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ABSTRACT

In this paper three transfotmation of double infinite series involving the multivariable Gimel-function defined here. These transformations have
further been used to obtain double summation formulae for the said function. Our results are quite general in character and a number of
transformation formulae and summation formulae can be deduced as particular cases.
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1. Introduction and preliminaries.

In this paper we establish four summation formulae for the multiple series involving the multivariable Gimel-function
defined here. Our results are quite general in character and , on specialization of parameters, a number of summation
formulae can be deduced as particular cases.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ng = NU{0}.
We define a generalized transcendental function of several complex variables noted 1.
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As;j 3 (k)
IT;2, T4 (1 — as; + 205, ag; s)
R. Pi Asii 3 (k) qi Bsii (k)
Zigiﬂﬁs Hj:3n3+1 D% (agji, — 3 py angSSk)H 8y 500 (1 — bgjiz + Zk 1 ﬂ3ﬂ35k)]

H;L’" DA (1 —arj+ 304 oz(k)sk)

R, i i, i k (12)
S I, T DA (aggi, — Sy o) si)[T%7, DB (1= byjir + Soh_y B0 1)
and
(k) (k) (k) (k)
O (51) = Hm I”-<¢“—6“%wrr_lff< <“+v“)>
k(Sk o R() (k) (k) (k) D, (k) (k) (k) (k) (1.3)
Zim:l[ﬂ-(m = m(k>+1r 7™ (1 — Z(k) +5 (k) Sk )Hj':n(kurlr gt (]Z(m 'YJZ(k)Sk)]

1
[ 51)7’73 ]1,n, stands for (cg ),fy{ )), . (6(1)7%(}1))'

1 1 .
2) ng,- - anr7m( ),TL( )a am(r)7n(r)7pl'2aqi27R27Ti27.” 7p’ir7Qir7RraTir7pi(”“)7qi(”“)77—7j(r)7R(T) € NandVerlfy3
0< mo, - - 70 ngaO gnQ gpiza”' aO gnr’ gpirvo gm(l) g qi(1y, - 70<m(7’) <qi(»~)

0<n < pay, -, 0 <™ < pio.

3)Ti2(i2 - 1a aRZ) € RJF;TZ',- GRJF(?:T - ]-v aR’r‘);Ti(k‘) S R+(Z = ]-a aR(k)>7(k = 17 ﬂ/r)‘

4)7](k)7cj(k) €R+’(]:17 n(k)) (k_l ) 6j(k)7D§k) €R+7(J:17 7m(k))7(k:17 ,’I“).
Cl ERT,(G=m® 41, p®) (=1, ,7);
D(k()k) ER,(G=n® +1,- ¢®) k=1, 7).

ak],Ak] ERT (=1, ng);(k=2,---,7);(I=1,--- k).
O‘](glj)zkaAkjik €R+;(j:nk+17"' »pzk)a(kzzv ,T);(l:].,"' 7k)
B(l‘)‘ Bijiy, €R+;(j:mk+1a"' 7qik);(k:2a"' 77");(1:1"" 7k)

kjir?

B0 ERT (=1, \R):(G=m®™ +1, qi)s (k =1, 7).

Jt

Vit ERT3 (=1, , RW) (= n® 4 1, pyon)i (b =1, 7).

5 eC(j=1 ,n®);k=1,,r);d" eC;(j=1,- ,mP);(k=1,--- 7).
arji, €C;(j =ngp +1,--- ,pi, ); (k=2,---,7).
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o)

jitk

) EC7(7’:17 7R(k)))(7:m(k)+17 aqz(k))a(k:17 77’).

Vi €Cili=1, RO (G=n® 41, pw)i(k=1,---,7).

The contour Ly is in the si(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
loop, if necessary to ensure that the poles of I'**/ 1 — ay; + > ag’;)sk> (G=1,---,ny), I (1 — az; + Z ag; sk>
k=1 k=1

. ; ~ . (k) .
(.]:17"'7’”'3)7"'7FA” <l_a’r‘j+zas’]) (]:177nr)5rcj (1_c§k)+ry](k)5k) (]:1,,n(k))(k:1,7’)t0
=1

the right of the contour L, and the poles of ro)” (dy“) — 5](k)sk) G=1,---,mF)(k=1,---r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
arg(zi)| < ~ A% ¢ where
2 (3

m W) a®
(k) _ (k) (k) (k) (k) (k) (k) (k) (k)
AP =3 D0+ 30O — i | X D + Z Claw Y | +
j=1 Jj=1 j=m*)+1 j=nk) 41
Pig Dir. ( Qi *)
k k
—Ti, Z AQﬂQ 012322 + Z 32”2 62712 — =Ty, Z ArjiTOészr + Z BTjirﬁrjir (1.4)
j=n2+1 j=n,+1 j=1

Following the lines of Braaksma ([3] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(z1, o5 20) = 0([2] ™ - |20|7)  maz( [, -+ s |20 ) = 0

N(z1, -, 2r) =0 |z1|ﬁl,-~- ,]zrﬁ"),min(|zl|,---,|zr|)—>OOwhere t=1,---,7r:

[ dD D g
- (@) [ % O]
a; = min Re Dj @ and B; = max Re Cj @
1<j<m® o 1<j<n® \
J 7
Remark 1.

