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ABSTRACT

In this present paper we derive a number of main formulae involving fractional derivarives of the generalized multivariable Gimel-function. We also
make use of the generalized Leibnitz’s theorem for fractional derivatives in order to obtain results which involve a product of two multivariable
Gimel-function. These results are shown to apply to obtain many new results.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.

We define a generalized transcendental function of several complex variables.
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1 1
D [( 5 ),7]( ))]1,n1 stands for (c(1 ),7(1)) o ( %11)7%(111)).

1 1
2) ma,Ng, -+ 7m’r’n7’7m( )777’( )7 T 7m(r)7n(r)7pi27qi27 R277i27 5y Py qiryRTaTirapi(T);qi(T);Ti(")vR(T) eN
and verify :

0<ma < iy, 0 <2 < Piy, - ,0< My < gy, 0 < < iy, 0 <MY < giy, -, 0 <m™ < gy

0<n <pay,-,0 <™ < pyo.
) 7i,(ig=1,--- ,Ry) eR";1;, eRY(ip=1,--- ,R);00 €ERY(i=1,--- ,R®) (k=1,--- 7).

Hy e ert (G =1, 0P k=1, )8 DY eRY (G =1, mP) (=1, 7).
C;’:()k) eRY, (G=m® +1,-- pF)i(k=1,---,7);

DI €RY, (G =n® 41,00 W) (=1, 7).

ak],Ak]6R+( =1, ng);(k=2,---,r);(l=1,--- k).

B By e RT (=1, mp)s (b =2, 1) (1=1,+ k).

a,(cj)zk Akﬁk€R+;(j:nk+l,~-,pik);(k:2,-~-,r);(lzl,-~~,k).

B Brji, €RY (G =mp+ 1, ,q5,); (k=2 1) (l=1,--- k).

5;?()1») € ]R+ (Z = 1 : 7R(k))7 (J = m(k) + 17' o ,Qi“c)); (k = 13 e 7T)'

AP ERY (i =1, ,RM); (G =n® 41, pin)i (k =1, 7).

nG)

5)c;k) G(C7(j:17 7nk)7(k:177T)7d;k)€(c7<]:17 7mk)7(k;:177r)
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akj'ik G(C?(]:nk—’_l)aplk)»(k:Za ,7").

brji, €Ci(G=mr+1,+ q;,); (k=2,--- 7).

d( B €Ci (i =1, ,RW); G =m® +1,- g (k=1,--- 7).

’*/](-?m €C(i=1,-- , R (i =n® + 1, p)i(k=1,---,r).

The contour Ly is in the si(k = 1,--- ,7)- plane and run from o — 100 to o + 100 where o if is a real number with

loop, if necessary to ensure that the poles of I'427 [ 1 — ay; + Z ag;)sk (G=1,--,m9), [ [ 1 —ag; + Z ag;)s;g
k=1 k=1

. ; ~ . (*) k k .
(jzl,"-,n;;),“',r/‘” (1—am-+Za£j)> (J:17 ) FC (1_6‘5)4’7]( )Sk>(j:17"'7n(k))(k:1a"'77‘)t0
=1

2 3
the right of the contour L, and the poles of I'B2/ <b2j - Zﬁé’]‘f)sk> (G=1,---,my),I'BsI (bgj - Zﬂglj)sk> (j=1,---,m3)
k=1 k=1
oo, TBr <brj — Zﬁﬁ?) G=1,---,m), INZ (dﬁk) - 6§k)sk) G=1,---,m®)(k=1,---,r) lie to the left of the
=1
contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < §A§’“)7r where
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Z ( ) + Z Br35< )~ Ti,. Z Arjiraw(«jg,. + Z Brji,.ﬁfnjgr (1.4)
Jj=1 j=n,+1 j=m,+1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(Zb' o ’ZT) - ( |21|a1’ T |Z7“|ar)’ma’x( |Z1|7" ) |Z7"| ) —0
N(Zh'" ) (|21|617"'7|ZT|57‘>’min(|Zl|7"'5|ZT|>_>OOWherei:17"'7r:
. - h bhj (4) d() - h Qpj — (4) C,(<J -1
o= A, e ; h,zl B g + D 5<z> and 1 = 1y e ,;2 h,Z_IA’”' ol e NO
1< <m® = 1< <n® ==
Remark 1.
If my=no=--=mp_1=np1=pi, =G, ="+ =pi,_, = qi,_, = 0and Az = Baj = Agji, = Baji, =+ =

Ayj = Byj = Ayji, = Byj;, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
Ifm2:n2:...:mT:nT:pi2 =Qi, =" =DPi, = qi, :OandTw = =T =T = = Ty =Ry =
=R, = RM =...= R = 1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [5]).

