International Journal of Mathematics Trends and Technology (IJMTT ) - Volume 59 Number 1- July 2018

On Finite Double Integrals Involving a General
Multivariable Polynomial and Generalized
Multivariable Gimel-Function

Frédéric Ayant

Teacher in High School , France

ABSTRACT
In this paper we evaluate three general finite double integrals involving the product of algebraic and exponential functions, a general multivariable
polynomials and generalized multivariable polynomials. Some new and interesting special cases of our main integrals have been considered briefly.

Keywords : multivariable Gimel-function, hypergeometric function, finite double integrals, multivariable polynomials.

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20
1. Introduction and preliminaries.

We define a generalized transcendental function of several complex variables.
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The contour Ly, is in the si(k = 1,--- ,7)- plane and run frorn o — 100 to o + ico where o if is a real number with

loop, if necessary to ensure that the poles of [427 [ 1 — ay; + Z aSsi ) (=1, ng),I4I (1 — az; + Z al s
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2
the right of the contour L and the poles of '527 <b2]' - Zﬂé?%) (j=1,---,my), B4 ( Z 63J sk) )

R N <ij - Zﬂﬁi?) (G=1,---,m,), 2" (d;’” - 5§k>sk) (G=1,---,m")(k=1,---,r) lie to the left of the
=1

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the

corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < §A§k)7r where
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Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

R(z1,- w5 2r) = 0( ]2 |2 *7) ymaz(lal, - 2] ) = 0
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1 <m h=2h'=1 J 1<]<n( B h=2 h'=1 hj

Remark 1.
If mo=no=---=mp_1=np1=pi, = Qi =+ =p;,_, = ¢,_, = 0and Azj = Boj = Agj;, = Bajj, = -+ =
Ar; = Brj = Arji, = Brji, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).
Remark 2.
Ifme=no=---=my=n, =pij, =¢i, = =p;, =¢;, =0and 7, = =7, =T,0) =+ =T;» =Ry =
=...=R.,=RW =... = RU") =1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [7]).

Remark 3.
IfA2] - BZJ AZ]ZZ sz’tg = _ATj - BT] Arjz - Br]z = land Tig = " = T4, = T;(1) = — Ti(r) — RQ
= =R, =R =... = R") =1, then the generalized multivariable Gimel-function reduces in generahzed of

rnultlvarlable I- functlon (extensmn of multivariable I-function defined by Prasad [6]).

Remark 4.
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If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda
[11,12].

In your investigation, we shall use the following notations.

1 2 1 1 2
A :[(3423, O‘g])7 a;])v AQJ)]l na; [7—12 (aQﬂQa O‘é])zz ) aégzz ) A2122)]n2+17;012 [(afﬁ’ ai(’)])7 ai(’)J)7 Oé?)] ’ A3J>]1 ng;
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i @1y O i O i AG—1)i, e 41e, ) (1.5)
A = ((arsal b A ), [ (i oll o ol A g, ] (1.6)
A= 1§ 2 CF )1 ]y [ (€53 Vit s Oty )y o p0 )i+

(57573 CF 1 o) 17 (€ Vit e ) 1,50 (17)

(2 1 2
B = [(b2]7 62] ) /823)7 B2] )]1 ma» [le (b2J12 ) 55332 ) 52312 Blez)]szrl Qi [(bi’uv /83] 7ﬁ§])7 533 ) B3J)]1 ms»
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B

1 r 1 r
[(brj;ﬁﬁj)f" ,553), i)1m.], [Tir<b7'jiﬁﬂ7(~jz,,,a e ,ﬂ£32 s Brji Jme+1,4;,] (1.9)

1 1 1 1 1 1
B = [(dg )7 61( ); D§ ))1,m(1)]’ [Tiu) (d;z()l) , ()J(z()l) ; D;’L()l))TTL(l)-i-l q(1)] <3

[(dﬁ-’"), 5§r);D§-r))1,m<'r'>]7 (75 (dgzzrp(S](Z()r),Dx()r))m( " +1,4¢" "] (1.10)
U:m27n2;m37n3;"' Myp—1, Ny — 17V m(l) n <2) (2)7 ;m(T)’n(T‘) (111)
X = Pins i Tin; Ry 3Di 13 Qi 1> Tir s - Ree13Y = Diys g5, Tyy; R+ 59y, oy Ty R (1.12)

The general class of polynomials S (z) introduced by Srivastava [9] has been further generalized by Srivastava and
Garg [10] to a multivariable polynomial in the following manner [10] :

MiKy+-+M,K.<n -
M Mo ) = Z (=N a6y goir i, AN, Ky - - K)ﬁ (1.13)
K1, K =0
where My, --- , M, are arbitrary positive integers and coefficients A(N; Ky,--- , Ks)(N,K; > 0,i=1,---,s)
are arbitrary constants, real or complex.
We shall note
A= (=N)m,++m. 5, AN, K1, -+, Ky) (1.14)
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2. Required results.

