—a )B(x)>o as—L> -1,

&n
By Lemma 1, 6*(x) > 0 on Q and it follows that,

lw;(x)| < CB,(x). (36)
The bounds on wi(k)(x), k=1234andi=1,..,nare now derived by induction on n. For n =1, the
result follows from [9]. It is assumed that the required bounds on w;’, w;", wl.(3) and wl.(A‘) hold for all systems
up to order n — 1. Define W= (wy, Wy wy,_1), then # satisfies the system,
—EW" + Aw = g, (37)
with
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o Bow(0) = Byl (0) — Bo(0), Biw(1) = Bii(1) — BoB(2). (38)

Here, E, A are the matrices obtained by deleting the last row and last column from E, A respectively and the

components of g are g; = —a;,w, , fori=1,..,n—1 and P = ﬁ_‘0)+)7 the corresponding components

decomposition of ¥ is similar to (15) of ¥. Now decompose # into smooth and singular components to get,

W =P +7, where Lp = g, BoB(0) = Boig(0) + Bo? (0), B1B(D) = Ailg(D) + A7 (and L7 =0, Bo7*(0) =
Bow(0) — BoB(0), Bi7(1) = Byw(1) — B1B(D).

By induction, the bounds on the derivatives of W hold. That is for, i = 1, -1,
X B, (x
|w@ﬂ<CW1QS.|wun_ nop
1B l(zx) %' )
w® G| < etz |ew®@| < cxpzi==. (39)
q
Rearranging the n'" equation of the system satisfied by w,, Yields,
t(':an = Z} =1 an] N (40)
Using (36) in (40),
" c
[We (1) | < 7By (). (41)
By using the mean value theorem and (41),
W, () | < =B, (). (42)
Now consider,
—&W, + anlwl(x) + oW, (X) +ot apy Wn(x) =0. (43)

Differentiating (43) once and twice, using the assumption in the induction for wi',wi",i < n — 1 along with
(42),(41) the required bounds on wf’) and w,f‘” follow.

Using the bounds on w,, (x), w,, (x), w,, (x), w (x) and w'® (x), it is seen that the function g

in (37) and its derivatives §'(x), § ""(x), 3@ (x), §® (x)are bounded by CB, (x), ¢ =& CB n () , CXI 1Bq3(/’;),

ol
Ce;t Z=1BZ—:C) respectively.
By induction, the following bounds for ﬁ and # hold for i=1.,n-1,
|pl(x)| S CP |pl (x)l S CP
1
P | <c (1 +e 2), P )] <c+e™),

and,

Ir ()| < C[B D+ 2D ()] < C[B"(")+ A,

B B, B By
rOe0] < ¢ [AR+ -+ 22, @] < €[22 4 -y ]

—)

Introducing the functions, P+ (x) = CB,(x)e + p(x) then clearly B, = (0) = CB,(0)é + Bop(0) =
Pt (1) = CB,(1)é + B;5(1) = 0, and
(L6%),00 = € (B ay () - )Bn(x)iLﬁz 0, as—L>-1,
Applying Lemma 1, it follows that ||5(x)|| < CB, (x). '
Defining barrier functions, 6%(x) = Ce, /2B, (x)é + p*(x), k = 1,2 and using Lemma 1 for 67, the bounds
of p'and p'’ are derived.
The bounds for ), k = 3,4 can be derived by differentiating the defining equation of p and using the

bounds of p*), k = 1,2.
Combining the bounds for the derivatives of p;and r;, it follows that fori = 1, . -1,

n— 1Bq(x) ~ n— 1Bq(x)
7G| < c B, 17 (@) < cxpi i,

Bq (x) |

W @] < cxit =577
q

(4)(x)| <cyn- 1Bi(x)

Using the above bounds along with the bounds of w,,, the proof of the lemma for the system of n equations gets
completed.