Remark 3.
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IfAQj = ng = Agji2 = B2ji2 = :A,«j = Brj = Arji,- = Brji,- = land Tig = 0 = T4, = Ty(1) = ==

) = R

—-=R,=RW =... = R") =1, then the generalized multivariable Gimel-function reduces in generahzed of

multivariable I-function (extension of multivariable I-function defined by Prasad [6].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [7,8].

In your investigation, we shall use the following notations.
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X = Piyobins Tins R 5Py _1s Girs Tiry - R 1Y = P @50, T RV 5 i, Gy Ty R

The fractional derivative of a function f(x) of complex order x ([4], p.49 and [3] p. 181) is defined by
ey o (€ = y) T f(y)dy; Re(n) < 0,0 € R

oDy [f(2)] = :

4 " DE=™[f(2)];0 < Re(p) < mym € N

where m is a positive integer.

The special cases of the fractional derivarive operator D!’ when o = 0 will be written as D~
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In this present paper we shall derive several fractional derivative formulae involving the generalized multivariable

Gimel-function which will be represented as above. In your investigation, we shall adopt the contracted notations cited
above.

2. Fractional derivative formulae.

In this section, we shall prove the following fractional derivative formulae involved the generalized multivariable
Gimel-function defined in section I.

Theorem 1.
D* [mk(x +a)"(a— )" ] (212" (z + a)’(a—2)", -, 12 (x +a)’ (a — x)~r)] =
0o I+m
(_)m (E) Usmr+1,n,.+2:V

ar—az k—p a
a x 2 : I'm) Xipip+3,qi, +3,Ti, 1 RetY
I,m=0 o

z1271a" = | As(—ar;bi, - b 1), (Sl=m —k;p1,-oc ,pry 1), A (L—m —asser, -+ e 1) A
' (3.1)
z12Pa bi—ey B;(1—az;ci, - ,c51),B,(I—ay;by, - by 1), (u—1—m—k;pr,-- ,p;1): B

provided
Makaaiabiapiaci,bi — Ci, A1 —GQ»k_M> O(l: 1,"'7')

x
, arg(—)’<7r
a

Re(—a1),Re(l —az),Re(1—m —ag),Re(p—1l—m —k)>0

bh d(l)
—I—Zb +pi —¢i) mln Re(ZZBhJﬂhJ,—i—D()&() 110

k<m;
\ ~X [3 ’
1< <m® h=2h'=1

1
larg (zxz” (z + @) (a —2) %) | < §A§k)7r where A" is defined by (1.4).

Proof
To prove the theorem 1, expressing the generalized multivariable Gimel-function with the help of (1.1), applying the
binomial expansion and formule ([4], p.67)

AN se\™ |z
A A - -
(x4a)* =a mE:O (a) (a) a‘<1and
LA+ 1)zr—#
DH () = R _

and interpreting the resulting expression with the help of (1.1), we obtain the desired theorem 1.

Theorem 2.
Dl [z*(z 4+ a)* (a — 2) "] (212" (x + @) (a — 2) 7, -+, 212 (x + @) (a — 2) ™) T (wiz™, -+ ,wpa®™)] =
I+m
a®~ a21’k m Z & Usmr+1,n,.+2:V
U'm) Xipip+3,qi, +3,7i, i Ry

l,m,s=0
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le‘plablicl A;(fal;bl)”' )bTal)a(flfm;plv"’ 7p7“;1)aA7(1 —Mm —a2;C1," - 7CT;1);A

z12Pla — B; (1 —ag;c1,-+-,¢1), B, (I —ay; b1, .00 1), (=l —=m4+s;p1, -+ ,pr;1) : B

wpz™ A% (=kyaq, -+ ,ap; 1), A% A
U*;0,n;+1:V* . .
JX*;p;’v-‘rl,q;’v+1,Ti’f’.:Rﬁ:Y* . . (22)
wiz® | B B*, (—k+s+p—s;a1,--- ,ap;1) 0 B*
Provided

Nakuahai)b%piaciabi — Cj,a1 — G/Q,k'_[lf > 0(2 = 17-"7‘)’ ‘a'rg (E). <71
a

- brj . p)
(1 —k — + 3 (bi+ pi — ¢ > E 2
Re(p s) > 0 Re (k) )2 (bi + pi — c;) . njlg}n Re ( ) Bhj—5r ﬁh’ + D;
=1 1< <m@® h=2h'=1

WD
Dy < 0 )] > 0.
0;
1
larg (zxz” (z + @)’ (a —2) %) | < §A§’“)7r where Agk) is defined by (1.4).|arg (w;z*)
defined by (1.4)

d(‘)
+1>0
5?