We shall require the following integral ([4], p. 450), ([3], p. 10), ([5], p. 71) and ([8], p. 254) for the evaluation of our
main integrals :

Lemma 1.

i

ezweT(a)l'(b)

/02 (@00 (5in 0)9 L (cos )07 1dA = T+ 0) 2.1)
provided Re(a), Re(b) > 0
Lemma 2.
3 B 20 _ 1+ a)=°T(a)D(B)

1+ asin® )~ P (sin0)?* 1 (cos §)*’~1dh = ( 2.2
JX ) s )2 (cos ) e @)
provided Re(a), Re(f) > 0,a > —1.
Lemma 3.

T et B i graml gy e €T (B)(a + B —a—b) -
/0 e (sin )~ (cos 0)°~ " 5F [a, b; B; e’ cos 0]db Tla+f—al(ati—b) (2.3)
provided Re(«), Re(8), Re(a+  —a—b) >0
Lemma 4.

1

1
/O TN — )" (1 4 pa) T (a, b1+ a— b % do =
20721+ p) AT (1+ §)T(1+a— b (152 - )) 24)

VL1 4+a)l (1+§-b) T (1+5+b-NT(1+%—-b—2))
provided > —1, Re(A), Re(1 + a — 2), Re(1 — 2b) > 0.
3. Main integrals.

We shall evaluate the following general and new integrals :

Theorem 1.

1,1 p+20 1+ pax
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1 (1

a—2c —c +a _ pwE MiKi+-+M;K,<n
dxdy_z (1+u I'(1+2)1( 1+a b)e 3 A
F(14+a)l (1+2%-0b) 5o
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engw s
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ZTW B?(g 70,617"'597"11)7(1—’_571)767015"'791"a1)aB7
(1-20—2Zj:1Kjvj;2§1,~-- 2265 1), A, (1+a—b—c¢;6q,-+-,0,;1): A

. (3.1)
(1-p =20 = 327 (uj + 205) Kjm + 21, -+, mr +2¢,51) : B

provided
w>—1,Re(1—2b)>0,6;,1m;,¢ >0;(i=1,---,r)min{Re(u;), Re(v;)} > 0,(j =1,---,9).
0; R Byy 29 4 Dt i 0
c) + Z \Jnin - Re Z Z hj Bl T O
=2h'=1 k
1<J<m(’>
r h b d
+Zm mln e ZZth };1‘7/+D(Z) 5 >0
ks imeis Ph O,
1<]§m()
- bh; Z)d?
Re(o) + ZQ mm Re Z Z B B >0
i=1 1<<() h=2h'=1 k
<j<m

r T (2)
4 a;,] -1 @) Cp — 1
Re(a—2c+1)— ) 6; | Dax Re ( E g Apj +Cy @ <0 nd
1<j<n® h=2h'=1 Tk

arg (Zy” (1-y)" {\/W + “’y] " {%}U

1
< EAEk)W where AE’” is defined by (1.4).

Proof

To establish the integral (2.1), we first use the series representation of the multivariable polynomial with the help of
(1.13) and express the generalized multivariable Gimel-function as Mellin-Barnes multiple integrals contour with the
the help of (1.1), interchanging the order of summation and integration which is justified under the conditions
mentioned above, we have (say I)

MiKi+-+MsKs<n

1 T
= X A ), e e [T

Ky, Ky=0

! .y -y T (1+pe
/ l’c+21:1 7,57171(1 _ x)a72cf2zi:1 191(1 + lux)chZi:l is,;fafl(l _ y2)a 12 1 |:a b 14a— b o :| d.’L‘:|
0 7%

1 s (s ) r s
/ YT Esm Kot iy misi=1(1 _ g 2y0 2 vyt i, Gsil [ S wy} p20+35y K (u+2v)+ 31—, (n+2Gisi) dy}
0

dsy - - -ds, 3.2)

Evaluating the x and y-integrals with the help of Lemmae 4 and 2 respectively and Interpreting the resulting expression
with the help of (1.1), we obtain the desired theorem 1.
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Theorem 2.