Ifno=-=n,_1 =pi, =i, =+ = Dip_, = Gi,_, = 0and Agj = Agjs, = Boji, =+ =Ap; = Apjs, = Bpjs, =1
Arj = Arji, = Brji,. =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [2].

Remark 2.

fny=-=n,=p,=q,=-=pi, =q,=0andr, = =7 =70 = =70 =Ry=-=R =R =
.= R") =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[8].

Remark 3.

IfAQj = Agji2 = B2ji2 = - :Arj = Arjir = Brji,v = land Tip = =T, = Ty1) = =00 = Ti(r) = R2 == RT = R(l)

=...=R" =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [7].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the multivariable H-function defined by Srivastava and panda [10,11].
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In your investigation, we shall use the following notations.

1 1 1
A [(aZJﬂ O‘gj)u CYQJ ) AZJ)]l n2) [Tzz <a2J227 a(Qj)zQ ’ aém A2ﬂ2)]n2+1,1712 ) [(a3j7 Oég]), Oééj), 0433 ) A3])]1 n3»

1 2 3 1 1
[Tz3 (a3313 5 Olé])m; Olgj)zy Oégjzs A3JZ3)]n3+1,p,3 I [(a(r—l)j; agr)—l)ﬁ ce ,OCE: 1;]a A(r 1) )1 N 1]

oM (r—=1) .
[Tirfl (a(r—l)jz}_ﬂ (r=1)jip—1’"" 7a(:_1)jir_17A(r—l)ji,‘_l)nr,1+1,pi7v_1] (15)
1 1

A = (a0l 0l A ), [ (angis el o al) s A Jasi ] (1.6)

1 1 1 1 1 1
A = [((“; )’ ,YJ( ), Cj( ))1’”‘(1)], [Ti(l) (65‘1'()1) N ryjz()l) ) C_;i()l))n(l)-ﬁ-l,Pgl)]; Y

[(cg,r)’ j(r);cj(r))17m<r>} [0 (c ;z()m%(:()r),CJ(;)M)m(T)H’pgT)] (1.7)
B = 73y (bogias Bijly» Biihys Bosia) sy o [Tia (b Bl 857 B850, Bajia)1.aiy i

[Ti,.,l(b(r—l)ji,«,l;ﬂ((i),l)jir717"' /3((: BM G Be—njie g, ] (1.8)
B = [Tir(brm;ﬁﬁﬁr,--- 7B£;2T§Brjir)1,qir] (1.9

1 1 1 1 1
B = [(d5”,65"; D)y o], [racn (A58 305 Dily ) oy 1 g0l

(r) ¢(r), m(r) (r)  c(r) ()
[(djr ; 6]‘ ) Dj )1,m(r>]v [TiW) (dﬂ(r) 3 5ﬂ(r) ) Dﬂ(r) )m(r)Jrl qh")] (1.10)
U=0,n9:0,n3;:0,n,_1;V = m(l),n(l);m@)m@); ) (1.11)
X = Pig: Gins Tiai Ros o 1 Piy 1 Qi s Tipy * B3 Y = picy, g0, T30 RY5 1 pycn s gy iy R (1.12)

2. Main results.

In this section, we shall establish the following these transformations formulae for the multivariable Gimel-function :
Theorem 1.

71 | As(1—a—myar, - ,ar51),(1=b—m;by,..., by 1),

oo
Z xmy" U0, A4V
mn! Xpi,+4,qi,+1,7,  RpY

m,n=0

Zy E;B7(1—C—m—n;01,"',CT;].)