I11. THE SHISHKIN MESH
A piecewise uniform Shishkin mesh on Q with N mesh- intervals is now constructed. Let QY = {x] Land
OV = {x}, . The mesh Q" is a piecewise-uniform mesh on Q = [0,1] obtained by dividing [0 1] into
2n + 1mesh-intervals given by,
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[0,7;]U .. U(ty—1,70]U(7p, 1 — 7, JU(A — 7, T, JU... U1 — 71 1].
The n parameters 7., which determine the points separating the uniform meshes, are defined by ,

T, =min{i,2%lnN} (44)
and ,forr=n-1,...,1,
_ . TTr+1 E
T, = min {—r+1 ,2 N In N}. (45)

AISO, Tog = O, The1 = 1/2
Clearly, 0 <1y < - <1, < i

| »lw

<l-7,<--<1-7 <1
Tul,

Then, on the subinterval (z,,,1 a uniform mesh with % mesh-intervals is placed and on each of the

mesh-intervals (z,,7,.¢]and (1 -t,.4,1—17.], r=0,1,..,n—1, a uniform mesh of % mesh-intervals is
placed. In practice, it is convenient to take
N =4nk, k=3 (46)
where n is the number of distinct singular perturbation parameters involved in (1). This construction leads to
a class of 2" piecewise uniform meshes QV.

In particular, when all the parameters 7,,r = 1, ..., n are with the left choice, the Shishkin mesh QY becomes
the classical uniform mesh with the transition parameters 7, = #, r=1,..,n with step size N71 .

The Shishkin mesh suggested here has the following features: (i) when all the transition parameters have the
left choice, it is the classical uniform mesh and (ii) it is coarse in the outer region and becomes finer and finer
towards the left and right boundaries.

From the above construction it is clear that the transition points {z,,1 — 7, }'_; are the only points at which
the mesh size can change and that it does not necessarily change at each of these points. The following
notations are introduced: h; 11 = x;41—%, hj = x;—x;_;, and if x; =17, then h} = x4 — %, hy = x—x_4,
J = {z,,1—1,:hf # h7}. Ingeneral, for each point x; in the mesh interval (z,_1 7]

x;—%_1 = 4N~ (7, — T, ). (47)

Also, for x; € (‘rn_%], x—x_1 = 2N7'(1-27,) and for x; € (0,74], %—x_; = 4nN"'z;. Thus, for

1 <r < n -1, the change in the step size at the point x; = 7, is,

ht-hy = 40N (SR, d, ), (48)
where, d, = —”fll -1, (49)

.
with the convention d, = 0. Notice that, d, >0, Q" is the classical uniform mesh when d, = 0 for all
r =1,..,nand from (44) and (45), that

T, < Cye InN. (50)
It follows from (47) and (50) that, for 1 <r <n —1,
hf+h: <C /e, .1 N"1InN. (51)
Also, 7, =£TS,when d,=-=d;,=01<r<s<n.

Lemma 6 Assume that d, > 0 forsomer, 1 < r < n. Then the following inequalities hold,

BL(1—-1,) <Bl(r,)=N7?, (52)

xO, <t —h " for 0<s<3/2 (53)

Bl (t, —h,”) < CB(t,), for 1<r<q<n (54)

By _ o 1 for 1<q<n (55)
Jeq VerinN

Analogous results hold for BF
Proof: The proof is as given in [8].

IV. THE DISCRETE PROBLEM

In this section, a classical finite difference operator with an appropriate Shishkin mesh is used to construct a
numerical method for the problem (1),(2) which is shown later to be essentially first order parameter-uniform
convergent.

The discrete two-point boundary value problem is now defined by the finite difference scheme on the Shishkin
mesh defined in the previous section.

—ES%U(x) + AU (%) = f (%), 1<j<N-1 (56)
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with

U0) - ED*U(0) =y, UM +E D UMW) =6 . (57)
The problem (56), (57) can also be written in the operator form
ING=f on BNU©) = o, BT = ¢y,
where
IN = —E§% + A, BN =1-D"I, BNU) =1+D"1,

and D*, D~and &2 are the difference operators

crro N U(xan)-U(x) —ieo _ Ua)-U(x-1)
D*U(y) = Ye=xy DUGy) = Xj-Xj-1 nd
523(%)=M, 1<j<N-1

(xj41—xj-1)/2
For any function Z = (Z,, Z,, ..., Z, )" defined on the Shishkin mesh Q¥, the following norm
1Z]| = maxi4<, maxOSj5N|Zi(xj)| is introduced.

The following discrete results are analogous to those for the continuous case.

Lemma 7 Let A(x)satisfy (5),(6). Let ¥ be any vector-valued mesh function, such that pB," F(0)=0
B "F(1)=>0. ThenI"¥ >0 on QY impliesthat ¥ >0 on QV.