1 1
—1 29— - —pe —am - 1+ p)x
/ / € 1y2p 1(1 —CC)a 20(1 +uy2) P 0(1 +M$)c a 1(1 _y2)o 12F1 [a,b; 14+a— b; (1 M) :|
0o Jo + px

S]]:}h"“’Ms [t1y2“1(1 _y2)v1(1 _~_uy2)—u1—v1’_” ,t y (1 _ ) ( +uy ) us—vs]

01
z(1+ px
3 <zly2m<1 =y (SRR -2 e |

20,72(:71(1 ¥+ M)fcr (1 + %) 1-1(1 +a— b)(l + ’(,L)ip M Ki++M;K:<n

dedy =
ey VAT(1+a)l (1+ £ —b) . _;{S:O

A

(14u)m

Xipi, +4,qi,+3,Ti, :RptY

H lt g 1 + U) T Kl‘|JU;mT+2,nr+3:V

(1_072;:1Kjvj;<17”' 7CH1),A,(1+G*I)*C;01,--- 76771)"4

(lp—0o—35 1(uj+vJ)K};m+<1w“ e+ Gri1) 2 B
Provided
u>—1,Re(1 —2b) >0,0;,m;,(; > 0; (¢ =1,--- ,r)min{Re(u;), Re(v;)} =2 0,(j =1,--- , ).
U b d;
+Z€ nin e(ZZBh]ﬁZ]-&-Dl)(S()>>O

1k — r—
1<]<7n( ) h=2h'=1 k

r h (i)
br; (i) A
P+ an 1<ml<I}m fe (Z Z B ﬁ}’:j’ + Dy 5@ >0

=l Cam® h=2h'=1 k
by ( d(i)
)+ ZQ mnin Re Z Z Bh] J D, 6(1 >0
i=1 1<]<\m(3 h=2h'=1 hJ

T r h
) ‘(l ()Ck 71
Re(a—2c+1) — 0; lér]l%); Re(ZZAh] oz/ +C, ’Yk) ><0and

i=1 ' —2h/= hj
i 1< i<n(® h=2h/'=1

gv
. e [x(1 4+ px :
arg (Ziyzm(l —y?)Si (1 4 ug?)mitei { ((1 — ;L)Q) } )

Theorem 3.

1
< §A§k)7r where AZ(-k) is defined by (1.4).

1 1 p+20
/ / I’C_lyp_l(l )a 20(1 + ,UJSC)C a— 1 (r 1 |: /1 _ + wy] 2F1 |:CL,b; 14+a— b;
0 Jo

21 (4(14p))% A; (1 -G 017 e 707”; 1)7 (1 —pP— Z;:l KJUJ77717 e 1)7

(1+U)77r E;(Mfc;el,m 797';1)7(1+%,b,c;917... 797,;1)7]37

(3.3)

14+ px

Ul Us
oFy {a,ﬂ;/ﬂr o;V/1—y2[/1—y2 +wy} Sy [tw“l [\/1 — 2+ wy} Lty [\/(1 — 2 +wy} }
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1 U
(zw [\/1 —y?+ wy] v 2yt [\/1 -y + wy} )dxdy =

MiKi+-+MsKs<n s

Al

2072¢(1 4 p)~° ( ) I'(1+a—0b)I'(20)e*s
VAIL(1+a)l (1+ % —b)

K 6zu)uzKl‘|
]

Ky, ,Ks=0

eMmEw ‘
4(1+/’) A’ (1 -G 917 e ’67“; 1)7 (1 —p— Z;:l Kjuj;’qlv i) 1)7
Usmr+2,n,.+3:V . .
X5pip+4,qi, +4,7i, RptY

ZTW B; (4% — 601, ,0,31), 1+ —b—c;61,---,6,;1),B,

(1'P_U_2Z;:1KJUJ+0‘+57771» 3777‘71)7A7(1+a_b_67615 707‘a1)A

. (3.4)
(L-p—o =3 wiKy+asm, - 1), (L= p—o = 35 uj Ky +B5m, -+ ny51) : B

provided

w>—-1Re(p+20—a—0b)>0,0;,n,¢>0;(t=1,--- ,r)min{Re(u;), Re(v;)} =2 0,(j =1,--- ,s).
)+ie- R ZB bh]+ “d’(f) >0
20 am, fel 2 2 Bu 0
=L h=2h'=1 k
by (0
p)+ an mln Re Z Z By, Jﬁh]’ D(Z) 5] > 0
1<J<mm h=2h'=1
h (7)
b d
—ﬁ—ZQ mm Re( Z ]ﬂ};ﬁ )522)) >0
=1 =

1<]<m( )

T h
-1
Re(a—2c+1) ZQ max Re(E E Ahja 7 C’()CkU ><0and
1< « 71

i< <\n7z‘) h=2h/'—1 hj &

w s 1
‘arg (ziy‘“ [\/ 1—92+ wy} ) ‘ < §A§k)7r where Aik) is defined by (1.4).

The proofs of theorems 2 and 3 are similar to that theorem 1 with the difference that here we make use of (2.2) and
(2.4), (2.3) and (2.4) respectively instead of (1.3) and (1.6).

4. Special cases.

Taking M; =0,t; = 1(j =2,---,s) and replacing A(N; K1, --- , K,) by A(N; K) therein,ollowing we arrive at the
following general integrals

Corollary 1.

