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ABSTRACT
The aim of the paper is to evaluate some contour integrals involving generalized Legendre associated functions and the generalized multivariable
Gimel-function where the integration is performed with respect to parameters of generalized Legendre associated functions.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = NU{0}.
We define a generalized transcendental function of several complex variables.
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1) (25781, stands for ({7594, (c0; 7).

’I’Ll ? 777,1

1 1
2) ma,ng,: - amT7nTam( )7n( )a e 7m(r)an(r)7pi27Qi27RQaTiza e 7pi¢‘7QiraRTvTirapi(")uq'i("‘)uTi('l'hR(T) S N
and verify :

1
0<m2 <Qi2,0<n2 <pi2,"' 70<mr <Qz,70<nr<pz,a0<m( ) <Qi(1)a"' aOgm(r) <Qi(7')

0< 2™ <pay,--,0< " < po.

3)7i,(ia=1,--- ,Ry) eRY; 7y, eRY (i, =1,--- | R.); 750 €RT(i=1,--- ,R®) (k=1,---,r).

HyM oW eR(G=1, @) k=1, )80, DY e RY (=1, ,m®)i k=1, 1)
C® e RY,(G=m® 1,0 ) (k=1 1)
DXy eRT, (G =n® + 1, ¢®);(k=1,--- ).

ozkj,Ak] ERM: (=1, mp);(k=2,---,7);(I=1,--- k).
B Bry e RT (=1, omp)s (k =2, r);(1=1,+ k).
o A €RY (= mp+ L pi)i (k=2 ) (=1, k),
Bk]zk7Bk5jik ERT;(j=mr+1,---,q:,);(k=2,---,r);(I=1,--- k).

5k

O €RY (=1, R®): (i =m® 41, q)i(k =1, 7).
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P €RY (i =1, ,RP);(j =n® + 1, pw); (b =1, ).
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5l € G =1, )i (k=1 r)d? €CG=1 mi)i (b =1, 7).
A5y, G(C,(]:nk—i-l, 7pik);<k:27"' 7T)'
bhji, € C5 (G =mi+ 1, qi )i (k =2, 7).
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gtk

) EC;(izlv"' vR(k));(j:m(k)+l7"' 7qi(’“));<k:17"' 7r)'

B € Cili =1 BO) (= n® 4 Lo pyoo)i (k= 1,0+ 7).

The contour Ly, is in the s;(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
loop, if necessary to ensure that the poles of 427 (1 —ag; + Z aé’;)sk> (j=1,---,ng), 487 (1 —ag; + Z g sk>
k=1 k=1

N (*) )
(j=1,---,n3),--- , T (1 — Qrj +Zaf,j)> (G=1,---,n,), 0% (1 —cyc) +’y,(k)sk> G=1,-- ") (k=1,--- 1o
i=1
2
the right of the contour L, and the poles of %2/ <b2j - Zﬂgj)"k> (j=1,---,my), B ( : Zﬂdj sk) ms)

L < Zﬁ(L)> j=1,--,m), o) (dﬁ'€> - 6§k)sk) G=1,---,m®™)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zi)] < EAEk)r where

m ) n(k) ‘Iik) pik)
(k) _ (k) (k) (k) (k) (k) (k) (k) (k)
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j=mk)+1 j=n(k) 41
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Jj=1

j=na+1 j=ma+1
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ZAma““) B - [ 3D Ageall 4 Y Bual) (14)
Jj=1 Jj=n,r+1 j=m,+1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(Zl? T 727’) - 0( ’Z1|a17 T ‘ZT|QT)’ma'x( |21|,~ ) ‘ZT| ) =0
Rot, s 2) = 0([z1l? -+ |l ), min( e, -+ ,[ar] ) = o0 where § = 1, 7
, bry o ds e —1
oo i (57 o = e e (50 01
LI h=2 h'=1 1<j<nm h=2 h'=1 hj j
Remark 1.
If me=ng=-=mp_1=n1=pi, =qi, =+ =DPi,_, = qi,_, = 0and Azj = Byj = Agji, = Baji, = - =

Ayj = Byj = Ayji, = Byji, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
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fma=ne=--=mp=n,=pij, =¢qi, = =p;, = ¢, =0and 7, = =7, =Ty,0) = =Ty» = Rp =
=...=R, = RMD —=...= R = 1, then the generalized multivariable Gimel-function reduces in a generalized
multivariable I-function (extension of multivariable I-function defined by Prathima et al. [6]).

