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ABSTRACT
In this present paper we evaluate a general class of Eulerian integrals involving the generalized multivariable Gimel-function. . The results proved
here provide closes-form expression for numerous other potentially useful integrals. At the end , we shall establish several particular cases.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ng = N U {0}.
We define a generalized transcendental function of several complex variables.
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m ) 3 k n 3 k
TI72 55 by — Sy A8 ) TT52 T49 (1 — ag; + X, o))
R i s k i s 3 k
Zigszl [Tis H‘]]?:?’ngg-i-l [Assis (a3ju Zk 1 O‘éjgs )H?:Bm3+1 I['Baiia (1- bsjis + Zk:l B:E.gz)ask)]

T17 T80 (b — Sy B si) T, DA (1 — ary + hy ol sp)

R, ir i g k [ L. r k (12)
S TTE o DA (args, — Spey @l ST 0 DB (1= byjir + Shy B 50)]
and
m(F) (k) k k n(F) (k) k k
(o) = H] L <d< '3 ’skmﬂ r% (1-¢ )+7( 1) )
R(®) D, k k ’
D it =1[Titm = m<k>+1 r ”w( ﬂu») + ‘5( (k) Sk )sz(’;)(k)+1 r “(k)( §z()k> VJ(Z()k)Sk)]

1 1
D [( 5 ),7]( ))]1,n1 stands for (c(1 ),7(1)) o ( %11)7%(111)).

1 1
2) ma,ng, - 7m’r’n7’7m( )777’( )7 e 7m(r)7n(r)7pi27qi27 R277i27 oy Piey Qi RTaTirapi(T);qi(T);Ti(T)vR(T) eN
and verify :

0<ma < iy, 0 <2 < Piy, - ,0< My < gy, 0 < < iy, 0 <MY < giy, -, 0 <m™ < gy

0<n <pay,-,0 <™ < pyo.
) 7i,(ig=1,--- ,Ry) eR";1;, eRY(ip=1,--- ,R);00 €ERY(i=1,--- ,R®) (k=1,--- 7).

4)7 ,C (k) ER"" (G=1,--- n(k)) (k=1,---,7); 5(k) D(k) €R+ G=1,-- m(k)) (k=1,---,r).
OO ERY, (= m® + 1,0 p0); (b =1, ,7);

D"“Qk) ERY,(G=n® +1,-+ ¢®)(k=1,--,r).

ak],Ak]€R+( =1, ,ng);(k=2,---,r);(I=1,--- k).
5kgaBkj ERT:(G=1,--- ,mp);(k=2,---,7);(l=1,--- k).
o) A, ERY (G =np+ 1, )i (k=2 ) (L=1,00- k).
B Brjis €RT (G =mu+ 1, g5 )5 (k =2, ,r);(l=1,-- k).
Oy ERF (=1, \RW); (G =m® 41, quw);(k=1,--- 7).

A € R (=1, R®): (= n® 41, )i (k= 1,0+ 7).

5 eCi(G=1, ) k=1, ,r)d" €C;(j =1, ,m); (k =1, 7).
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arji, €C;G=ne+1,--- ,pi, ); (k=2,--- 7).

A € Ci (=1, B9 (= m®) 41, g0); (k= 1,0+ 7).
k
Y €Cili=1, RO (G =n® +1, 0 pw)i(h=1,-- 7).
The contour Ly is in the si(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with

2
loop, if necessary to ensure that the poles of [**7 1 — ap; + > ozg;)sk> (j=1,--- ,ny), T4 (1 —ag; + Z al) si
k=1

(j=1,---,ng),--- ,[4v (1 — ay +Zaf?> (j=1,--,n), 0" (1 M +7§’“>5k) G=1- 0" (k=1 rto

3
the right of the contour Ly, and the poles of T'%2/ <b2 - 2627 9k> (j=1,---,my),TBsJ (bsj - Zb’é’;)sk) (Gj=1,---,ms)
k=1

k=1
e < Z B(l)> j - my), IR (d;k) - 5J(~k)sk) G=1,---,mP)(k=1,---,r) lie to the left of the

contour L. The condmon for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(z,)| < §A§’“)7r where

m®) n® a®
(k) _ (k) s(k) (k). (k) (k) (k) (k)
Ai - ZDJ 5] +ZCJ ’YJ = itk Z Djz(k) jz(k) + Z C]’L(k) ji(k) +
Jj=1 Jj=1 j=mF)+1 j=nk) 41
Dig
k
ZAQJ%J +ZBJ5 Ti | D Azjiyaly), + Z Bajia By, | + oo+
j=no+1 j=mao+1
Pig Tir
k k k k
ZAMCJ HZBTJ@( Pen | Y Agndl) + > By Y (1.4)
j=n,+1 j=m,+1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(217"' ’ZT) - 0( |Zl|ala"' 7|Z7°|ar)’ma’w( |Z1|7"' 7|Z7"| ) — 0