1 1
/ / xc—lyp—l(l _ .r)a_2c(l + Mx)c_a_l(l _ y2)a—1 [ /1 — y2 + wy]
0 Jo

p+20 1
oF {a,b;l—l—a—b;M
14 px
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1 . ) u+2v
of) {a,b;lJrab; HM)LE} St [ty“(lyz)L {\/17y2+wy} }

14 pzx

1+2¢1 1 01 20 1+ 0
2 VIl (Y o [V ()

(1
2a72c(1 +,U;)7CF 14+ a F(l +a— b)epwg M/N)] TK
daty TR o] 2 (w0
s a ) K—0
17<4<1ii))91 AL =01, ,0051), (1= p— KU, -+ mps 1),

ZwuKqUimy+2,n,+3:V . .

€2 I g 18 Ry . .
I B7 (%_65017'” 707-;1)7(14—%—1)—0;01,"' 707';1)7B7

e

(1-20 — 2Kv; (1, -+ ,2¢5 1), A, (1+a—-b—c;01,--- ,0,;1) : A

. 4.1)
(1-p—20 — (u+20)K;n +2(1, -+ ynr +2¢51) : B

Taking 6 = 0 in the (3.1), and evaluate the x-integral, we obtain

Corollary 2.

1 1 p+20
[ [
0

wy+2v1 Us+2vs
S {tly 2 [VT= 2 + wy ety (U= g2 [V = o7 + wy }

m+2¢ nr+2¢r
J(zly’“ (1—y {\/1— +wy} ' 1,--~,zry (1 —2?%) {\/1— —&—wy} )dy—

Mi1Ki+-+M;Ks<n s

ervs Z AH

Ky, Ks=0 J=1

Zlenl%w A7(1*P*Zj=1 Kjuj§7717"' 7777‘;1)7

Kj zouK;
tj ez Usmy+2,n,+2:V
Xipiy+2,qi,+1,7, :Rp:Y

x
7€z B; B,

(1-20 — 2 Z;:I Kjvj32G, -+ ,2¢51),A A
) (4.2)
(1-p — 20 — ijl(uj +2v5) K5 +2G1,--- s +2¢51) 0 B

5. Conclusion.
Similar type of integrals would follow from (2.2) and (2.3). The integrals (3.1), (3.2) and (3.3) are also quite general in

nature. By suitably specializing the arbitrary coefficients in the general class of polynomials and the parameters of the
generalized multivariable gimel-function, a large number of integrals can be evaluated.

REFERENCES.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 43


SSRG
Text Box
International Journal of Mathematics Trends and Technology ( IJMTT )  - Volume 59 Number 1- July 2018


SSRG
Text Box
ISSN: 2231-5373                                  http://www.ijmttjournal.org                               Page 43



International Journal of Mathematics Trends and Technology (IJMTT ) - Volume 59 Number 1- July 2018

[1] F. Ayant, An integral associated with the Aleph-functions of several variables. International Journal of
Mathematics Trends and Technology (IJMTT), 31(3) (2016), 142-154.

[2] B.L.J. Braaksma, Asymptotics expansions and analytic continuations for a class of Barnes-integrals, Compositio
Math. 15 (1962-1964), 239-341.

[3] A. Erdelyi, W. Magnus, F. Oberhettinger transforms and F.G. Tricomi, Table of integral transforms, Vol I, McGraw-
Hill, New York, Torronto, and London (1953).

[4] T. M. MacRobert, Beta function formulae and integrals involving E-functions Math. Ann 142(1961), 450-452.

[5] A. M. Mathai and R.K. Saxena, Generalized hypergeometric function with applications in Statistics and Physical
Sciences, Springer-Verlag, New York (1973).

[6] Y.N. Prasad, Multivariable I-function , Vijnana Parishad Anusandhan Patrika 29 (1986) , 231-237.

[7]1 J. Prathima, V. Nambisan and S.K. Kurumujji, A Study of I-function of Several Complex Variables, International
Journal of Engineering Mathematics Vol (2014), 1-12.

[8] N. Rathie, Integrals involving H-function, Vijnana parishad Anusandhan Patrika, 22 (1979), 253-258.
[9] H.M. Srivastava, A contour integral involving Fox’s H-function, Indian J. Math. 14 (1972), 1-6.

[10] H.M. Srivastava and M. Garg, Some integrals involving a general class of polynomials and the multivariable H-
function, Rev. Roumaine Phys. 32(1987), 685-692.

[11] H.M. Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables. Comment. Math. Univ. St. Paul. 24 (1975),119-137.

[12] H.M. Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables II. Comment. Math. Univ. St. Paul. 25 (1976), 167-197.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 44



SSRG
Text Box
International Journal of Mathematics Trends and Technology ( IJMTT )  - Volume 59 Number 1- July 2018


SSRG
Text Box
ISSN: 2231-5373                                  http://www.ijmttjournal.org                               Page 44