Proof: Let i*,j* be such that lPi»«(xj) = min; <, Mingg <y ¥;(%;) and assume that the lemma is false.

Then, ¥+ (x;+) < 0. If, %+ =0, then (8" %) ;+(0) = ¥;+(0) — e D*¥;-(0) < 0, a contradiction.

Therefore, x;- # 0 and for the same reason x;« # 1. W= (x+) = Wi (%+21) < 0, Wir(%5541) — Wis(x+) =

0. Also, 82%;-(x;+) > 0. It follows that,

n
(L) () = =208 Wer () + e (o) P () + ) ) W) <0,
k=1k=#i*
which is a contradiction. Hence the result. L

An immediate consequence of this is the following discrete stability result.

Lemma 8 Let A(x) satisfy (5),(6). Let 7 be any vector-valued mesh function on QV, then for each ,i =
1,..,n,

_, _, 1 _,
(o) =max{l6"7 Ol 6P @], 0P}, osjsw
Proof : Define the two mesh functions,
- _ _, 1 _, _,
§t() = max {|4"7 O, [T @], - [1P|}é+P().
Using the properties of A(x), it is not hard to verify that 8, 6*(0) > 0, 5,"6*(1) = 0 and LN6* >0 on QV.

It follows from Lemma 7 that 8% > 0 on Q.

The following comparison principle will be used in the proof of the error estimate.
Lemma 9 Assume that, for each i = 1, ..., n, the vector-valued mesh functions ® and Z satisfy

(8" 2),)| < (8,"®),(0), |(8:"2),(0)| < (" ®),(1) and |(1¥2),| < (1¥®),(1) on 2. Then, for
each i=1,..,n, |Z;]<®;, on QN
Proof: Define the two mesh functions, #* by #* = @ + Z Then, for each i = 1,...,n, pt satisfies
(Bo"#*).(0) = 0,(8"¥*) (1) =0and  (LY¥*) on V. The required result follows from Lemma 7.

V. THE LOCAL TRUNCATION ERROR

From Lemma 8, it is seen that in order to bound the error, U — i it suffices to bound LY (U — ). Notice that,
forx € OV,
U -@)=INU-Mi=f - 1Vi=Li— 14
=({L—-LMu=-E(*-DHu
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which is the local truncation of the second derivative.
Let V, W be the discrete analogous of #,w respectively. Then,

INV=F on ¥ , B"V(0)=p50), B"V(1)=pBA) (58)
and

INW=f on oV B W(0) = gw(0), g"W(1) = pw(1) (59)
where ¥ and w are the solutions of (18), (19) and (28),(29) respectively.

Further,

B" (V—)(0) = (D —-DH(0), BNV -5)(1) =D -D)d(1)
Bo" (W —w)(0) = (D —DHW(0),  B"(W-w)1) = (D~ —D)w()
IN(V =) (%) = —E(D* — §9)3(x)
LYW ~ W) (%) = ~E(D? — 6D)w(x;)
and so, foreachi =1, ...,n,
(8" (7 =) @[ =10 =D,  |("(7-9) ®|=10"-D)wi(W,
(8" (W =#)) @] =10 ~DHIw@,  |(8" (W ~w)) D=1~ D)D),
(1@ - ﬁ))i ()| < (0% = 62v,(%)| (60)

(24 (7 - ). ()] = 202 = 62w, () (61)
Therefore, the local truncation error of the smooth and singular components can be treated separately. In view of
this, it is to be noted that, for any smooth function y and for each x ; e Q " the following expressions may be

used to estimate the local truncation error. J

|(D = D)(x)| < € — %1 )maxeery, 21 [¥P ()], (62)
|(D = D) ()| < (o541 — 2 )maxsere, v, [P ()], (63)
(6% = Dy (x)] < Cmaxee;, [YP(s)]. (64)
|(62 = DY (x)| < C (%41 — xj—l)maxselj [w®(s)|. (65)

Here, [; = [x;_1,Xj41]

VI. ERROR ESTIMATE

The proof of the theorem on the error estimate is split into two parts. First, a theorem concerning the error in
the smooth component is established. Then the error in the singular component is estimated.