(1-c+amnje; —aq, - - yer —ap; 1), (L—c+b—nj;e1 —by,...,cr — b3 1), A A
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[eS) b Zl(l_y)ul+U17WI A;(l_a_s;ah'" ,a,«;l),
_ (1 —y)*"(x +y —ay)® Y 0n+Y .
o Z sl Xipip+4,qi,+1,7i, : Rp:Y

2o (1 —y)r o= | B;B, (1 —c—sic1, 00,65 1)

(1-b-syvy, -+ v 1), (1 —c4a;¢c0 —a, -+ ¢ —ap; 1), (L=c+byby,..., b 1),A: A

2.1)

provided

ai,bi,ci >0,¢;,—a; >0,¢,—b; >0 =1,---,r). larg (z)| < = (A<k) —¢)m. max{|z|, |y|} <1, either
|z +y — 2yl <1orx=1with Re(c —a—b) > 0.
Proof

To prove the theorem 1, expressing the multivariable Gimel-function with the help of (1.1) and changing the order of
integration and summation, we obtain (say I)

I= 27T1w /1:1 / Y(s1,-0 48 Hek Sk)% +Zz 1 @s)T(OF Doy bist)T(e —a ¥ iy (65 — 1))

Dle+ >0, cisi)
I (C —-b+ Z(Ci - bl)Sz>
i=1

a+ Zaisi, c—a-+ Z(C’ —a;)s;, b+ Zbisi,c —b+ Z(CZ —b;)si; e+ ZbiSi dsy - - ds, (2.2)
i=1

i=1 i=1 i=1 i=1

Now we use the result ([5], p. 238, Eq. (14))
Fyla,c—a,c— by, y) = (1— ) T [a, byc;x + y — ay] (2.3)

Now using the above equation, we get

Dla+ > _jais)Db+ > bisi)T(c—a+ >, (¢c; —ai)s;)
A Hek Slc Zk (C+Zi:1 Czsi) L

7,
=1

a+ Y aisi b+ bisiset+ Y csiaty—ay|ds;---ds, (2.4

i=1 =1 =1

Now expressing the Gauss hypergeometric function in terms of their series and changing the order of integration and
summation, and interpreting the resulting expression with the help of (1.1), we obtain the desired theorem1.

Theorem 2.

7 | Ay(1—a—myay, - ,a:51),(1—c+a—n;by —ay,....bp—a;1),A: A

o m,mn
Z Yy JU;07n,,.+2:V
m|n' Xipi+2,qi+1,7:RtY

m,n=0

iy B;B,(1—c—m—n;by, - ,b;1): B
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& —a

— oY (:E — y) JU;mT-&-Q,O:V

- § : sl X5pip+2,qi.+1,74,:RetY
s=0

71 | A;(1—a—s;a1,--,ar51),(1—c+a;by —ay,...,b, —ar;1),A: A
' (2.5)
Zy B;Ba(lfcf‘s;bla"'7b7”;]-):B

provided
, 1, )
ai,b; >0,b;—a; >0,(i=1,--- 7). |arg (z;)] < 5(‘42 — b;)m.

Theorem 3.

z1 | A;(l—a—-m—n5a1, - ,a,;1),(1=b—m—n;bi,...,b;1),
— (162)"(1—a)" Us0,n,+5:V
Z T Xipip+5,qi, +2,7i, 1 RrtY

=0 Zy B;B, (1 —a—-b—2mja; + by, - ,a, + by 1),

(%_a_m;ala"' 70’7‘;1)a(%_b_m;b17"' 7b7‘)7(%_c_2m;017"' 7CT;1)A:A

e N~ 2
(2-2¢-2m;2¢y, - -+ ,2¢0;1) : B o=

2147 | A;s(1—a—s;a1, - ,a051),(1—b—s;b1,...,b0:51),A: A

U;0,n,+2:V . .

jX;pir“FQaqiT+177—i1‘5R7‘5Y ) ) (2.6)
zp 476" B;B,(1—c—s;wy, - ,wy;1): B

provided )

ai by >0 =1,---,7r). |larg (z;)] < i(Agk) —a;—b;—c;)m. x| <lorz=1 with Re(c—a—0b)>0.

To prove the theorems 2 and 3, we use the similar lines to the formula (2.1) by using the following formulae ([4], p.
124, Eq. 64) see also ([9], p. 322, Eq. 181) and ([3], p. 339, Eq. 12) respectively, instead of result ([6], p. 238, Eq. (14)).