N(Zlfu ) (’zl|617"'7’ZT|BT)’min(|Zl|7"'7’ZT|)_>OOWherei:17"'7r:
h (%)
. bn; (%) d - apj — 1 0C —1
=, gin Re (Z 2 B + DV Jana = s Be| 35 An=o £ GG
1<]<77L() h=2h'=1 1<j<7L(i) h=2h'=1 J k
Remark 1.
If m2:n2:"':mr—1:nr—1 :pig :qigz"‘:pi1~71 :qir—l :OandAQj:B2j2A2ji2:B2ji2:"':

Ay; = Byj = A,ji, = Byj;, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
IfnL2:n2:...:mr:nT:pi2 =Qi, = =Pi, = (i, :Oandﬁ2 = =T, =Ty = = T =Ry =
=...=R,=RW =... = R0 =1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [6]).
Remark 3.
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IfAg; = Boj = Agji, = Baji, =+ =Arj = Byj = Apji, = By, =land 73, = =7, =T, = -+ = Ty;n = Iy
— -=R,=RW =... = R =1, then the generalized multivariable Gimel-function reduces in generalized of
multivariable I-function (extension of multivariable I-function defined by Prasad [5].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda
[9,10].

In your investigation, we shall use the following notations.

1 2
A [(82j7 agj)ﬂ aQJ k) A2j )]l no [T22 (a2j22 9 a(Qj)Zg } aéj)lg 9 AQJZQ)]n2+1,p12 [(a3j7 Oééj)7 04;(3])7 Oé3j) ) A3j)]1,n37

() (r=1) .

1 2 3
[Tls (a3Jl3’O‘i(‘)])z;,»7 ai(‘)j)Zg,? O‘éjzg A3ﬂs)]n3+1ng ) [(a(r—l)j; a(r_1)jv e ,OC(T 1)]’ A(r 1)j)17nr—1]v
e (r—1)
[Tir—l (a('f_l)jir71 ? a(r—l)jir_l’ ' a(r 1)jir—1’ A(T—l)jir—l )"r—1+1:pir,1] (15)
1 T 1 r
A = [(a; aij)v T m), Arj)in s [Tin(@rgins O‘v(sz T 7057(~jo5 Arji, Jnt1,pi, ] (1.6)

1 1 1 1
A= [(CE ( C( ))l,n(l)L [Ti(U (C;izl)ﬁj(-i<)1> ; Cj(z()l))n(l)+1 p(l)] )

(S A5 C5) g ), [ (e ;Z()mﬁ](:()m,C;;)m)m(,.)ﬂ,py»] (1.7)

B = [(ba; 557 8575 Boj)t.mas [7ia (bajias B3, BSohy: Bajin a1,y (b33 85, B B B3g)1.oms

[Tiy (B335 B B B5 3 Bajismst1.0iy 5+ 3 [0y By oo B0 Blrm)i) iy s

[7i, 1 (br—1)ji, - I’Br Djir_1®" ,5(: i))ﬂ, S Be—1jie 1 )mei 1.0, (1.8)
B = [(byyi 85+ 2 B85 Brjim,Js [ (begis B0+ 2 B 5 Brjis Jm, 1.0, (19)

1 1 1 1 1
B= [(dg )75](' )5 D§ ))1,m(1)]a [Ti(U( 1(1)3551()1)1D;,L()l))m(l)+1 q(1>]

[CVRNEY o) N N TR (A OVRE 21 RRS) (1.10)
U =ma,nz;ma,ng; -+ smp_1,n0—1; V=m0, nW;m® pn@;.0m) 5 (1.11)
X = Pigy Qi Tins B2+ iDin 1 Giyrs Tiny 2 Ree13Y = Dy, s Ty R+ i pacoy, Gy Ty s BT (1.12)

2. Required result.

The following result have been evaluated by ([7], p.301 (2.2.6)).