Remark 3.
IfAQj = ng = Agjiz = Bgﬁ2 = ZArj = Brj = Arji,- = BTjir = land Tip = " =T, = Ty(1) = =" = Ti(r) = Rz
— -.=R,=RW =... = R =1, then the generalized multivariable Gimel-function reduces in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [5].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [8,9]

In your investigation, we shall use the following notations.

1 2 2
A =[(agj; 087, 0875 AoV 1y, [Tia (azjins @S5 a5 s Agjisnas 1o, - (@353 055 0, a5 Agp)t s

1 2 3 1 r—1)
[Tzs(a?)]lj?a:(),]137aé])13705é])131A3]715)]7’l‘5+1,p,3' Tty [(a'("‘_l)j;agf‘)—l)j7. o aET‘ 1)]aA('r 1 )1 N — 1]
NE)) D
[Tirfl(a(rfl)jirfl’a('r‘fl)ji,,vfl’ ’ (T 1)jir—1’ A(T*I)jirfl)”r71+17;0i7»,1] (15)
A = (a0l 0l A i) 1 (angi ol ol s Ay Jngap, ] (1.6)

1 1 1 1 1 1
A= [(C§ )7 '7]( ); C]( ))l,n(1>}v [Ti(l) (C;i()l) ) ’7](*i()1) ; Cj(z()l))n(l)—H p(l)] ©

[(c (r)ﬁjr) C(T))l,m(T)}7 [Tic) (C;Z()rw%(':()r);C;:()r>)m<r)+1,pg”] 1.7)

1 2 1 2 1 2 3
= [(ij;ﬁéj)7ﬁéj);BQj)]l,m27 [Tia (sziz;6§j32,6§j22,B2ﬂ2)]m2+1 iy > [(b?)j;ﬁ;gj)aﬂéj)aﬁéj);B3j)]1,7ﬂ37

2 1 1
[7—13 (b3j137 53313,/8§ji33 53]13 33313)}m3+1 q13 ty [(b(r—l)j; B((r)—l)j’ te 7/6(: 1))Ja (r— l)j)l,mrfl]a

1 r—1
[Tir—l(b(T—l)jir,l;ﬁ((r)_l)jiT_la"' 7ﬁ(r 1))3“ . B(r—l)jfzr,l)mr_1+1,qir71] (1,8)
B=— gL ... gN. g (b gD (r) , 19
[(bry; v 75r] i Brj)im, |, [7i,( T]1r7ﬁ*r‘_]zr ﬁT]zT rﬂr)mﬂrl,qi,‘] (1.9)

1 1 1 1 1
B = [(d{", 67 D)y ] [rsen (43, 81,3 D) o gy g i+

j’L(l) ? ]1(1) )

) (1), ) " . p®
[(dJT 75jr 7Djr )l,m(r)]v [Ti(T)( ]z( )a6]:(7): ]:(1'))m(7')+1’q§7‘)] (110)
U = ma,ng;mz,nz; - imp_1,n,—1; V. =m® nW;m® n@: . om) p) (1.11)
X = Digs iy Tin; B2+ iDin 1 Qi 15 Tin s 2 Ree13Y = Diys 0, Ty RY5 o 5 pacoy s Gy Ty s BT (1.12)

2. Required results.

In the first times, we evaluate an integral concerning the generalized Legendre associated function.
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Lemma 1. (Braaksma and Meulenbeld [3], p. 277(8.2))

' - uF(lc—p+m)r(k_p_m)r(p__+1)
1— P(1 k—p 1Pn,mtdt:2k+ - 5

provided Re ( - g) > —1, Re(k — p) > %|Re(m)|

Lemma 2.(Braaksma and Meulenbeld [3])

Let n, be a real number and

ny < min[Re(2k + 2 — m, Re(—2k — m)]; ¢(¢) is a function such that forall, -1 < a < 1:
o) = (14 ¢)" 2 21Re(Ml ¢ [(—1,a),if Re(m) # 0

o(t) = (14 t) " Zlog(1+1t) inL(—1,a),ifRe(m) =0

p(t)=(1—t)" 7' € L(a,1).

2.1)

Let further be of bounded variation in a neighbourhood of t = x(—1 < x < 1). Then ¢(¢) satsfies the relations

1 ni+woo
L k(3 + DR P ) [ o1 = i 0) + o(e + )

2w N1 —woo

and

1 n1+woo

5 ndnl'(A + 1)L (—p) P (- /(b P " (= )1_t —[¢(x = 0) + ¢(x + 0)]
n|—woo

where/\:k—m—i—n,u:k—km;n

3. Main integral.

Theorem 1.