Define the barrier function @ by,
5(39-) = C [(r +1)(N"'InN)+ (N"'InN) z{r:w}% 0, (xj)] G) (66)
where C s any sufficiently large constant and 6, is a piecewise linear polynomial on €, defined by,

X
_ 0 S X S TT‘
TT
0.(x) = 1, T, < x<1-1,
1—x
, 1-7.<x<1
TT
Also note that,
a0, (%), if % €]
16,8)i(x)) = 2, (67)
(04 +W, fo] E].
Then, on QV, @ satisfy,
0<®(x)<CN'InN, 1<i<n. (68)
Also,
(ﬁo’@)i(o) >CN-1InN, (ﬁ1N6)i(1) >CN~lInN. (69)
For x; €],
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(L¥®),(%) = CN"'InN, (70)
and, x; € J, using (50),(51) and (67),

(IN®) () = CNLInN. (71)
The following theorem gives the estimate of error in the singular component.

Theorem 1 Let A(x) satisfy (5),(6). Let ©# denote the smooth component of the solution of the problem (1),(2)
and V be the smooth component of the solution of the problem (56),(57). Then

IV -] <CN!InN. (72)
Proof : From the expression (63),

|(8" = )),(0)| < €/ G =x0)maxsepzyay) V] ()]
< CN7! (73)
From the expression (62),

(8" (V= 9)) | < ¢ Cov—rn-1Imaxepey_alvi ()]

< CN7L. (74)
Thus from (69),(73) and (74),
(8" @ = )),)| < (8:,"®),, (6" -),m|<(B"D),). (75
For each mesh point x;, there are two possibilities: either x; & J or x; € J.
For x; ¢ J, using the bounds of the derivatives of ¥ and the expression (65),

(LY@ - 9)),(%)| < N (76)
On the other hand , if x; € J, then x; € {z,,1—1,},forsomer, 1 <r <n.

Consider the case x; = 7, and for x; = 1 — 7., the proof is analogous.
If x; =7, €], using the bounds of the derivatives of & and the expression (65),

(LY@ - ),(x)| < cN . (77)
From (75),(76),(77) and Lemma 9, the required result is obtained.

In order to estimate the error in the singular component of the solution i, the following lemmas are required.

Lemma 10 Assume thatx; & J. Let A(x) satisfy (5),(6). Thenon QV, foreach 1 <i <n,
|(LN(V_V’ - W))i(xj)| < c"f“% (78)
1
The following decomposition of the singular components w; are used in the next lemma.

w; = :n+=11 Wim (79)

where the components w; ,,, are defined by

(s)

p;” on [0, x©

rr+1

- (s) (s)
Wirt1 = (Wi 0N [xr,r+1' 1- xr,‘r+1]

qi(s) on (1- xSr)+1: 1]

where
3 ) K
NONO! (x - x‘r,s‘r+1)

i rr+l k! ’ s= 3/2

pi(S)(x) — J k=0

I
\

() )k

d (x—x

*) () T Arr+l _
E w; xr,r+1T , s=1,
k=0 )

3 ®
( W(k)(1 O (x -(1- xr,5r+l))
i

rr+1 kI 4 s = 3/2
(s) _ Jk=0 ’
q[ (x) - 4
(s) k
x—(1—x
Z w1 - xr(,sr)+1 (x—( - rr1)) Cs=1,

k=0

and foreach m, r = m = 2,
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P on [0,x),,,)

m—1m
r+1
Wim = w; — Z Wi on [xr(rf)—l,m'l_xr(rf)—l,m]
l k=m+1
g on (1 -5, 1]
where
k
(< x
k m+1
S woat,  Emaa g
s) _ Jk=0 '
() 4 ©
W) &~ Xpmr) -1
w; xmm+1T » $=4
k=0 '
3 ) k
x—(1—x
Wi(k)(l_xr(rf,)m+1 Gl klm'mﬂ)) s =3/2
&) () — J k=0 '
qi (x) - 4
1N, 0 SR G St )}
w; (1 - xm,m+1 k! s=1,
k=0 '
and
r+1
Wi = W —Zk_zwi_k on [0,1].