T

Re(k)thai min Re

o ig<m®

)7 where A7) is

To prove the theorem 2, we use the generalized Leibnitz’s rule

,u = m ( ) ;n . (1’)
Dy = E 0( )D 1D [g(z)]
Theorem 3.

Dngé/tz [xklyk2 (x + a)al (a _ x)—az (Z/ + C)dl (C _ y)—d2

Iz y (@ +a) (a—2) " (y+d) (d—y) ey g (@4 a) (a—2) " (y +d) T (d—y) ) =

o0

!
T W C yma (2 YN cUimet 2, bV
Y a c Xipi, +6,gi, +6,7i, Rt Y
l,m,p,q=0

ablicldeliflwﬁlyW1 A’ (_kl _l+m/p17 7p7’;1)7(_k2 —pt+qiwi, - 7wr;1)7(—0,1;b1,“‘ 7b7”;1)7

abT—c,-der—f.-xpTyw‘,\ B; (1—&2;61, cee L Cps 1)7 (1 _ d23f17 e 7fr)7B

(_dl;ela"'767‘;1)7A7(1_a2+m;017"'ac’r‘;l)a(l_dZ_q;flv"'?f?“:l):A
: 2.3)
(Ml_kl_l_m§P17"' 7pT;1)7(/1’2_k2_p_Q;w11"' 7wT;1)7(l_al;bla"' abT;1>7(p_dl;elv"' 7eT;1):B

Provided
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, larg (g) )} <7
c

Re(—ky —1—m) > 0,Re(—ks —p—¢q) > 0,Re(1 —az) >0,Re(1 —ds) >0,Re(u1 —ky —1l—m) >0

. z
p1s 2, ki, ko, o, aq, b, piy iy by — ¢ a1 — ag ky — pay ke — g > 0( = 1,---7’),max{‘arg (5)

Re(l —ags —m) >0,Re(1—do—q) > 0,Re(us —p—q— ko) >0,Re(l —ay) >0,Re(p—dy) >0

. s b . d®
Re(k1)+Z(pi+bi_Ci) 1<r}cnn <ZZB’W Onj —|—D()ﬁ> +1>0
k

R’
- <k<m; 6
i=1 1< <m@ h=2h'=1

r T h (%)
. bhj | @ b
Re (k) + Y (wi+ei— f) min Re (Z 2 Buigrr + D | +1>0
i1 1< <m® h=2h'=1 k

1
larg (zxz” y* (z 4+ a)% (a — 2) " (y + d)*(d —y) /") | < EAEIC)W where Agk) is defined by (1.4).

To prove the theorem 3, we use the theorem 1 twice with respect to the variable y , and then with respect to the
variable x , here x and y are two independent variables.

3. Special cases.
In this section, we give several particular cases.

Taking b; = 0(i = 1,--- , ), the fractional derivative formula (2.1) reduces to

Cororally 1.

oo m (z\l+m
DY [a:k(x +a)™(a—x)""] (zw’” (@a—x)~, - 212" (a — x)_c*)] = g@1 a2 pkop Z 7(_) (“)

leplaicl Aa(_l —-—m— k;pla"' )pr;l)aAv (1 —m —a2;Cy, - 7CT;1);A

Usmyr+1,n,.4+1:V . .
Xpip+2,qip +2,7i, :RpY (4.3)

zzPta” B7 (1 —az;Cry 7CT;1)7B7(ﬂ_l_m_k;pl7"' 7pT71) : B

provided

,U/ak7ai’piaci7al_a27k_;u>0<i:17"'7a)

x
, arg(—)‘ <7
a

Re(—aq1), Re(l — ag), Re(1 —m —az), Re(u —l—m —k) >0

i)
. bh] (z)d
-I-Z i — Ci) <I21<I:RLR6(ZZBJBM+D 50 +1>0

1<5<m @ h=2h'=1 k
1
larg (zxz" (a — ) ") | < §A§k)7r where 4™ is defined by (1.4).