/1(1 — @) (14 2)* P BT ()3 <z1 (LD e Gi)) dz =
= {F( mn >F<k mgnﬂ)yl

7 A5 —par,-san1) A (=% —prar, - ya51) A

Uymy+2,n,+1:V
Xipiy+2,qi,.+2,7i,  RytY

provided

1
a; >006@=1,---,r), Re(k —p) > §|Re(m)|, Re< ,g) >0

T h (7)
by i d
o (S5m0 )

1 <]]<\7:Z B h=2h'=1 hg %
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2.3)
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r (@
. NG — 1 1
e(k—p)+ E ¢  min Re (g g Ahj Och/ C](.) J o > > §|Re(m)|
i=1 I ol

h N
1< jan(® h=2 h'=1 J j

1—z\* L (k) ). e
arg <z1 T $> ) ‘ < iAi m where A; " is defined by (1.4).

Proof
To prove (3.1), on the left hand side of (2.1), expressing the generalized multivariable Gimel-function as Mellin-

Barnes multiple integrals contour with the the help of (1.1), interchanging the order of integrations which is justified
under the conditions mentioned above, we get (say I)

_ﬁ/lll.../LTd}(Sl’.'. ’ST)Eek(Sk)Z k

1
|:/0 (1- x)erZ;:l @isi(] 4 x)k*p*Zle aisilP]gn’"(x)dx:| 3.2)

Now, we evaluate the inner integral with the help of the lemma 1.

oo | vt kli[lemsk)z

P(k—p-Yisasi+3)T(k-—p-iasi—5)T(p+ Y aisi— 5 +1)
m—n m-+n T n dS1 e dsr (33)
F(k+ 2 +1)F(k_ 2 +1)F(p+2i:1ai5i—§)

and finally interpreting the Mellin-Barnes multiple integrals contour in terms of the generalized multivariable Gimel-
function, we get the theorem 1.

4. Integrals contour.

In this section, we evaluate some contour integrals.

Theorem 2.
1 n1+woo " o —1
— o $nr =k - ) (e D P ()
27w S, oo 2 2
7 A(Z —prar,--a031) A (-2 —prar,---an1) A
Usm,y+2,n,+1:V : ’ dn =

Xspip+2,qi +2,7i,  RytY
Zr B; (k_p+%;a17"' aarzl)v(k_p_%;ala"' »ar:l)vB:B

_p_m o 1+ @ 1+=x ar
91k (14 )1 — ) 1:(zl(1_x> (1_1,) ) @

provided

r (4)

b nds

a; >0(i=1,---,r) min 2+Rc(p)+§ a; <min (E E Bh]ﬁ}}?’—’— ]() J
i=1

1<i<m; P 6)
1< <m® h=2h'=1

) ,—Re(2k +m)| >ny
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r @ _q
_ i 0% — 1
2@1 lérjugnm Re (ZZAhJ ah/ C’j fy(i) > >4, 1<zl

h N
1< jan(® h=2 h'=1 J j

1+z\" 1
arg <z1 (1 — ;) > ‘ < iAEk)ﬂ where Agk) is defined by (1.4).

Proof
In the lemma 2 (2.2), let

1 _ aq 1 o Ay
p(t) = =22 KT (1 4 )PP (1 —2)kP1] (21 <1 +i> oty Zp (1 +z) > and using the theorem 1, we get
4.1

Theorem 3.

n1+woo _ —1
L s (™Y Ip P (2)
2TW Sy —woo 2 k

n | Alp—k+%+La,,a51), (p—k+ 24+ Lay,-a51),A: A

Usm,+42,n,+1:V . . dn
X5piy+2,qi, +2,7 . RyY

Zy Ba (p+%+1;a17"'7a7‘:1)7B7(p+%+1;a1a"'aar:l) : B

P +1 k—p—1 1—a\" 1—a\"
_9 S (14 )Pt (1 — 2)k J(zl<1—|—x> - .7ZT<1—|—:E> ) 4.2)

provided

(4)
b d;’
a; >0(i=1,--, )Re(k P+E a; ~min Re(E E B > +D<1) J ><2

My h/ (7’)
=1 1<]J<m(z) h=2h'=1 5 5]
@ _q
min |2+ Re(p —22(11 lini<n Re <22Ah] — C(l) J - ),—Re(Zk—l—m) > ny
IR 3
1<j<n® h=2h'=1 a7
g . Qhyj Z) dy) 1
+Zai 12?2}1 ZZBhﬂgh/ D; 50 <1;71<x<1
i=1 SN h=2h'=1 j
1<G<m®

1—z\" 1
arg <21 <1 n f) ) ‘ < §A§k)7r where Al(»k) is defined by (1.4).