Notice that the decomposition (79) depends on the choice of the polynomials pl(s), q; ) and the definition of
(S) given in (31).
The following lemma provides estimates of the derivatives of the components w; ,,, ,\ 1 <m <r +1of w;,

1<i<n

Lemma 11 Assume that d >0for somer, 1 <r <n. LetA(x) satisfy (5),(6). Then, for each gqand
r, 1<q<r 1<i<nandallx € QN the components in the decomposition (79) satisfy the following
estimates

wia)l < cminft m, ) WIS cmin 3 o g

2 5)] € min | B 2 B 2 )| < €2 2 )] 5 € 2

Lemma 12 Assume that d > Oforsomer, 1<r <n. Let A(x) satisfy (5),(6). Thenifx; &].

(4@ - ), ()| < ¢ [B.(y-) + ) (80)
andif x; €],
(LY@ - w)), ()| < cN N (81)
Lemma 13 Let A(x) satisfy (5),(6). Then, on QV, foreach i = 1, ...,n,
(YW - 9)), ()] = €8, (x-1)- (82)

The following theorem gives the estimate of error in the singular component.

Theorem 2 Let A(x) satisfy (5),(6). Let w denote the singular component of the solution of the problem (1),(2)
and W be the singular component of the solution of the problem (56),(57). Then
|W—-w| <CN!InN. (83)
Proof : From the expression (63),
| (8" W =), (0)] < €& (ry —x0)maxyequg vy W] ()]
< CN7'InN, (84)

From the expression (62),

(8" (W —w)) @] = cJatev—rv-Imaxeeq v ©)
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< CN"'InN. (85)
Thus from (69),(84) and (85),

(8" (W =), ()| < (8" ®),(0), |(8," (W —w)), (D) < (8,"®), (1. (86)
In the remaining portion, it is shown that, for all i, and some constant C,
(W =), (%) < (L"®),()- (87)
This is proved for each mesh point x; € QN by considering separately the 8 kinds of subintervals
(a) (0: Tl)’
(b) [r1,72),

©) [t Tme1), forsomem,2<m<n-1.

(d) [rn,1/2),

(e) [1/21 1'Tn]v

® (Q-tpi1,1—1,)],forsomem,2<m<n-1.
(@) (1—131—1)]and

(h) (1-74, D).

(@) Clearly, x; € Jand x; 1 — x4 < CyV&N~tInN. Then Lemma 10 and the expression (70) give
(87). Similar arguments hold for the case (e).

(b) There are 2 possibilities:

(bl) d; =0and

(b2) d; > 0.

(bl) Since 7; = %2 and the mesh is uniform in (0,7;), it follows that x; € J and 41— x_; <

CyetN~'InN. Then Lemma 10 and expression (70) lead to (87).

(b2) Either x; & ] or x; € ].
If x; &/, then %,y —x_; < Cy&N 'InN and by Lemma 6, B;(x;_;) < Bf(x_1) <Bf(t; —hy) <CN 2.
Then (80) of Lemma 12 with r = 1 and (70) give (87).
On the other hand , if x; € J, then from (81) of Lemma 12 with r = 1, and (71) give (87) . Similar arguments
hold for the case (f).

(c) There are 3 possibilities:

(cl) dy=dy =--=d,; =0,

(c2)d, >0andd,;; =--=d, =0forsomer, 1<r<g—1and

(c3) d, > 0.

(1) Since 7; = Ct444 and the mesh is uniform in (0,7,44), it follows thatx; € Jand  x .1 — x4 <

CyetN~'InN. Then Lemma 10 and expression (70) lead to (87).

(c2) Eitherx; € J orx; € ].
If x €], then 7,4 = Ctyyq, %41 — %1 <CJe,.N"'InN and by Lemma 10, B, (x_;) < Bf(x_1) <
BF(ty —hy) < BF(t, —h;) < CN~*. Then (80) of Lemma 12 and (70) lead to (87).
On the other hand , if x; € J, then x; = 7, . Then (81) of Lemma 12 withr = g, and (71) lead to (87) .

(c3) Either x; & Jorx; €.
If x ¢/, then x.,—x_4 <CJfe,.aN"'InN . From Lemma 6, B,(x_1) < Bl(x_1) < Bl(t, —hy) <
CN~2 . Then (80) of Lemma 12 with r = q and (71) lead to (87).
On the other hand , if x; € J,then x; = 7, . Then (81) of Lemma 12 with r = g, and (71) lead to (87) . Similar
arguments hold for the case (g).