In the above equation, taking as = ¢; = 0(¢ = 1,--- , ), we obtain
Corollary 2.
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I

DY [xk($+a)“1:l(21m”1,~~ ,zlx”” = g™k #Z(al) E

711/ A;(_l_k;pl,"'ap’r‘;l)vAa;A

Usmy,n,+1:V . .
Xipip+1,qi.+1,75, R (32)

z12Pr | BB, (u—1—k;p1,-- ,pr;1) : B
provided

Wk, ai, pisk —p>00G=1,---7),

arg (g)‘ <7m Re(—ai),Re(u—m—k)>0

r . bh] ) dgcl)
k>+;pz 15%% RP(ZZthﬁh/ Dy, @ +1>0

L <m® h=2h'=1

1
larg (zpx?) | < §A§k)7r where Agk) is defined by (1.4).

In (4.2) if a; = 0, we het
Corollary 3.

2127 | A (=ksp1,---,prl), A A
k ™ k U T r+1V * *
Dy [a" T (1, zaf) ] = a7 I L Ry (3.3)

z12” | BB, (u—k;p1,--+ ,pr1) : B

provided

ok, pik—pu>00=1,---7), arg(%)‘ <m Re(p—k)>0

r T h (2)
. bh, (i)
k)+§pi | nin  Re (ZZthﬁh/ + Dy 5 +1>0

1<G<m® h=2 =t

1
< §A§k)7r where Agk) is defined by (1.4).

larg (zxx’")

Taking b; = 0(¢ = 1,--- ,r) in theorem 2, we get
Corollary 4.
D [mk(x +a)(a—z)" I (212" (a — )", 2127 (@ — 2) ") T (W™, -+ wpa®)] =

= WY (a1 (\Fm o, v
aal—azmk—u Z (_)m el j SN, Tyt
v l a Xipip+2,qi, 12,70, RpY

l,m,s=0
iz a” = | As(=l—m;pr,-e 1), A (L—m—ag;er, - ¢ 1); A

zza e B; (1 —az;cr,---,¢31),B, (=l —m+s;p1,--- ,pr;1): B

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 120



Text Box
International Journal of Mathematics Trends and Technology ( IJMTT )  - Volume 59 Number 2  - July 2018


Text Box
ISSN: 2231  - 5373                                 http://www.ijmttjournal.org                                    Page 120



International Journal of Mathematics Trends and Technology (1JMTT ) - Volume 59 Number 2 - July 2018

Wy A% (=ksaq, - o 1), A% A
U*;0,n;+1:V*
]

X*ipy, 41,5 41,77 Ry * (3.4
wiz® | B5B* (—k+s+pu—s;ar, - ,ap;1): B*
Provided
. T
ok, o, a,piy a1 —ag,k—p > 03 = 17...7«)’ ‘arg (_)‘ <
a

r T h (1)
bn; nd
Re(ﬂ—k—s)>O,R€(k‘)+E (pi —ci) min  Re (ZZth i +D’(“)5Z)>+1>O
j k

h
1<k<m,
im1 SESm h=2h'=1 Brj

1<j<m®
0
p (4
i\ 50
J

1 1
larg (zpz" (a — ) ") | < EAEIC)W where A" is defined by (1.4).|arg (w;z%) | < §A;‘(k)7r where A} *) is defined
by (1.4)

> 0.

Re(k)JrZai min Re
i=1

1<G<m @

Remark 6.

fmy=no=- =My 1 =Np_1 =i, = Qi ="+ =Di,_, = q,_, = 0and Ayj = Boj = Agji, = Baji, =+ =
Ay; = Byj = Ayji, = Byj;, =1, then we can obtain the same fractional derivatives formulae in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1])

Remark 7.
If'ITLQ:nQ:"‘:mr:nr:pig =Qi, = =Pi, = (i, :Oanc]Ti2 = =T, =Ty = = T =Ry =
=...=R.,=RM =...= R" =1, then we can obtain the same fractional derivatives formulae in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [6]).

Remark 8.
IfA2j = sz = A2ji2 = B2ji2 — ... :Arj — Brj = Arji,« = Brjir — land Tig =0 =Tj, = Ty) =+ = Tj(r) = R2
—.=R,=RM =... = R" =1, then we can obtain the same fractional derivatives formulae in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [5]).

Remark 9.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [7,8]
and then we can obtain the same fractional derivatives formulae.

4. Conclusion.

The fractional derivative formulae involving in this paper are double fold generality in term of variables. By
specializing the various parameters and variables involved, these formulae can suitably be applied to derive the
corresponding results involving wide variety of useful functions (or product of several such functions) which can be
expressed in terms of E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one and
several variables. Hence the formulae derived in this paper are most general in character and may prove to be useful in
several intersting cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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