In (7.1), using the algebraic property concerning the multivariable Gimel-function (similar property about H-function,
see (Srivastava et al. [7], p. 14, Eq. (2.2.16)), we obtain the above result.

Theorem 4.

1 ni+woo o _ —1
b (2k + )T (k—m2 ”) {r <k+m2 "+1>} P ()

27Tw n1—woo
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71 A(—k—p—3%ia1,-,a31) A, (k—p+ %501, ,a,51) 1 A

Uymy+2,mn,+1:V
X3pir+2,qi, +2,7i,  RetY

P (1 )P R (4 1) BT (2129 (= 1), 2,29 (@ — 1))
provided
a; >006@=1,---,7)
; 0o 1 3
e(n+2p) — ZCLZ g]u<nn Re <hz2h2:lth — +C; T) <—§

1<5<n(®

r (%)

3 anj  pod | 1

Mazx | Re (—5 +p) + -E,l a; 1<n]1113n Re (hg Qh? 1th Bh, j 50 ,§Re(m —n)—1| <k
T agGgm® J

lk T where Agk) is defined by (1.4).

larg (21 (x = 1))™)

Theorem 5.

1 ni1+woo _ _
- (2k+1)1“<k—m2n+1>{1“<k+m

271'(.«.} np—woo

oy 1)] - P (@)

Z1 A7(p7 m2—n+%;a1,“_ aar;l) (p+m+n+ 5501, aar;l),A:A

dk =

4.3)

Uim,y+42,n,+1:V . . dn =

X3pip+2,qi, +2,70,:RptY . '
Z B; (k:—%—p-i—%;al’... LGy 1) ,B,(p—k+ %Wl,"' Lay 1) - B

m— n+3

opr+ (z — 1)—?-%—% (x4 1)2] (212—(“ (x—1)", -, 2,279 (z — 1)(147")
provided
a; >00@E=1,---,7)

d(z) 3
- _ . ahg (2) 9
2(n — 2p) QZC% Klglgn (ZZB’” + D; 5(/)> <-3

7 N
i=1 1< j<m ) h=2h'=1 i

(4)
3 - 1 (2) Cc; " — 1 1
Max | Re (—5 —p) + E a; mln Re ( g g Ah] ah' +C; Jy(i) ) ,gRe(m —n)—1| <k

SIS P h .
i=1 1<]<Tl() h=2h'=1 J J

larg (z127% (z — 1))")| < A( m where A( ) is defined by (1.4).

In (4.1) and (4.2) using the following relation due to Fox ([4], p. 230 (1.1))

(4.4)
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-1

r—3
r—1

P (@) = 2kt (q - 36)_%13315’671 ( ) —1 <z <1, substituting ( ) fox and replacing &
2

1

by — nt ,n by —2k — 1 and nq by —2k; — 1, respectively, we get the above theorems 4 and 5.
Theorem 6.

1 n1+woo
- 2k + D)k +a+ D[k —a+ 1) F (—k +a,k+a+ 1;m; —x)

n|—woo
Z1 Av(ipiki %;alv"' 70’7‘;1) 7Aa (kip_}— %;alf" 70,7.;1) DA
Usm,y+2,n,+1:V . . dk =

Xipip+2,qin. +2,75,. R
3. . .
251, Ayt 1),A.B

l'a1,~-,ar:1),(m—p7a72,

Zy B, (7p7a72a

P2 T(m)3(zz=, -, zpx ™) (4.5)
provided

a; >00GE=1,---,7)

@
3 Qhj )d
max { Re (—5 —p> ZQZ min  Re <Z Z B ﬁh + D 50 ,—Re(a—1) ) <k

1<jsm; P
1< <m® h=2h'=1

(1)

aCi —1 5

Re(2p +2a —m +2E a; min Re<§ E Ahj a' Cg')](i) ><2
‘ 7

— 1<ysn T
1= 1<i<n(® h=2h'=1 hj

w1
larg (2127 (z — 1))™)| < §A§’“>w where A" is defined by (1.4).