3. Summation formulae.
If we take x = 1 in (2.1) and make use the gauss’s summation theorem, we get

Corollary 1.

oo Z1 A;(liaim;alf"70“7’;1)7(170‘%0‘7”;61*alw"ycria’r’;l%
y" U;0,n,.+4:V

min! " XiPir 4, ¢+ 1,70 Rt .
m,n=0

L B;B,(1—c—m—n;cy, - ,¢31)
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(I-b-nsby, -+ b 1), (1 —c+b—mnjc1 — by, ...,cr — b3 1), A A

zi(1—y)yaro=n | Ai(1—a—sjar, -, an1),

_ io: (l - y)a+b—0(l. + Yy — xy)SjU;O,n7-+4:V
- s! Xipip+4,qi,+1,7,  RpY

= Zr(l_y)uervT_wr B;B7(1—C—S;Cl,"‘ 7Cr;1)

(1-b-s;vy, -+ yup1),(1 —c+a;e1 —ar, -+ ¢ —ap; 1), (1 —c+byby,...,0;1),A: A

. (3.1)
: B
provided
1
ai biyc; >0,¢i—a; >0,¢,—b; >0 =1,---,7). |arg (z;)] < §(Al(.k) — ). |yl < 1,
Consider the above formula, taking y — 0
Corollary 2.
z1 | Ay(l—a—m5aq,--- ,ar51),(L=b—m;by,...,b; 1)
o0
1 U0 2V .
Z m) " XiPir+2,qi, 1,70 RetY . .
m=0 Zy B;B7<1_C_m;clv"'7cr;l)
71 A;(l_a;alv"'aar;l)a
JU;O,n,V+3:V
Xipip+3,qi,. +2,7 . RpY X .
zr | B;B,(1—c+a;e1 —ay, -, ¢ —ap; 1)
(I-byvy, -+ yo51),(1—c+a+bjcy —ay — b1, ,¢p —ar — b3 1)A A
' (3.2)

: B

Taking = = y in (2.5), we obtain the following formula

Corollary 3.
71 | A(l—a—myar,---,a051),(1—c+a—mn;by —ay,...,b, —a;1),A: A
= gmtn JUin A2V
Z mln! Xipin+2,qi+1,7i : RpY . .
m,n=0 Zy B;B,(1—c—m—n;by, - ,b;1): B
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Z1 Av(l —asay, - 7a7"71)7(1 _C+a’;b1 _ala"'abr _ar;l)aA tA

_ z=Um,.+2,0:V . .
I Y 2g 41 Ry | . 3.3)

Zy B;B,(1—¢;by,--,b;1): B

Taking z = 1 in (2.5), we get the following summation formula

Corollary 4.

z1 | A; (1 —2a—2m;2aq,- - ,2a,51), (1 — 20— 2m;2by,...,2b,51),
U043V . .
Z X T’zr“l’g Qir +2, Tip: R.Y

Zr B;B, (5 —a—b+2m;a; +by,--- ,a, + by 1),

(%—c—?m;cl,~~- ,em 1A D A

4a+b c:lU ;0,m 423V
7P1r +'3 i +2 Tipt R Y

(24+2¢-2m;2¢q, - -+ ,2¢31) : B

z14m e |AS (1 = 2a;2aq, -+, 2a,5 1), (1 — 205201, ..., 2b,; 1), (% - ¢ cl,...,cr;l) A:A

(3.4)
7,40 Fbr—cr B; B, (% —a—"bya; +b11, - ,ar+ by 1) , (24 2¢;2¢1,- - ,2¢,;1) : B
Remark 6.
If my=ng=--=mp_1="n,_1 =Diy =Qiy =" =Dir_, =i, _, :OandAZj :BQj :A2ji2 :BZjig [

Ayj = Byj = Ayji, = Byj;, =1, then we can obtain the same summation formulae in the generalized multivariable
Aleph- function ( extension of multivariable Aleph-function defined by Ayant [2]).

Remark 7.
Ifmy=no=--=my=n, =pi, =i, =" =pi, = ¢, =0and 7, =+~ =7, =T,0) = =T;;» = Ry =
=...=R, = RMD —...= R = 1, then we can obtain the same summation formulae in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [8]).

Remark 8.
IfAQJ = BQJ Agﬂz BQJZQ =. _AI”J = Br] = ATJZ, = BT],7 =land T, = =T, =T = = Tem) = Ry
= =R, =RV =...= R(’”) =1, then we can obtain  the same summation formulae in generalized of

rnultwanable I- functlon (extensmn of multivariable I-function defined by Prasad [7]).

Remark 9.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda
[10,11] and then we can obtain the the same summation formulae, see Audich [1] for more details.

5. Conclusion.

The importance of our all the results lies in their manifold generality. Firstly, in view of general arguments utilized in
these transformation of double infinite series formulae we can obtain a large single, double or multiple summations.
Secondly by specialising the various parameters as well as variables in the generalized multivariable Gimel-function,
we get a several formulae involving remarkably wide variety of useful functions ( or product of such functions) which
are expressible in terms of E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of
one and several variables. Hence the formulae derived in this paper are most general in character and may prove to be
useful in several intersting cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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