Lemma 1.

b
/ (t —a)* (b —t)P " (ut +v)'dt = (b — a)*TP (au + v)Y B(a, §)2F) (a, —v;a+ f; —%) (2.1)
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b
arg (aZj_—U)‘ <ma#b

v

provided Re(a), Re(3) > 0;

We consider the binomial expansion.

Lemma 2.

0 N (t a)u
(ut + v)7” = (au +v)? Z " ( auty > 2.2)
m=0

ded (t—a)u
provided | ~———

< 1,t € [a,b)

3. Main integral.

In this section we shall deal with problem of clossed-form evaluation of following general Eulerian integral involving
the multivariable gimel-function :

(t —a)?(b—t)"(ut +v)t=0="

D(ut +0) + (C— D)t —a)

In this section, let g(¢) =
X; =D Y(b— a)(&—i-n)vi (au + U)—(6+n)m; (i=1,---,7)

Theorem.

b
/ (t— )" (b= )P (ut + 0) T[22 (g(8) ™, -+, 2 (g(D))™] dt = (b — @)+~ (au + 0)?

s (B— A)m b—a m _(b_a)u l Zle Aa (1—m;a1,~~ 7ar§1)7
B au+v au+v U;0,n.+4:V .
Z I'm)! Xipip+4,qi,.+3,7i, :RetY . .
l,m=0
ZlX'r BaBa (1;Vla"' 7UT;1)

(I4+y—=1l=m;(0+n)ay, -, (0 +n)ar; 1), (1 = Bsnar,--- ,nap;1),(1 —a =1 —m;day,--- ,0c=ar;1),A: A
: (3.1)
(1-04—5—l—m;(5+77)a17"' »(5+77)ar;1)=(1+’Y—m;(5+77)a17“' 7(6+n)ar;1):B

provided

(D-C)(t—a)
B(tu + v)

(b—a)u
au + v

pW d() >0
J (5()

a; >0;i=1,--- ,r;min{Re(a), Re(B)} > 0;b # a;maac{‘

}<1,te [a, b]

o dD
(2) J
Dj (65”)] >0;:Re(p)+ E a11<5n<17r;(1> Re

s
Re (o) + E a; min Re
= GEm®

1
larg (z(g(t)*) | < §A§.’f>7r where A\ is defined by (1.4).

Proof
To prove the theorem, expressing the generalized multivariable Gimel-function with the help of (1.1), we get

b 1 T
—a)* b — )P (ut + v)'—— S1y00 48 Sk) 2k
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|:t — a)é(b — t)n(ut + 1})1577:| Diog aisi

D(ut +v) + (C — D)(t — a) dsy - --ds, dt 62)

interchanging the order of integration and summation in (3.2) which is justifiable due to the absolute convergence of the
integrals involved in the process, we get

bl Tl e
| s s T Ok BT
(2mw)" Ji, L, el

b 72?, a;S;
ST s — e _ v D-C)t—a) i=1
t— )OI i aisi—l(p _ B0 aisi—1( 4 Y=(6+m) iy aisi )1 — —( dt
Va( @) hes 00571 ()0 Sl i ) : S

dsy - --ds, 3.3)

Using the lemma 2, we get

= (D-9" 1 ! T(m+ Y0, asi)
D S1,c++ Sy 0 (s51.) 25" i=1 %iSi
mZ::o m! (2mw)" /Ll /L,. Voo o) ]];[1 klsw)z Ll aisi)
b
/ (t — a)otmoRic ey — )i syt 4 p)1mOFN NI aiside| dsy - - ds, (3.4)
a

Now using tthe lemma 1 and and interpreting the resulting expression with the help of (1.1), we obtain the desired
theorem .

4. Special cases.
In this section, we shall give several partcular cases.
In (2.1), takingy = —a — f,u=-A—p,v =1+ pwb— 1+ Na, f(t) =ut +v=(>b—a)+ At —a)+pulb—1)

(t—a)’(b—)"(f(t))' "

90 =BG —a)+ (t—a)(C— D+ DN+ 1D~ 1)

and finally replacing <, 8 by (a + 1), (8 + 1) respectively, we

get (taking above substtuting the lemma 1would yield ([4], p. 287)

/b (t—a)*t(b—t)"" o IHN) 0 +u)”
o [(b—a) + At —a) + p(b— )7 (b—a)

B(a, B)
provided Re(«), Re(8) > 0;b — a + A(t — a) + u(b —t) # 0,t € [a, b, (a # b), We obtain the following integral

Corollary 1.