(d) There are 3 possibilities:

d1) dy=dy,=--=d, =0,

d2)d, >0andd,q =--=d,=0forsomer, 1<r<n-—1and

d3) d, > 0.

(d1) Since the mesh is uniform in [0,1], it follows that x; & J, % <ClnNand x4— %4 < CN~L.

Then Lemma 10 and expression (70) lead to (87).
(d2) Either x; & J or x; € .
If x ¢J, then <CInN,xj;; —x_; <CN~'and by Lemma 6, B,(x_;) <B}(x_1) < B} (1, —
Er+1
h;) < BE(z, — hy) < CN~% . Then (80) of Lemma 12 and (70) give (87).
On the other hand , if x; €/, thenx; € {r, 1 -1, ..,1—1;} . Then expression (81) of Lemma 12 and (71)
lead to (87) .
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(d3) By Lemma 6, withr =n, B,(x_1) < B,f(xj_l) < B,(t, —hy;) < CN~2. Then Lemma 13 and (70) give
(87). Similar arguments hold for the case (h).
By using Lemma 9, the result is established from (86) and (87).

The following theorem gives the required essentially first order parameter-uniform error estimate.

Theorem 2 Let A(x) satisfy (5),(6). Let i denote the solution of the problem (1),(2) and U denote the solution
of the problem (56),(57). Then,

|U -] < CN'InN. (88)
Proof: An application of the triangular inequality and the results of Theorems 1 and 2 lead to the required
result.

VII. NUMERICAL ILLUSTRATION

The numerical method proposed above is illustrated through an example presented in this section. The method
proposed above is applied to solve the problem and parameter-uniform order of convergence and the parameter-
uniform error constants are computed. The numerical results for i are presented in Table I.

Example: Consider the boundary value problem

—E@" (x) + A(0)i (x)= f(x), for x € (0,1),
with
4(0) - E' (0) =¢o, #(D) + Ei' (1) = ¢,

where £ = diag (&, £,65), E. = diag (Ve), V& = (VEr\/224/25 )

8+x -1 -1 . . .
AX) = =2 74+x -1].f=@11+e* D7, ¢o=(1,1,1)7, ¢, = (1,1,1)T.
-1 -2 8

As in [4], the notations DV, pVand Cz’,"denote the € —uniform maximum pointwise two-mesh differences, the
& —uniform order of convergence and the € —uniform error constant respectively and are given by

DN NP”
1-27p*
order of convergence and the error constant are given by p* = miny p" and le’* = maxy C;,V respectively. It is
evident from the Figure 1 that the solution i exhibits boundary layers at 0 and 1. The order of convergence of
presented in Table | agree with the theoretical results.

— — pN ;
DN=max; DY where DY = | U} — UV v, p" =log, 3y and C}'= Then the parameter-uniform

Figure 1

The numerical approximation of z for &; = 2719, £,=2718 ;= 2"17and N = 768

0.8 T T T T

0.7 |

0.6 -

0.5 |-

0.4

03 F .

0.2
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Table |

N DN N 5+ N =1 o =L =1L o=
Values of D¢, DV, p ,pande*forsl—M,ez 58 =150 3.9

n Number of mesh points N

96 192 384 768
27! 0.131E-01 | 0.642E-02 0.317E-02 0.157E-02
274 0.382E-01 | 0.188E-01 0.916E-02 0.450E-02
277 0.372E-01 | 0.219E-01 0.124E-01 0.687E-02

2-10 0.372E-01 0.219E-01 0.124E-01 0.687E-02
2713 0.372E-01 0.219E-01 0.124E-01 0.687E-02
DN 0.382E-01 0.219E-01 0.124E-01 0.687E-02
pN 0.798E+00 | 0.826E+00 | 0.850E+00
cy 0.343E+01 | 0.343E+01 | 0.336E+01 | 0.324E+01
Computed order of £- uniform convergence, p*=0.7980057E + 00

Computed order of &- uniform error constant, C;‘i=0.3429715E +01

VIII. CONCLUSION

The works on Robin problems are not much in the literature; that too, on singularly perturbed systems are

very rare. Similar studies on problems of discontinuous data and novel methods of solving these problems are
also in progress.
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