. m,n _(2_1)_%(Z+1)% m- . .1_2 .
By applying P;"" (2) = T m) o1 (1 +k 5k 51— mi—5— |, see ([3], p; 285

(0.2)) we obtain the following relations.

Theorem 7.

1 ni1+woo

Sy 2k + DTk +a+ D[C(k — a+ D' (<K, k + a + 1;m; —x)

27Tw n1—woo

n | As(a+p+3ia1,--,a051), (a+p—m+ 3501, ,a,51) A A

Usm,+2,n,4+1:V . . dk —
X5pip+2,qi, +2,7i,  RetY -

Zy- Ba (p+k+%7ala aar:l)aBa(p7k+%;al?"' aar:l) : B
m_p_a_%F(m)J(zlxal,'o- , 2zt (4.6)
provided
a; >00=1,---,7)
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Re(2p + 2a — m)

_ QZai 15}217” Re <Z Z Ahj

1< an® h=2 h/=1

max ¢ Re (—— —p> Zal lgjngnn Re (ZT: Z Apj am

1< en® h=2 h'=1

1
< §A§k)7r where Agk)

‘arg (zla:_a")

We have the following relation , see ([3], p. 246(1.39))

@
@G =y 5
ah’_ € NG 5

hj j

(@)

is defined by (1.4).

e’ —1
+Cj(z) J 5 >,—Re(a—1) < k1

J

—-m,—n —m,—n m—n— sin(2km m,n
e Q™ T — QT (M) =2 T8+ DTG + DE(=a)(—) (77 P (x) and we get
Theorem 8.
1 n1+woo (2k+1) B o
— — [T+ DI (—a)T(—y)I( 1)] m’ ™( T
z] A;(—k—p—i,al .,ar;l),A(k—p—i—%;al ,ar;l);A
Ui, +2,n,+1:V . .
B e . dk =
Zy Ba (_p+% 2,&1, "7aT:1)7(_p_mT+n_§7alv "7ar:1),B:B
m-_n n n 201z 20r z.
2p+—+1 -1 _—wmn, ,—p—2t3 1)% 1 r
2 1 e x 2 (-T + )2:| (Z‘ — 1)411 5 ) (J; — 1)<lr (47)
provided
a; >0(i=1,---,7)
an; ()d(i)
. ; i
<k+p+ >+Zal lé?g}n Re ZZB’U —|—D 5@ >0
; v h=2h'=1 b
l<]<m(1)
T 0 ~1 3
) ; i) 7j 2
Re(n + 2p) + Zaz  uin Re (Z Z Ahj — +C; NO ) <3
=1 e h=2h'=1 j
Theorem 9.
LT REED G a0 H@E 0 - @0}
27w S, —woo  SIN(2kT) @ R k k—1
Z1 A;(%imgnaa’h 7a7“;1) (%+me+p;a1,-~-,ar;l),A:A
Usm,+2,n,4+1:V .
Xipip42,qi,+2,7i, : Rp:Y ) . dk =
. 3. . 1 A . . .
Zr IB, (P+k+§,a1 o,ar.l),B,(57k+p,a1,'o~,ar.l).B
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. ) ) ) . 1)er
2P+T+17r71€7wmﬂxf;0*$(x + 1)5:[ (Zl (12a1 ) RO ZT(lzaT ) ) (48)

provided

a; >00=1,---,7)

(@)
_ . ahj )dj 3
Re (n +2p) — 2 E a; | min Re <E E BhJ —l— 6(i)> <-3

j— e Y
= 1< j<m® h=2h'=1 J

(0
3 Z : e -1
(k o ) o 2 Re (Z > An T+ O ) >0

1<j<n(® h=2h'=1 s K
=

Remark :
We obtain the same integrals with the functions cited in the section 1.

5. Conclusion.

The importance of our all the results lies in their manifold generality. Firstly, in view of general arguments utilized in
these contour integrals, we can obtain a large simpler contour integrals. Secondly, by specialising the various
parameters as well as variables in the generalized multivariable Gimel-function, we get a several formulae involving
remarkably wide variety of useful functions ( or product of such functions) which are expressible in terms of E, F, G, H,
I, Aleph-function of one and several variables and simpler special functions of one and several variables. Hence the
formulae derived in this paper are most general in character and may prove to be useful in several intersting cases
appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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