D-S@a+x)"
m!

bt — o (h — i
/ <t[f(t))]$j(zl(9“))‘“’ ez (g(8) )t = (b —a) A+ N) T+ )T Y (

m=0

ZlDial(l + )\)7&11(1 + M)fnal A; (1 —miag, -, ar; 1)7

U;0,n,+3:V
Xipip+3,qi, +2,7, Ry Y

ZlDiar(l + )\)—5%(1 _|_u)*77ar B;B, (1;V17... ,vr;l),
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(o —m;dar,--- ,d0ar;1), (=Binar, - ,nar;1), A A
: 4.1)
(I-a= B —m; (6 +n)ay,---, (6 +n)a;1): B

In the above corollary, taking A = 4 =0, z; = (b — a)5+7’_1vi; (i=1,---,r)and
1
d=n=lLa=0= 5 A — A, B — B2, using the relation ([3], p. 101, Eq. (2.8) (6)) and the duplication formula,

we get

Corollary 2.

I e (= | R e = W ER

(b—a) |\ 1
TiD)? A; (3501, ,a051) A5 A

U;0,n,+1:V .
jX?pir‘i’l,QiT+1u7'z‘,‘5Rr5Y . ) 4.2)
( (b—a) )QT B;B, (0;vy,--- ,v:51): B
C+D)2
1
In the corollary 1, taking A = =0, 2z, = (b — a)‘“”’_l)‘“,é =n= 5,5 =—a—2,a; = 2a;(i =1,---,r), using the
duplication formula an binomial expansion ; finally a = 0,0 = 1,a; = 1(i = 1,--- , ), we get the relation

Corollary 3.
/abta(l—t)_a_gj ({%r , [%T) Gt 2 (g)&ﬂ

(ACD) | Aj(—azar, -+ an 1), (@ + 2501, a,31) A A
U;0,n,+2:V

XiPip+2,0i,+2,7ip ByY (4.3)
(4CD)_1 ]BvBa (1717 7]-’]-)3(%71, 7171) :B
in corollary 2, taking a =0,b=1,a; = 1(i =1,--- ,7), we obtain the following integral
Corollary 4.

/abt"(l—t)_%:lq%}7...{%})(%:%

- (1. . .
(C+D)~2 | As(3:1,---,151) A A
U;0,n,+1:V

X+, dip +1,7in Ry Y (4.4)
(C+D)~%2 | B;B, (0;1,---,1;1): B
Remark 6.
If mg=no=-=mMp_1 =Np_1 =i, =i =+ =Di,_, = q,_, = 0and Ayj = Byj = Agj;, = Bajij, =+ =

Ay; = Byrj = Arji, = Brj;, =1, then we can obtain the same Eulerian integrals in the generalized multivariable
Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1])

Remark 7.
fma=ne=--=mp=n,=pj =¢qi, = =p;, = ¢, =0and 7, = - =7, =70 = =Ty = Ry =
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=...=R,=RW =... = R") =1, then we can obtain the same Eulerian integrals in a generalized multivariable I-
function (extension of multivariable I-function defined by Prathima et al. [6]).

Remark 8.
IfA2J = sz = A2'i2 = B2j’i2 = e :A7j = B7j = A’f‘jir = BT‘]’Z’,,- = 1and Tig = e s = Tir = ’L(l> = Z(') = R2
—.-=R,=R" =... = R" =1, then we can obtain the same Eulerian integrals in generalized of multivariable

I-function (extension of multivariable I-function defined by Prasad [5]).

Remark 9.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [9,10]
and then we can obtain the same Eulerian integrals, see Shrivastava [8] for more details.

5. Conclusion.

The Eulerian integrals possesses double fold generality in term of variables. By specializing the various parameters and
variables involved, these formulae can suitably be applied to derive the corresponding results involving wide variety of
useful functions (or product of several such functions) which can be expressed in terms of E, F, G, H, I, Aleph-function
of one and several variables and simpler special functions of one and several variables. Hence the formulae derived in
this paper are most general in character and may prove to be useful in several intersting cases appearing in literature of
Pure and Applied Mathematics and Mathematical Physics.
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